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RAMAN SCATTERING
IN SUPERLATTICES WITH Ge QUANTUM DOTS

The studies of the Raman scattering in superlattices with layers of Ge quantum dots (QDs)
are carried out. A theoretical model describing the experimental spectra with regard for the real
crystal structures of both the QD and the surrounding matrix, as well as the phonon-phonon
interaction in the matrix and in the QDs, is proposed. The intensities of Raman spectra are
calculated with the use of the secondary quantization procedure and Green’s functions. The
results obtained show that the crystal structure of the superlattice composed of alternating
silicon layers and layers with Ge quantum dots can be described as a mixed crystal consisting of
a matrix with a certain distribution of “impurities” (“Ge-molecules”). A qualitative correlation
between the theoretically calculated and experimentally measured positions and intensities of
bands in the Raman spectra of QD superlattices is demonstrated, and the doublet character of
the bands is explained.
K e y w o r d s: quantum dot, superlattice, Raman scattering, Green’s function, phonons.

1. Introduction and Statement
of the Problem
For two last decades, the electronic and optical properties of quantum-dimensional crystal structures have
been intensively studied, what created preconditions
for their practical application as promising materials
in modern nano- and optoelectronics [1–3]. If the dimensions of quantum dots (QDs) approach the Bohr
radius of excitons in them, the fundamental properties of QDs start to substantially differ from the corresponding parameters of bulk crystals. In view of the
importance of understanding the physical processes
running in QDs and superlattices (SLs), they have
been studied for a long time both experimentally and
theoretically [1–16].
In earlier theoretical works [4, 7], a linear chain was
taken as a basis for the description of the Raman
spectra experimentally measured from SLs consisting
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of quantum-dimensional layers. The appearance of a
number of additional bands in the interval of acoustic oscillations in the Raman spectra was explained as
the effect of growing a crystal unit cell. This model
was successfully used to calculate the dispersion relations for acoustic and optical phonons in GaAs/AlAs
and InAs/GaAs superlattices [6]. Numerical calculations of the dispersion of phonon branches (both
acoustic and optical) for SLs were carried out in
work [5].
The propagation of acoustic vibrations in a periodic layered medium was considered for the first time
by S.M. Rytov [10]. In his model, the dispersion of
acoustic phonons coincides with the dispersion obtained in the framework of the linear chain model
for phonons in a low-frequency spectral range. The
difference for high-frequency phonons is connected
with the nonlinearity of their dispersion in this interval. More complicated theoretical researches of the
dispersion relations for vibrations in SLs and their dependences on the SL parameters were performed in
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works [12, 13]. However, vibrations in such structures
were described in the framework of the macroscopic
model, when the density and the elastic constants of
the medium change periodically in space.
The appearance of SLs with QD layers stimulated
the intensive researches of their properties [17–20].
One of the first studies in this direction was work
[17] dealing with CdSe nanospheres. The consideration was carried out in the framework of a classical
model, in which nanospheres with radius 𝑟 and dielectric permittivity 𝜀 were embedded into a matrix
with dielectric permittivity 𝜀𝑑 . In works [18, 19], QDs
were considered as homogeneous spheres. Vibrations
in them were described by the Navier equations with
special boundary conditions. As a result, vibrations
of two types in QDs were obtained: spherical and
torsional ones.
Another approach to the problem was proposed in
work [20]. The QD was considered to be a homogeneous cylindrical disk with a circular or elliptic crosssection oriented perpendicularly to the axis. According to the proposed model, QDs interact with one
another by means of acoustic vibrations [21, 25–29].
The calculations of the Raman scattering spectra
were made with the help of the deformation potential
of interaction between acoustic phonons and electron
states localized in the QDs. On the basis of the results
obtained, a conclusion was drawn that the bands observed in the Raman spectra are associated with the
interference of light scattered by different QD layers
in the SL.
One more theoretical consideration of the spectrum
of optical phonons in QDs was carried out in the
framework of the valence force field model [22, 23].
This model is empirical and allows the phonon frequencies in QDs consisting of several thousands of
atoms to be calculated. For the calculations in the
framework of this model, large data arrays are required, which makes the calculations rather laborious.
In work [24], the model of dielectric continuum was
applied to describe the Raman scattering spectra,
while studying SLs. However, this model is a macroscopic approximation.
Therefore, despite a considerable number of works
devoted to the simulation of Raman scattering spectra obtained from superlattices with QD layers, the
problem of their description remains challenging. In
our research, the experimental Raman spectra will be
described at the microscopic level, i.e. the real atomic
ISSN 2071-0194. Ukr. J. Phys. 2015. Vol. 60, No. 12

Fig. 1. TEM image of Ge quantum dots in a silicon matrix
(a), schematic diagram of a new cell in the SL with QDs: 𝐿𝑥
is the number of old unit cells in the new unit cell, and 𝐿0𝑥
the number of old unit cells in the QD (b)

structures of QDs and the matrix will be made allowance for. Since the lattice constants 𝑎 for Ge and
Si are close (in particular, Δ𝑎/𝑎 ≈ 0.04 for the corresponding values) and the QD size 𝑑 is rather big
(𝑑 ≫ 𝑎), a new cell can be introduced, which includes a Ge quantum dot and, partially, the surrounding Si matrix, as is illustrated in Fig. 1. The
new unit cell is large enough to include many of old
cells, each containing a QD in the Si matrix. Assuming that the lattice constants are identical in the
zeroth-order approximation, we obtain a new crystal
with a different lattice parameter, 𝑎 → 𝐿𝑎, where
𝐿 = {𝐿𝑥 , 𝐿𝑦 , 𝐿𝑧 }. It is important that the approximate equality between the Ge and Si lattice constants
means the same reciprocal lattice vector 𝑘 = 2𝜋/𝑎 for
the whole crystalline structure.
Dispersion curves of acoustic phonons for the majority of SL materials overlap in rather a wide frequency interval. Therefore, acoustic phonons from
different layers propagate freely through the whole
crystal structure. The new crystal periodicity results
in the convolution of dispersion phonon branches in
the new Brillouin zone. If the dispersion branches
of optical phonons lie in different spectral ranges,
the optical phonons turn out localized in a certain
layer. In this case, the optical phonons inherent to
one material cannot propagate in layers of another
material and quickly fade out at a distance of one or
two monolayers from the interface. Such phonons do
not reveal a dispersion in the direction normal to the
nanostructure layers and can be regarded as standing
waves localized in each layer.
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energy of electron-phonon interaction, 𝐻el−ph . In this
work, the processes of non-resonant Raman scattering are analyzed. Therefore, the consideration can
be confined to the phonon part of the Hamiltonian
only. In the second-quantization representation and
the harmonic approximation, the Hamiltonian can be
written as follows:
∑︁
𝜔𝑞˜+𝑔,𝑠1 𝑏+
𝐻=
𝑞˜+𝑔,𝑠1 𝑏𝑞˜+𝑔,𝑠1 +

Fig. 2. Change of phonon dispersion branches at the increase
in the lattice constant 𝑎 → 𝑎𝐿 (the case 𝐿 = 10 is shown)

