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The orientational instability of the director induced by an external dc electric field in the
homeotropic cell including a nematic liquid crystal with negative dielectric anisotropy has been
studied. The easy axis gliding in the plane perpendicular to either of polymer cell substrates
is taken into consideration. It is explained by the reorientation of the elastic fragments of
polymer molecules of the cell substrate owing to the interaction between the permanent or
induced dipole moments of the substrate molecules and the electric field. In both cases, the
orientational instability of the liquid crystal director is found to have a threshold character. The
evolution of the nematic director and the easy axis is analyzed since the moment of electric
field switching-on, during the system transition into a stationary state, and until the system
relaxes into the initial homogeneous state after the electric field is switched-off. The calculated
time dependences of the easy-axis deviation angle are compared with the literature experimental
data.
K e yw o r d s: nematic liquid crystal, negative dielectric anisotropy, orientational instability,
easy axis gliding, switching-on/off time, Fréedericksz transition.

1. Introduction

Intense researches that were carried out in the domain
of liquid crystal (LC) science during the last decade
promoted the rapid development of liquid crystal dis-
play technologies. Technological applications of LCs
are closely connected with a possibility to control the
orientational ordering of the mesophase in a LC cell,
which is a basic constructive element of any LC-based
information display [1].

Note that the orientational ordering in the LC cell
bulk substantially depends on the conditions imposed
on the director at the cell surface, in particular, on the
direction of the easy orientation axis of the director
at the cell substrate. The easy orientation axis of the
director, which is induced at the polymer substrate of
LC cells, e.g., using the photoalignment method [1,2],
was found to be able to change its orientation (to
slide) under the influence of an external low-frequency
magnetic or electric field. This result extends the pos-
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sibilities of the easy action on the orientational order-
ing in the LC cell bulk by creating special conditions
for the director at the cell surface, which can be gov-
erned by external fields.

Several mechanisms were proposed in order to ex-
plain the phenomenon of easy axis gliding. In partic-
ular, the easy axis gliding in the plane of the poly-
mer substrate surface (in the azimuthal direction) of
a nematic liquid crystal (NLC) cell in the presence
of an electric [3] or magnetic [4] field, in the opin-
ion of the cited authors, is a result of the interaction
between molecules in the near-surface layer of the ne-
matic and the elastic (“soft”) fragments of molecules
of a polymer orientant. Owing to this interaction, the
influence of the external field on the orientation of the
near-surface layer in an NLC brings about a change
of the easy axis orientation at the cell substrate.

The same explanation was used to describe the easy
axis gliding under the influence of an electric field, but
in the direction perpendicular to the surface of the
NLC cell substrate (in the polar direction) [5, 6]. In
particular, in work [6], the easy axis gliding on the
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substrate of a cell containing a polymer-stabilized
NLC with negative dielectric anisotropy was consid-
ered. The cited authors also considered the reorien-
tation dynamics of molecules of a polymer stabilizer,
if the latter is deposited onto the cell surface as an
orientant, but is not added to the NLC bulk.

Another mechanism driving a change of the easy
axis orientation was explained by the adsorption of
NLC molecules on the polymer substrate surface. In
this case, the influence of an external field on the NLC
volume gives rise to the rotation of NLC molecules ad-
sorbed on the surface. As a result of this action, the
easy axis becomes shifted by the external electric field
at the surface of the nematic cell substrate in both
the azimuthal [7, 8] and polar [9] directions. The field
strengths required for the easy axis to glide and the
characteristic times of motions of the director and the
easy axis turn out larger by several orders of magni-
tude, if NLC molecules are adsorbed on the surface of
the polymer substrate of the cell in comparison with
the case where the adsorption is absent. In particu-
lar, in work [9], the characteristic time of the easy
axis gliding on the substrate surface associated with
the adsorption of NLC molecules was found to have
an order of 100 h.

The authors of works [10–12] proposed a phe-
nomenological model for the easy axis reorientation
at the surface of a polymer substrate under the in-
fluence of an electric field, but in the azimuthal di-
rection. The model is based on the phenomenon of
NLC molecule adsorption. It involves the hindering
action of a polymer, the viscosity of the easy axis
motion, and the influence of the nematic volume on
this motion.

The both mechanisms described above were men-
tioned in work [13], while considering the easy axis
gliding in the azimuthal direction of a polymer sub-
strate of the NLC cell under the action of a mag-
netic field. Besides those factors, the easy axis gliding
in the electric field can be stimulated, in particular,
by a reorientation of the elastic parts of molecules of
the polymer substrate, which takes place due to the
interaction of their own or induced dipole moments
with the electric field [14]. This model was used in
work [15] to explain the creation of an orientational
anisotropy on the surface of an electrosensitive poly-
mer by a dc electric field.