A model proposed in this work allows the features
in the Raman spectra of phonons of all types to be
analyzed in the framework of the microscopic approach, using only the general parameters of real crystals, including phonon frequencies, atomic masses,
and lattices constants. It is evident that, in the SL
with QDs, the number of optical phonons grows, because the new reciprocal lattice vector 𝑏𝐿 is shorter
than that determined in the wide Brillouin zone,
𝑏 = 2𝜋/𝑎 → 𝑏𝐿 = 2𝜋/(𝐿𝑎). Therefore, every optical
dispersion branch in the wide Brillouin zone transforms into several optical branches in the new zone,
and every acoustic branch transforms into one acoustic branch and several optical ones (Fig. 2). As a result, there appear a lot of new optical low-frequency
phonons in the Raman spectrum, which are caused
by the formation of large crystal cells. It should be
noted that the dispersion of optical phonons, as a
rule, is low; therefore, some new components may not
manifest themselves in the spectrum, but the phonon
band should become asymmetric (according to Fig. 2,
toward the low-frequency side).
2. Theory
2.1. Hamiltonian of the crystal
The Hamiltonian of the crystal consists of several
components that characterize the electron subsystem
energy, 𝐻el , the energy of vibrations, 𝐻ph , and the
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∑︁𝑞˜,𝑔,𝑠1
𝜔𝑞˜+𝑔,𝑠0 𝑏+
+
𝑞˜+𝑔,𝑠0 𝑏𝑞˜+𝑔,𝑠0 −
𝑞˜,𝑔,𝑠0
[︂
∑︁
1
(0) 𝑠0 ,𝑠′0
−
𝑇𝑞˜ (𝑔,𝑔
′ )𝛿𝑔,𝑔 ′ −
2
𝑞˜,𝑔,𝑠0 ,𝑔 ′ ,𝑠′0
]︂
]︂
(0) 𝑠0 ,𝑠′0 𝐿0
+
− Δ𝑇𝑞˜ (𝑔,𝑔
𝜋
′ )𝑎(𝑔 ′ −𝑔) 𝜋−(𝑔+˜
′
′
𝑞 ),𝑠0 −(𝑔 +˜
𝑞 ),𝑠0 −
∑︁
1
(1) 𝑠1 ,𝑠′1 𝐿0
+
Δ𝑇𝑞˜ (𝑔,𝑔
−
′ )𝑎(𝑔 ′ −𝑔) 𝜋−(𝑔+˜
𝑞 ),𝑠1 𝜋−(𝑔 ′ +˜
𝑞 ),𝑠′1 −
2
𝑞˜,𝑔,𝑠1 ,𝑔 ′ ,𝑠′1[︂
]︂
∑︁
1
𝑠0 ,𝑠′0
𝑠0 ,𝑠′0
𝐿0
*𝐿0
𝛿𝑔,𝑔′ 𝐿𝑉¯𝑞˜(𝑔,𝑔
𝐿𝑉
(
−
)
−
𝑎
𝑎
)
×
′
𝑞˜ 𝑔,𝑔 ′
𝑔+˜
𝑞 𝑔 ′ +˜
𝑞
2
′
′
𝑞˜,𝑔,𝑠0 ,𝑔 ,𝑠0
]︂
∑︁ [︂
1
𝐿0
*𝐿0
+
(𝑎𝐿
× 𝜙𝑔+˜𝑞,𝑠0 𝜙𝑔′ +˜𝑞,𝑠′ −
𝑔+˜
𝑞 −𝑎𝑔+˜
𝑞 )𝑎𝑔 ′ +˜
𝑞+
0
2
′
′
𝑞˜,𝑔,𝑠1 ,𝑔 ,𝑠1
]︂
*𝐿0
𝐿0
*𝐿0
*𝐿
0
+ 𝑎𝐿
(𝑎
−
𝑎
)
+
𝑎
𝑎
′
𝑞
𝑔+˜
𝑞 𝑔 +˜
𝑔+˜
𝑞 𝑔 ′ +˜
𝑔 ′ +˜
𝑞
𝑞 ×
1 ∑︁
𝑠1 ,𝑠′1
𝐿0
+
(𝑎𝐿
× 𝐿𝑉𝑞˜(𝑔,𝑔
′ )𝜙𝑔+˜
𝑞 ,𝑠1 𝜙𝑔 ′ +˜
𝑔+˜
𝑞 −𝑎𝑔+˜
𝑞) ×
𝑞 ,𝑠′1 +
2
′ ′
𝑞˜,𝑔,𝑠1 ,𝑔 ,𝑠1
𝑠1 ,𝑠′0
*𝐿0
+
× 𝑎𝑔′ +˜𝑞 𝐿𝑉𝑞˜(𝑔,𝑔′ )𝜙𝑔+˜𝑞,𝑠1 𝜙𝑔′ +˜𝑞,𝑠′ +
0

+

1
2

∑︁

*𝐿0
*𝐿
0
𝑎𝐿
𝑞 − 𝑎𝑔 ′ +˜
𝑔+˜
𝑞 (𝑎𝑔 ′ +˜
𝑞) ×

𝑞˜,𝑔,𝑠1 ,𝑔 ′ ,𝑠′1
𝑠0 ,𝑠′1
𝑞˜ 𝑔,𝑔 ′
𝑔+˜
𝑞 ,𝑠0

× 𝐿𝑉 (

)𝜙

𝜙+
𝑔 ′ +˜
𝑞 ,𝑠′ .

(1)

1

The Hamiltonian is written in such a form that the
real crystal structure is presented as two virtual Ge
and Si crystals, each with the volume 𝑉 = 𝑣0 𝑁 , where
𝑣0 and 𝑁 are the volume and the number of unit
cells, respectively [30]. The meaning of every term in
expression (1) is as follows: the first two terms describe the Hamiltonians of both crystals, Si and Ge,
characterized by the subscripts 1 and 0, respectively;
the third and fourth terms describe the excitation related to the kinetic energy of crystals, 𝑇 (0) , Δ𝑇 (0) ,
and Δ𝑇 (1) ; and the last four terms are connected
with the potential energy of the real crystal structure, which is presented as a sum
𝑉 = 𝑉 00 + 𝑉 11 + (Δ𝑉 00 + Δ𝑉 11 + Δ𝑉 10 + Δ𝑉 01 ).
ISSN 2071-0194. Ukr. J. Phys. 2015. Vol. 60, No. 12
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In the operators of normal coordinates,

From Eqs. (2)–(4), it is possible to find the spectral
dependence for the light scattering intensity, which is
expressed in terms of the Fourier component of the
GF for phonon operators. Below, in order to simplify
the understanding, we consider a case where only one
phonon branch (𝑠0 = 𝛼0 and 𝑠1 = 𝛼1 ) is actual for
the Ge and Si crystals. Then, the intensity of light
scattering can be expressed as follows:

1
+
𝜙𝑞,𝑠 = √ (𝑏𝑞,𝑠 + 𝑏+
−𝑞,𝑠 ) = 𝜙−𝑞,𝑠 ,
2
and corresponding momenta,
1
+
𝜋𝑞,𝑠 = √ (𝑏+
𝑞,𝑠 − 𝑏−𝑞,𝑠 ) = −𝜋−𝑞,𝑠 ,
2
of lattice vibrations, the wave vector 𝑞 looks like
𝑞 = 𝑔 + 𝑞˜, where 𝑔 is the wave vector of the new reciprocal lattice, and the wave vector 𝑞˜ changes within
different limits (−𝜋/𝑎𝐿𝑗 6 𝑞˜𝑗 6 𝜋/𝑎𝐿𝑗 , 𝑗 = 𝑥, 𝑦, 𝑧)
in this structure. The corresponding phonon branches
are enumerated by the index 𝑠𝑗 = 𝑠0 for the QD
and 𝑠𝑗 = 𝑠1 for the matrix; the oscillating quanti𝐿0
∑︀
𝐿0
𝐿0 𝐿0
1
0
exp[𝑖(˜
𝑞+
ties 𝑎𝐿
𝑞 , where 𝑓𝑔+˜
𝑞 = 𝐿0
𝑔+˜
𝑞 = 𝐿 𝑓𝑔+˜
𝑛0 =1

+ 𝑏𝑔 )𝑛0 ], depend on the QD dimensions, i.e. on the
number 𝑛0 of “old” crystal cells in the QD.
2.2. Raman spectrum intensity
and the equation for Green’s functions

𝐼𝑝′ ,𝜆′ ,𝑝,𝜆 ∼ −[1+𝑛(𝜔)]Im⟨⟨𝜒
¯𝑝′ ,𝜆′ ,𝑝,𝜆 (𝑡), 𝜒
¯+
𝑝′ ,𝜆′ ,𝑝,𝜆 (0)⟩⟩𝜔 ,
(2)
where

𝜒𝛼,𝛽 (𝑛) exp(−𝑖𝑄𝑛),

(3)

𝑝,𝛾

and 𝑒¯𝛼 (𝑘, 𝜆) and 𝑒¯𝛽 (𝑘 ′ , 𝜆′ ) are the unit vectors of
the electric field vectors of the incident and scattered
light, respectively. It can be shown that, for the analyzed crystal structure with QDs, the tensor 𝜒𝛼,𝛽 (𝑄)
looks like
{︂∑︁
√︀
0
0
𝜒
˜𝑠𝛼,𝛽
(𝑏𝑔 + 𝑄)𝑎𝐿
𝜒𝛼,𝛽 (𝑄) = 𝐿𝑁0
𝑔 𝜙𝑔+𝑄,𝑠0 +
𝑔,𝑠0
}︂
∑︁
1
0
+
𝜒
˜𝑠𝛼,𝛽
(𝑏𝑔 + 𝑄)[𝛿𝑔,0 − 𝑎𝐿
]𝜙
(4)
𝑔+𝑄,𝑠1 ,
𝑔
𝑔,𝑠1

where 𝑁 = 𝐿𝑁0 , and 𝑁0 is the number of new large
cells.
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×

∑︁

{︂∑︁
1
𝐿0
0
Im
𝜒
˜𝛼
𝑝′ ,𝜆′ ,𝑝,𝜆 (𝑏𝑔 + 𝑄)𝑎𝑔 ×
˜
𝑁
𝑔

*𝐿0
0
𝜒
˜𝑝*𝛼
×
′ ,𝜆′ ,𝑝,𝜆 (𝑏𝑔 ′ + 𝑄)𝑎𝑔 ′

𝑔′

× ⟨⟨𝜙𝑔+𝑄,𝛼0 (𝑡); 𝜙+
𝑔 ′ +𝑄,𝛼0 (0)⟩⟩𝜔 +
∑︁
𝐿0
0
+
𝜒
˜𝛼
𝑝′ ,𝜆′ ,𝑝,𝜆 (𝑏𝑔 + 𝑄)𝑎𝑔 ×
𝑔

×

∑︁

*𝐿0
0
′
′
𝜒
˜*𝛼
𝑝′ ,𝜆′ ,𝑝,𝜆 (𝑏𝑔 + 𝑄)[𝛿𝑔 ,0 − 𝑎𝑔 ′ ] ×

× ⟨⟨𝜙𝑔+𝑄,𝛼0 (𝑡); 𝜙+
𝑔 ′ +𝑄,𝛼1 (0)⟩⟩𝜔 +
∑︁
𝐿0
1
+
𝜒
˜𝛼
𝑝′ ,𝜆′ ,𝑝,𝜆 (𝑏𝑔 + 𝑄)[𝛿𝑔,0 − 𝑎𝑔 ] ×
𝑔

×

∑︁

*𝐿0
0
′
𝜒
˜*𝛼
𝑝′ ,𝜆′ ,𝑝,𝜆 (𝑏𝑔 + 𝑄)𝑎𝑔 ′ ×

𝑔′

× ⟨⟨𝜙𝑔+𝑄,𝛼1 (𝑡); 𝜙+
𝑔 ′ +𝑄,𝛼0 (0)⟩⟩𝜔 +
∑︁
𝐿0
1
+
𝜒
˜𝛼
𝑝′ ,𝜆′ ,𝑝,𝜆 (𝑏𝑔 + 𝑄)[𝛿𝑔,0 − 𝑎𝑔 ] ×
𝑔

∑︁
𝜒
¯𝑘,𝜆.𝑘′ ,𝜆′ =
𝑒¯𝛼 (𝑘, 𝜆)¯
𝑒*𝛽 (𝑘 ′ , 𝜆′ )𝜒𝛼,𝛽 (𝑄 = 𝑘 ′ −𝑘),
𝜒𝛼,𝛽 (𝑄) =

∼ −[1 + 𝑛(𝜔)]

𝑔′

The intensity of Raman spectra can be expressed by
the imaginary part of the Fourier component of the
retarded Green’s function (GF) for the scattering tensor 𝜒
¯𝑘,𝜆,𝑘′ ,𝜆′ [30–32],

𝛼,𝛽
∑︁

𝐼𝑝′ ,𝜆′ ,𝑝,𝜆 (𝜔) ∼

×

∑︁

*𝐿0
1
′
′
𝜒
˜*𝛼
𝑝′ ,𝜆′ ,𝑝,𝜆 (𝑏𝑔 + 𝑄)[𝛿𝑔 ,0 − 𝑎𝑔 ′ ] ×

𝑔′

}︂
× ⟨⟨𝜙𝑔+𝑄,𝛼1 (𝑡); 𝜙+
(0)⟩⟩
𝜔 .
𝑔 ′ +𝑄,𝛼1

(5)

Relation (5) shows that the intensity of light scattering is expressed in terms of the Fourier components
of the retarded GF for phonon operators of the type
𝜙𝑔+𝑄,𝑠 , where 𝑄 is the wave vector of incident radiation. Below, we will use the phonon operators 𝜙𝑝+𝑘,𝛼 ,
where 𝛼 characterizes the phonon branches of either
the QD (𝛼 = 𝛼0 ) or the matrix (𝛼 = 𝛼1 ).
The GF is described by the following expression:
⟨⟨𝜙𝑝+𝑘,𝛼 (𝑡); 𝜙+
𝑝′ +𝑘′ ,𝛼 (0)⟩⟩ =
= −𝑖Θ(𝑡)⟨[𝜙𝑝+𝑘,𝛼 (𝑡); 𝜙+
𝑝′ +𝑘′ ,𝛼′ (0)]⟩,

(6)
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where Θ(𝑡) is the step function, [...; ...] means
the commutator of two operators, ⟨...⟩ is the statistical averaging of operators, and 𝜙𝑝+𝑘,𝛼 (𝑡) =
= exp(𝑖𝐻𝑡)𝜙𝑝+𝑘,𝛼 exp(−𝑖𝐻𝑡). The equation for the
GF looks like
𝑖

𝜕
⟨⟨𝜙𝑝+𝑘,𝛼 (𝑡); 𝜙+
𝑝′ +𝑘′ ,𝛼′ (0)⟩⟩ =
𝜕𝑡

𝜕
𝜙𝑝+𝑘,𝛼 (𝑡); 𝜙+
𝑝′ +𝑘′ ,𝛼′ (0)⟩⟩,
𝜕𝑡

𝜕
𝜙𝑝+𝑘,𝛼 (𝑡) = [𝜙𝑝+𝑘,𝛼 ; 𝐻0 + Δ𝐻],
𝜕𝑡
𝛼 = {𝛼1 , 𝛼0 },

in which
∑︁
𝐻0 =
𝜔𝑞˜+𝑔,𝛽 𝑏+
𝑞˜+𝑔,𝛽 𝑏𝑞˜+𝑔,𝛽 , 𝛽 = {𝑠1 , 𝑠0 }.

(7)

(8)

𝑔1
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=

(10b)
0
𝐺𝐿
𝛼1 ,𝑘,𝛼′ ,𝑝′ +𝑘′ =
∑︁
+
0
=
𝑎𝐿
𝑔1 +𝑘 ⟨⟨𝜙𝑔1 +𝑘,𝛼1 (𝑡); 𝜙𝑝′ +𝑘′ ,𝛼′ (0)⟩⟩𝜔 .

(10c)

1
⟨⟨𝜙𝑝+𝑘,𝛼0 (𝑡); 𝜙+
×
𝑝′ +𝑘′ ,𝛼′ (0)⟩⟩𝜔 =
Δ(𝜔, 𝑝 + 𝑘, 𝛼0 )
{︁
*𝐿0
× 𝜔
˜ 𝑝+𝑘,𝛼0 𝛿𝛼0 ,𝛼′ 𝛿𝑝+𝑘,𝑝′ +𝑘′ + 𝜔
˜ 𝑝+𝑘,𝛼0 𝑎𝑝+𝑘
×
}︁
𝛼1 𝛼0 𝐿−𝐿0
0
× [𝑉 𝛼0 𝛼0 𝐺𝐿
𝐺𝛼1 ,𝑘,𝛼′ ,𝑝′ +𝑘′ ] , (11a)
𝛼0 ,𝑘,𝛼′ ,𝑝′ +𝑘′ + 𝑉
⟨⟨𝜙𝑝+𝑘,𝛼1 (𝑡); 𝜙+
𝑝′ +𝑘′ ,𝛼′ (0)⟩⟩𝜔 =
1
{˜
𝜔𝑝+𝑘,𝛼1 𝛿𝛼1 ,𝛼′ 𝛿𝑝+𝑘,𝑝′ +𝑘′ −
=
Δ(𝜔, 𝑝 + 𝑘, 𝛼1 )
𝐿0
−𝜔
˜ 𝑝+𝑘,𝛼1 [𝑉 𝛼1 𝛼1 𝑎*𝐿
𝑝+𝑘 𝐺𝛼1 ,𝑘,𝛼′ ,𝑝′ +𝑘′ ) −

(11b)

where
(9)

Other terms in expression (1) are a perturbation resulting from the non-ideality of the initial crystal, and
they give rise to a system of coupled equations for
the GF.
Below, we will assume that, as was indicated above,
each of the matrix and the QDs (i.e. the crystals consisting of the QD and matrix materials) has only
one (optical or acoustic) vibration mode, and the
constants characterizing the interaction between the
phonons with the wave vector 𝑔 + 𝑘 from the branch
𝛼 and the phonons with the wave vector 𝑝 + 𝑘 from
the branch 𝛽 do not depend on the wave vectors,
𝛼,𝛽
𝐿𝑉𝑘 (𝛼,𝛽
.
𝑔,𝑝 ) = 𝑉
To analyze the equations for GF, the following notations are introduced:

0
𝐺𝐿−𝐿
𝛼1 ,𝑘,𝛼′ ,𝑝′ +𝑘′

𝑔1

*𝐿0
𝛼0 𝛼1 𝐿0
− (𝑎*𝐿
𝐺𝛼0 ,𝑘,𝛼′ ,𝑝′ +𝑘′ ]},
𝑝+𝑘 − 𝑎𝑝+𝑘 )𝑉

𝑞˜,𝑔,𝛽

0
𝐺𝐿
𝛼0 ,𝑘,𝛼′ ,𝑝′ +𝑘′ =
∑︁
+
0
=
𝑎𝐿
𝑔1 +𝑘 ⟨⟨𝜙𝑔1 +𝑘,𝛼0 (𝑡); 𝜙𝑝′ +𝑘′ ,𝛼′ (0)⟩⟩𝜔 ,

𝐿0
+
(𝑎𝐿
𝑔1 +𝑘 − 𝑎𝑔1 +𝑘 )⟨⟨𝜙𝑔1 +𝑘,𝛼1 (𝑡); 𝜙𝑝′ +𝑘′ ,𝛼′ (0)⟩⟩𝜔 ,

Then, two equations for the Fourier components of
GF read

where 𝜙−(𝑝+𝑘),𝛼 = 𝜙+
𝑝+𝑘,𝛼 , and the commutator
+
[𝜙𝑝+𝑘,𝛼 (0); 𝜙𝑝′ +𝑘′ ,𝛼′ (0)] = 0. Since the first term in
expression (7) equals zero, only the last one gives a
contribution to the GF.
The operator derivative depends on Hamiltonian
(1) and is described by the expression
𝑖

∑︁

𝑔1

= 𝛿(𝑡)⟨[𝜙𝑝+𝑘,𝛼 (0); 𝜙+
𝑝′ +𝑘′ ,𝛼′ (0)]⟩ +
+ ⟨⟨𝑖

=

0
𝜔
˜ 𝑝+𝑘,𝛼0 = 𝜔𝑝+𝑘,𝛼0 𝑎𝐿
0 , Δ(𝜔, 𝑝 + 𝑘, 𝛼0 ) =

= 𝜔 2 − 𝜂0 𝜔𝑝+𝑘,𝛼0 𝜔
˜ 𝑝+𝑘,𝛼0 , (𝜂0 → 0),
0
𝜔
˜ 𝑝+𝑘,𝛼1 = 𝜔𝑝+𝑘,𝛼1 (1 − 𝑎𝐿
0 ), Δ(𝜔, 𝑝 + 𝑘, 𝛼1 ) =

= 𝜔 2 − 𝜂1 𝜔𝑝+𝑘,𝛼1 𝜔
˜ 𝑝+𝑘,𝛼1 , (𝜂1 = 1).

(12b)

Relations (12) make it possible to obtain a system of
equations for all functions (10). Multiplying Eq. (10a)
0
by 𝑎𝐿
𝑝+𝑘 and summing up the result over the subscript
𝑝, we obtain
𝐿0 𝐿0
0
𝐺𝐿
(𝜔, 𝑘)𝑉 𝛼0 𝛼0 ] −
𝛼0 ,𝑘,𝛼′ ,𝑝′ +𝑘′ [1 − 𝑓𝛼0
𝐿0 𝐿0
0
0
− 𝐺𝐿−𝐿
(𝜔, 𝑘)𝑉 𝛼1 𝛼0 = 𝐴𝐿
𝛼1 ,𝑘,𝛼′ ,𝑝′ +𝑘′ 𝑓𝛼0
𝛼0 ,𝑘,𝛼′ ,𝑝′ +𝑘′ ,

(13)
where

(10a)

(12a)

𝑓𝛼𝐿00 ,𝐿0 (𝜔, 𝑘) =

*𝐿0
0
∑︁ 𝑎𝐿
˜ 𝑝+𝑘,𝛼0
𝑝+𝑘 𝑎𝑝+𝑘 𝜔

,
(14a)
Δ(𝜔, 𝑝 + 𝑘, 𝛼0 )
∑︁
𝛿𝑝,𝑝′ 𝛿𝑘,𝑘′
0
0
𝐴𝐿
𝑎𝐿
𝜔
˜ 𝑝+𝑘,𝛼0 𝛿𝛼0 ,𝛼′ =
𝛼0 ,𝑘,𝛼′ ,𝑝′ +𝑘′ =
𝑝+𝑘
Δ(𝜔,
𝑝+𝑘, 𝛼0 )
𝑝
𝑝
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=

0
𝑎𝐿
˜ 𝑝′ +𝑘′ ,𝛼0
𝑝′ +𝑘′ 𝜔

Δ(𝜔, 𝑝′ + 𝑘 ′ , 𝛼0 )

𝛿𝛼0 ,𝛼′ 𝛿𝑘,𝑘′ .

(14b)

]︁
𝛼1 𝛼1
𝐿0 ,𝐿
𝛼1 𝛼1
0 ,𝐿0
+
𝑓
,
+ 𝑓𝛼𝐿−𝐿
(𝜔,
𝑘)𝑉
(𝜔,
𝑘)𝑉
𝛼
1
0

(19)

where the following notations were used:
From Eq. (11b), two other equations can be obtained
in the same way, which relate functions (10) with each
0
other. Multiplying Eq. (11b) by the factors 𝑎𝐿
𝑝+𝑘 and
𝐿0
(𝑎𝐿
𝑝+𝑘 − 𝑎𝑝+𝑘 ), and summing up the result over 𝑝, we
obtain
𝐿0 ,𝐿−𝐿0
0
− 𝐺𝐿
(𝜔, 𝑘)𝑉 𝛼0 𝛼1 +
𝛼0 ,𝑘,𝛼′ ,𝑝′ +𝑘′ 𝑓𝛼1

0
× [1 + 𝑓𝛼𝐿00 ,𝐿 (𝜔, 𝑘)𝑉 𝛼1 𝛼1 ] = 𝐴𝐿
𝛼1 ,𝑘,𝛼′ ,𝑝′ +𝑘′ ,

(15)

𝐿−𝐿0 ,𝐿−𝐿0
0
(𝜔, 𝑘)𝑉 𝛼0 𝛼1 +
− 𝐺𝐿
𝛼0 ,𝑘,𝛼′ ,𝑝′ +𝑘′ 𝑓𝛼1
𝐿−𝐿0 ,𝐿0
0
+ 𝐺𝐿−𝐿
(𝜔, 𝑘)𝑉 𝛼1 𝛼1 ] +
𝛼1 ,𝑘,𝛼′ ,𝑝′ +𝑘′ [1 + 𝑓𝛼1
𝐿−𝐿0 ,𝐿
0
+ 𝐺𝐿
(𝜔, 𝑘)𝑉 𝛼1 𝛼1 =
𝛼1 ,𝑘,𝛼′ ,𝑝′ +𝑘′ 𝑓𝛼0
𝐿−𝐿0
= 𝐴𝛼
′ ′
′,
1 ,𝑘,𝛼 ,𝑝 +𝑘

(16)
𝐿0
*𝐿0
∑︁ (𝑎𝐿
˜ 𝑝+𝑘,𝛼0
𝑝+𝑘 − 𝑎𝑝+𝑘 )𝑎𝑝+𝑘 𝜔
𝑝

Δ(𝜔, 𝑝 + 𝑘, 𝛼0 )

,
(17a)

0 ,𝐿−𝐿0
(𝜔, 𝑘) =
𝑓𝛼𝐿−𝐿
0
𝐿
*𝐿
0
∑︁ (𝑎𝑝+𝑘 − 𝑎𝐿
𝑝+𝑘 )(𝑎𝑝+𝑘

=

𝑝

0
− 𝑎*𝐿
𝜔𝑝+𝑘,𝛼0
𝑝+𝑘 )˜

Δ(𝜔, 𝑝 + 𝑘, 𝛼0 )

0 ,𝐿
𝑏 = 𝑓𝛼𝐿−𝐿
(𝜔, 𝑘)𝑉 𝛼1 𝛼1 ,
0

𝑐 = 1 + 𝑓𝛼𝐿00 ,𝐿 (𝜔, 𝑘)𝑉 𝛼1 𝛼1 + 𝑓𝛼𝐿00 ,𝐿0 (𝜔, 𝑘)𝑉 𝛼0 𝛼0 ,
𝑑 = 𝑓𝛼𝐿10 ,𝐿0 (𝜔, 𝑘)𝑉 𝛼1 𝛼1 ,

𝐿0 ,𝐿0
0
0
+ 𝐺𝐿−𝐿
(𝜔, 𝑘)𝑉 𝛼1 𝛼1 + 𝐺𝐿
𝛼1 ,𝑘,𝛼′ ,𝑝′ +𝑘′ 𝑓𝛼1
𝛼1 ,𝑘,𝛼′ ,𝑝′ +𝑘′ ×

0 ,𝐿0
(𝜔, 𝑘) =
𝑓𝛼𝐿−𝐿
0

0 ,𝐿
𝑎 = 1 + 𝑓𝛼𝐿−𝐿
(𝜔, 𝑘)𝑉 𝛼1 𝛼1 + 𝑓𝛼𝐿00 ,𝐿 (𝜔, 𝑘)𝑉 𝛼1 𝛼1 ,
0

.

(17b)

0 ,𝐿0
𝑒 = [1 + 𝑓𝛼𝐿−𝐿
(𝜔, 𝑘)𝑉 𝛼1 𝛼1 ] + 𝑓𝛼𝐿00 ,𝐿0 (𝜔, 𝑘)𝑉 𝛼0 𝛼0 .
1

Substituting Eqs. (18) and (19) into Eqs. (11), we
obtain the expressions for Fourier components of the
corresponding GF. The result of calculation shows
that the Fourier components of the GF are proportional to the 𝛿-function, 𝛿𝑘,𝑘′ . Therefore, the conservation law for the wave vector is fulfilled in this crystalline structure. As was marked in Introduction and
is shown in Fig. 2, the wave vector changes in the
narrower limits, −𝜋/ (𝑎𝐿𝑗 ) 6 𝑘𝑗 6 𝜋/ (𝑎𝐿𝑗 ). In addition, it is clear that, owing to the corresponding anharmonic terms, the dispersion curves describing the
major vibrations have to split at the point of their
intersection, 𝑘𝑗 = 0.
3. Numerical Calculations
and Analysis of Experimental Results

Note that the exact solution of the system of equations (13), (15), and (16) is rather cumbersome. To
simplify the expressions, we confine the numerator
and the denominator to the terms linear in the interaction constants 𝑉 𝛼1 𝛼1 and 𝑉 𝛼0 𝛼0 and neglect the
constants 𝑉 𝛼1 𝛼0 and 𝑉 𝛼0 𝛼1 as rather small. As a result, we obtain
𝑎
0
𝐺𝐿
𝐴𝐿 0 ′ ′ ′ ,
(18a)
𝛼0 ,𝑘,𝛼′ ,𝑝′ +𝑘′ = −
Δ(𝜔, 𝑘) 𝛼0 ,𝑘,𝛼 ,𝑝 +𝑘

The expressions obtained for the FG, if being substituted into Eq. (5), make it possible to obtain the
dependence of the Raman scattering spectra on the
frequency and crystal parameters. In order to simplify expression (5) and to make the numerical simulation more convenient, the dependence of the susceptibility tensor on the wave vector will be ne𝑠
𝑠
glected, assuming that 𝜒
˜𝑘𝑗′ ,𝜆′ ,𝑘,𝜆 (𝑏𝑔 + 𝑄) = 𝜒
˜𝑘𝑗′ ,𝜆′ ,𝑘,𝜆
′
at 𝑘 − 𝑘 = 𝑄 → 0. Then the Raman spectrum intensity is a sum of four terms:

𝐿−𝐿0
𝐺𝛼
′ ′
′ =
1 ,𝑘,𝛼 ,𝑝 +𝑘

𝐼𝑝′ ,𝜆′ ,𝑝,𝜆 (𝜔) ∼ −[1 + 𝑛(𝜔)]Im{𝐼𝑝00′ ,𝜆′ ,𝑝,𝜆 +

=

1
𝐿−𝐿0
0
(𝑏𝐴𝐿
𝛼1 ,𝑘,𝛼′ ,𝑝′ +𝑘′ − 𝑐𝐴𝛼1 ,𝑘,𝛼′ ,𝑝′ +𝑘′ ),
Δ(𝜔, 𝑘)

(18b)

0
𝐺𝐿
𝛼1 ,𝑘,𝛼′ ,𝑝′ +𝑘′ =

=

1
0
(𝑑𝐴𝐿−𝐿0 ′ ′ ′ − 𝑒𝐴𝐿
𝛼1 ,𝑘,𝛼′ ,𝑝′ +𝑘′ ),
Δ(𝜔, 𝑘) [︁ 𝛼1 ,𝑘,𝛼 ,𝑝 +𝑘

+ 𝐼𝑝01′ ,𝜆′ ,𝑝,𝜆 + 𝐼𝑝10′ ,𝜆′ ,𝑝,𝜆 + 𝐼𝑝11′ ,𝜆′ ,𝑝,𝜆 },

(20)

where
(18c)

Δ(𝜔, 𝑘) = − 1 − 𝑓𝛼𝐿00 𝐿0 (𝜔, 𝑘)𝑉 𝛼0 𝛼0 +
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𝐿0 ,𝐿0
0
0
𝐼𝑝00′ ,𝜆′ ,𝑝,𝜆 = 𝜒
˜𝛼
˜*𝛼
(𝜔, 𝑄) +
𝑘′ ,𝜆′ ,𝑘,𝜆 𝜒
𝑘′ ,𝜆′ ,𝑘,𝜆 {𝑓𝛼0

+

𝑉 𝛼0 ,𝛼0 𝑎 𝐿0 ,𝐿0
𝑓
(𝜔, 𝑄)𝑓𝛼𝐿00 ,𝐿0 (𝜔, 𝑄)},
Δ(𝜔, 𝑄) 𝛼0

(21a)
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𝑉 𝛼1 ,𝛼0 𝐿0 ,𝐿0
𝑓
(𝜔, 𝑄) ×
Δ(𝜔, 𝑄) 𝛼0
0
˜ 𝑝′ +𝑘′ ,𝛼1 𝑒
𝑎𝐿
𝑝′ +𝑘′ 𝜔
+
−
Δ(𝜔, 𝑄, 𝛼1 )

0
1
𝐼𝑝01′ ,𝜆′ ,𝑝,𝜆 = 𝜒
˜𝛼
˜*𝛼
𝑘′ ,𝜆′ ,𝑘,𝜆 𝜒
𝑘′ ,𝜆′ ,𝑘,𝜆

×

{︂ 𝐿
0
(𝑎𝑄 − 𝑎𝐿
𝜔𝛼1 ,𝑄
𝑄 )𝑑˜
Δ(𝜔, 𝑄, 𝛼1 )

}︂
0 ,𝐿0
− 𝑓𝛼𝐿−𝐿
(𝜔,
𝑄)𝑑
,
1

(21b)

𝑉 𝛼0 ,𝛼1 𝐿0 ,𝐿0
𝑓
(𝜔, 𝑄) ×
Δ(𝜔, 𝑄) 𝛼0
{︂ 𝐿0
}︂
*𝐿0
(𝑎𝑄 − 𝑎𝑄
)˜
𝜔𝛼1 ,𝑄 𝑎
𝐿0 ,𝐿−𝐿0
×
− 𝑓𝛼1
(𝜔, 𝑄) ,
(21c)
Δ(𝜔, 𝑄, 𝛼1 )
(︂
*𝐿0
0
[1 − 𝑎𝐿
𝜔𝛼1 ,𝑄
0 − 𝑎0 ]˜
1
1
𝐼𝑝11′ ,𝜆′ ,𝑝,𝜆 = 𝜒
˜𝛼
˜*𝛼
+
𝑘′ ,𝜆′ ,𝑘,𝜆 𝜒
𝑘′ ,𝜆′ ,𝑘,𝜆
Δ(𝜔, 𝑄, 𝛼1 )
{︂
𝜔
˜ 𝛼1 ,𝑄
𝑉 𝛼1 ,𝛼1
×
+ 𝑓𝛼𝐿10 ,𝐿0 (𝜔, 𝑄) −
Δ(𝜔, 𝑄) Δ(𝜔, 𝑄, 𝛼1 )
[︂
(︂ 𝐿
)︂
0
𝑏(𝑎𝑄 − 𝑎𝐿
𝜔𝛼1 ,𝑄
𝑄 )˜
*𝐿0
0 ,𝐿0
× 𝑎𝑄
− 𝑏𝑓𝛼𝐿−𝐿
(𝜔,
𝑄)
+
1
Δ(𝜔, 𝑄, 𝛼1 )
(︂ 𝐿0
)︂
𝑐𝑎𝑄 𝜔
˜ 𝛼1 ,𝑄
*𝐿0
𝐿0 ,𝐿0
− 𝑐𝑓𝛼1 (𝜔, 𝑄) +
+ 𝑎𝑄
Δ(𝜔, 𝑄, 𝛼1 )
(︂ 𝐿0
𝑒𝑎𝑄 𝜔
˜ 𝛼1 ,𝑄
𝑎*𝐿
− 𝑒𝑓𝛼𝐿10 ,𝐿0 (𝜔, 𝑄) +
𝑄
Δ(𝜔, 𝑄, 𝛼1 )
(︂ 𝐿
)︂]︂
0
𝜔𝛼1 ,𝑄
𝑑(𝑎𝑄 − 𝑎𝐿
𝑄 )˜
0 ,𝐿0
+
− 𝑑𝑓𝛼𝐿−𝐿
(𝜔,
𝑄)
−
1
Δ(𝜔, 𝑄, 𝛼1 )
[︂
𝐿0
𝜔𝛼1 ,𝑄
𝑏(𝑎𝐿
𝑄 − 𝑎𝑄 )˜
𝐿0 ,𝐿0
0 ,𝐿0
− 𝑓𝛼1 (
− 𝑏𝑓𝛼𝐿−𝐿
(𝜔, 𝑄)) +
1
Δ(𝜔, 𝑄, 𝛼1 )
)︂
(︂ 𝐿0
𝑐𝑎𝑄 𝜔
˜ 𝛼1 ,𝑄
+ 𝑓𝛼𝐿10 ,𝐿0
− 𝑐𝑓𝛼𝐿10 ,𝐿0 (𝜔, 𝑄) −
Δ(𝜔, 𝑄, 𝛼1 )
(︂ 𝐿0
)︂
˜ 𝛼1 ,𝑄
𝑒𝑎𝑄 𝜔
− 𝑓𝛼𝐿10 ,𝐿
− 𝑒𝑓𝛼𝐿10 ,𝐿0 (𝜔, 𝑄) +
Δ(𝜔, 𝑄, 𝛼1 )
]︂}︂)︂
𝐿0
𝜔𝛼1 ,𝑄
𝑑(𝑎𝐿
𝑄 − 𝑎𝑄 )˜
0 ,𝐿0
+ 𝑓𝛼𝐿10 ,𝐿 (
− 𝑑𝑓𝛼𝐿−𝐿
(𝜔,
𝑄))
.
1
Δ(𝜔, 𝑄, 𝛼1 )
(21d)
1
0
𝐼𝑝10′ ,𝜆′ ,𝑝,𝜆 = 𝜒
˜𝛼
˜*𝛼
𝑘′ ,𝜆′ ,𝑘,𝜆 𝜒
𝑘′ ,𝜆′ ,𝑘,𝜆

This formula is more exact than the formula presented in our work [30], because it includes the terms
𝑉 𝛼1 ,𝛼1 and 𝑉 𝛼0 ,𝛼0 not only in the constants in expressions (18) and (19), but also in the denominator
Δ(𝜔, 𝑄). The following limiting cases can be distinguished for expression (20):
a) If the constants 𝑉 𝛼0 ,𝛼0 and 𝑉 𝛼1 ,𝛼1 of interaction between phonon branches are small, Eq. (20) is
reduced to a simpler form, and the intensity, as in
work [30], is described by two terms
𝐼𝑝00′ ,𝜆′ ,𝑝,𝜆 + 𝐼𝑝11′ ,𝜆′ ,𝑝,𝜆 =
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0
1
=𝜒
˜𝛼
˜𝑘*𝛼′ ,𝜆0 ′ ,𝑘,𝜆 𝑓𝛼𝐿00 ,𝐿0 (𝜔, 𝑄)+𝜒
˜𝛼
˜𝑘*𝛼′ ,𝜆1 ′ ,𝑘,𝜆 ×
𝑘′ ,𝜆′ ,𝑘,𝜆 𝜒
𝑘′ ,𝜆′ ,𝑘,𝜆 𝜒
[︂
]︂
*𝐿0
0
𝜔𝛼1 ,𝑄
(1 − 𝑎𝐿
0 − 𝑎0 )˜
×
+ 𝑓𝛼𝐿10 ,𝐿0 (𝜔, 𝑄) ,
(22a)
Δ(𝜔, 𝑄, 𝛼1 )

b) If 𝑉 𝛼0 ,𝛼0 ≫ 𝑉 𝛼1 ,𝛼1 , the scattering intensity is
described by an equation similar to Eq. (22a), but
the first term in Eq. (22a) changes and, in accordance
with Eq. (20), is equal to
0
𝐼𝑝00′ ,𝜆′ ,𝑝,𝜆 = 𝜒
˜𝛼
˜𝑘*𝛼′ ,𝜆0 ′ ,𝑘,𝜆 𝑓𝛼𝐿00 ,𝐿0 (𝜔, 𝑄)/
𝑘′ ,𝜆′ ,𝑘,𝜆 𝜒
0
0
/[1 − 𝑉 𝛼0 ,𝛼0 𝑓𝛼𝐿00 ,𝐿0 (𝜔, 𝑄)] = 𝜒
˜𝛼
˜*𝛼
𝑘′ ,𝜆′ ,𝑘,𝜆 𝜒
𝑘′ ,𝜆′ ,𝑘,𝜆 ×
∑︀ 𝐿0 𝐿0
𝑎𝑝+𝑄 𝑎𝑝+𝑄 𝜔
˜ 𝑝+𝑄,𝛼0
𝑝
,
(22b)
×
∑︀ 0 *𝐿0
𝜔 2 − 𝑉 𝛼0 ,𝛼0 𝑎𝐿
˜ 𝑝+𝑄,𝛼0
𝑝+𝑄 𝑎𝑝+𝑄 𝜔

𝑝

c) If the QD size is close to the dimensions of new
crystal cell (𝐿0 → 𝐿), we obtain
0
𝐼𝑝00′ ,𝜆′ ,𝑝,𝜆 𝜒
˜𝛼
˜𝑘*𝛼′ ,𝜆0 ′ ,𝑘,𝜆
𝑘′ ,𝜆′ ,𝑘,𝜆 𝜒

𝜔𝑄,𝛼0
,
2
𝜔 2 − 𝜔𝑄,𝛼
0

(22c)

d) If 𝐿0 → 0, all terms in Eqs. (21), (22a), and
0
(22b), which are proportional to 𝑎𝐿
𝑔+𝑄 → 0, vanish. Only the term corresponding to the matrix – this
is the second term in Eq. (22a) – survives.
It is worth to note that the obtained relations for
the Raman scattering intensity can describe the processes with participation of both acoustic and optical
phonons. The scattering regularities depend on the
dispersion character of phonon branches. In the following part, we analyze the results of numerical calculations only for light scattering by phonons provided
that the convolution of the acoustic phonon branches
takes place, and compare the corresponding results
with experiment data.
As one can see from Eqs. (21), (22a), and (22b),
the intensity of Raman scattering spectra depends on
functions of the types 𝑓𝛼𝐿10 ,𝐿0 (𝜔, 𝑄) and 𝑓𝛼𝐿00 ,𝐿0 (𝜔, 𝑄),
and has resonance (12) near a certain value of
the frequency that enters into Δ(𝜔, 𝑔 + 𝑄, 𝛼) =
= 𝜔 2 − 𝜂𝜔𝑔+𝑄,𝛼 𝜔
˜ 𝑔+𝑄,𝛼 . The dimensions of Ge quantum dots in the SL satisfy the condition 𝐿𝑥 , 𝐿𝑦 ≫
≫ 𝐿𝑧 . Therefore, as was shown in Appendix 1 of
our work [30], only the coordinate 𝑧 in the functions
𝑓𝛼𝐿𝑗0 ,𝐿0 (𝜔, 𝑄) is important. For acoustic phonons, the
bulk crystal branches ⃒can be well described
⃒ by the
⃒
𝑎(𝑏 +𝑄 ) ⃒
expression 𝜔𝑔+𝑄,𝛼 = ⃒𝜔0,𝛼 sin[ 𝑧,𝑔2 𝑧 ]⃒, where 𝑎
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Fig. 4. Theoretical Raman spectra of multilayer structures
with QDs with a fixed height of 1.5 nm and the thickness of a
Si layer varying from 10 (curve 1 ) to 16 nm (curve 4 ). For the
sake of comparison, experimental Raman spectra are shown for
the first two theoretical spectra

Fig. 3. Experimental Raman spectrum (1 ) for a multilayer
structure with Ge quantum dots and the corresponding theoretical spectrum (2 ) calculated on the basis of the proposed
model with the fitting parameters 𝑉 𝛼1 𝛼1 = 𝑉 𝛼0 𝛼0 = 4 cm−2
(a). Schematic explanation of the emergence of a doublet in
Raman spectra (b)

is the lattice constant, 𝑄 the wave vector of light,
2𝜋
and 𝑔 a new reciprocal lattice vector (𝑏𝑧,𝑔 = 𝑎𝐿
𝑔𝑧,𝑖 ,
𝑧
𝐿𝑧
𝐿𝑧
− 2 6 𝑔𝑧,𝑖 6 2 , 𝑔𝑧,𝑖 = 0, ±1, ±2). If the light wave
vector is neglected, i.e. 𝑄 → 0, the peak of resonance (22a) should take place at 𝑔𝑧,𝑖 . As is seen from
Fig. 3, b, the positions and intensities of both peaks
should be identical for ±𝑔𝑧,𝑖 and 𝑄 → 0. However, the
positions and the intensities of two peaks described
above are different if 𝑄 ̸= 0. Really, ±𝑏𝑧,𝑔 + 𝑄𝑧 =
2𝜋
= 𝑎𝐿
(±𝑔𝑧,𝑖 + 𝑎𝐿𝜆𝑧 𝑛 ). Therefore, if 𝐿𝑧 or the refrac𝑧
tive index 𝑛 is large, the contribution of the second
term in the parentheses is considerable, and the band
doublets rather than single bands should be observed
in the spectrum in this case, which is well illustrated
in Fig. 3, b. The doublet splitting depends on the
parameters 𝜆, 𝐿𝑧 , and 𝑛. The numerical analysis of
some cases calculated at a variation of main parameISSN 2071-0194. Ukr. J. Phys. 2015. Vol. 60, No. 12

Fig. 5. Theoretical Raman spectra of multilayer structures
(the thickness of Si layers is fixed) with QDs (the height of
QDs is fixed) for various exciting radiation wavelengths: 350
(1 ), 450 (2 ), 650 (3 ), and 750 nm (4 )

ters and the comparison of the obtained results with
experimental data are exhibited in Figs. 3 to 5.
In Fig. 3, a, the experimental (curve 1 ) and calculated (curve 2 ) Raman spectra for a 10-layer SL
with Ge quantum dots are shown. One can see that
the intensities of doublets and the frequency positions of bands are well described by the theoretical
spectrum. Other theoretical curves in Fig. 4 illustrate
the influence of the Si layer thickness, provided that
all other SL parameters are identical. When the layer
thickness increases from 10 to 16 nm, the spectrum
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center-of-mass shifts toward lower frequencies and the
distance between the bands in the doublet slightly increases. Such spectral variations are explained in the
framework of the proposed model by the growth of
the parameter 𝐿𝑧 . Therefore, they are associated with
the increase in the number of intersection points in
the dispersion curve (Fig. 2). Hence, provided that
the wavelength of exciting laser radiation that corresponds to phonons with analogous wave vectors is
fixed, the frequencies of corresponding spectral bands
change according to the dispersion curve variations.
Figure 5 illustrates the effect produced by a variation of the exciting radiation wavelength 𝜆exc . One
can see that, when the excitation energy changes from
1.65 eV (𝜆exc = 750 nm) to 3.55 eV (𝜆exc = 350 nm),
the distance between the doublet bands decreases,
but the position of the doublet center remains invariant. It should be noted that the best fitting of theoretical spectra to experimental ones is obtained at rather
small values of interaction constants (𝑉 𝛼0 ,𝛼0 /𝜔𝛼0 and
𝑉 𝛼1 ,𝛼1 /𝜔𝛼1 6 0.05).
It should also be emphasized that, as was shown
in works [33, 34], the real QDs have a mixed Si–Ge
composition, which is caused by a giant interdiffusion of Si from the silicon substrate owing to nonuniform stresses in vicinities of QDs. One can evaluate the component composition in QDs from the Raman spectra of scattering by optical phonons. Really,
the frequencies of the Ge–Ge, Si–Ge, and Si–Si vibration modes in the Si–Ge solid solution substantially
depend on the content of each component. The account of the effect of component mixing allows the
Raman spectra of light scattering by the convolutions of acoustic phonon dispersion branches to be
described more precisely.
4. Conclusions
A theoretical simulation of Raman spectra experimentally obtained in multilayered structures with
quantum dots is carried out. It is shown that the
theoretical description of the Raman spectra (or absorption ones) for such structures should consider the
growth of the number of phonon modes. A model
for the description of experimental Raman spectra
of the structures concerned is proposed, which involves the real crystal structure in both the QDs and
the surrounding matrix, as well as the interaction
between the QD vibrations and matrix phonons. By
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using the secondary quantization procedure and the
Green’s function method, the frequency dependence
of the Raman spectrum intensity is calculated. The
obtained results show that the crystal structures of
superlattices with quantum dots can be described as
mixed crystals with a certain distribution of impurities assembled in large “Ge molecules” (QDs). It is
shown that a qualitative correlation between the positions and the intensities of bands in theoretical and
experimental Raman spectra is observed at certain
values of SL parameters. The emergence of characteristic band doublets is explained.
The authors are grateful to A.V. Novikov (the Institute for Physics of Microstructures of the Russian
Academy of Sciences) for experimental specimens.
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Ю.А. Романюк, А.М. Яремко,
В.М. Джаган, В.О. Юхимчук
КОМБIНАЦIЙНЕ РОЗСIЮВАННЯ СВIТЛА
В НАДҐРАТКАХ З Ge КВАНТОВИМИ ТОЧКАМИ
Резюме
Проведено дослiдження надґраток (НГ) з шарами Ge квантових точок (КТ) методом комбiнацiйного розсiювання свiтла (КРС) та запропоновано теоретичну модель, що описує
експериментальнi спектри. Модель враховує реальну кристалiчну структуру КТ та навколишньої матрицi, а також
фонон-фононну взаємодiю КТ з матрицею. Iнтенсивностi
спектрiв КРС розраховувалися з використанням процедури
вторинного квантування та методу функцiй Грiна. Отриманi результати показали, що кристалiчна структура надґратки, що складається з кремнiєвих шарiв та шарiв з Ge
квантовими точками, може бути описана як змiшаний кристал з певним розподiлом “домiшок” (Ge-“молекул”). Продемонстровано якiсну кореляцiю в положеннi та iнтенсивностi смуг у теоретично розрахованих та експериментально
отриманих спектрах КРС вiд надґраток з шарами Ge (SiGe)
квантових точок та пояснено дублетний характер смуг.
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