In that work, the orientational instability of the
director induced by a dc electric field in a cell of a

homeotropically aligned NLC with negative dielectric
anisotropy was studied. It was assumed that the easy
orientation axis of the director at one of the poly-
mer substrates of the cell interacts with the electric
field. Aa a result of this interaction, the easy axis
glides in the plane oriented perpendicularly to the
substrate surface. The contribution of the interaction
between the easy axis and the electric field to the
surface free energy density of the NLC cell was con-
sidered to be a linear or quadratic function of the field
strength, depending on whether the dipole moments
of the elastic parts of molecules of the polymer sub-
strate are intrinsic or they are induced by the electric
field, respectively.

It was found that, irrespective of the interaction
between the easy axis and the electric field, the ori-
entational instability of NLC has a threshold behav-
ior. The time dependences for the deviation angles
of the director and the moving easy axis were de-
termined since the moment, when the electric field
is switched-on, during the period, when the system
transits into a stationary state, and until it relaxes
into the initial homogeneous state after the field has
been switched-off. By comparing the calculated time
dependence of the moving easy axis angle and the ex-
perimental one [6], the values of such parameters of
the system as the energy of the NLC anchoring with
a substrate, the viscosity coefficient for the easy axis,
and the parameter of the interaction between the easy
axis and the electric field were determined.

2. NLC Free Energy and Equations
for the Director Evolution

Let we have a plane-parallel NLC cell between the
planes 𝑧 = 0 and 𝑧 = 𝐿 with a uniform initial orien-
tation of the director along the axis 𝑂𝑧. A constant
potential difference 𝑈 is maintained between the cell
substrates. The NLC in the cell is characterized by a
negative value of anisotropy of its static dielectric per-
mittivity (𝜖𝑎 < 0). The NLC anchoring on the lower
(𝑧 = 0) substrate is uniform and infinitely strong. At
the upper (𝑧 = 𝐿) polymer substrate of the cell, the
easy director orientation axis e interacts with the
electric field E. As a result of this interaction, the
easy axis e glides in the plane oriented perpendicu-
larly to the cell substrate [6].

The free energy of the NLC cell can be written in
the form
𝐹 = 𝐹el + 𝐹E + 𝐹S + 𝐹SE, (1)
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where

𝐹el =
1

2

∫︁
𝑉

{︁
𝐾1(divn)

2 +𝐾2(n rotn)2 +

+𝐾3[n× rotn]2
}︁
𝑑𝑉

is the elastic NLC energy;

𝐹E = − 1

8𝜋

∫︁
𝑉

ED 𝑑𝑉

the anisotropic contribution to the free energy from
the dc electric field;

𝐹S = −𝑊
2

∫︁
S

(en)2 𝑑𝑆

the contribution of the NLC interaction with the up-
per (𝑧 = 𝐿) cell substrate to the surface free energy
expressed as the Rapini potential;

𝐹SE = − 𝛼

𝑚

∫︁
S

(︀
eE

)︀𝑚
𝑑𝑆

the contribution of the interaction between the easy
orientation axis of the director at the upper (𝑧 = 𝐿)
cell substrate and the electric field; 𝐾1, 𝐾2, and 𝐾3

are the NLC elastic constants; n is the director; D =
= 𝜖E the electric induction vector; 𝜖 = 𝜖⊥1̂+ 𝜖𝑎n⊗n
is the tensor of NLC static dielectric permittivity;
𝜖𝑎 = 𝜖‖ − 𝜖⊥ < 0 is its anisotropy; and 𝑊 the po-
lar energy of anchoring between the NLC and the
upper substrate associated with director deviations
in the plane 𝑥𝑂𝑧. The parameter 𝑚 is put equal to
1 or 2, depending on whether the polymer orientant
molecules are characterized by intrinsic or induced
dipole moments, respectively.

Let us consider planar deformations of the NLC di-
rector field [6]. The axis 𝑂𝑥 of the Cartesian coordi-
nate system is so directed that the director deviations
lie in the plane 𝑥𝑂𝑧. Owing to the system uniformity
in the plane 𝑥𝑂𝑦, the director n in the cell bulk and
the easy axis e at the upper cell substrate can be
written in the form

n = i sin 𝜃(𝑧, 𝑡) + k cos 𝜃(𝑧, 𝑡),

e = i sin𝜓(𝑡) + k cos𝜓(𝑡),
(2)

where 𝜃(𝑧, 𝑡) and 𝜓(𝑡) are the deviation angles of the
director and the moving easy axis, respectively, from

their initial orientation direction along the axis 𝑂𝑧,
and i and k are the unit vectors of the Cartesian
coordinate system.

The equation for the director should evidently
be considered together with the equations for the
electric field in the nematic volume. In accordance
with the equation rotE = 0, the vector of elec-
tric field strength in the NLC bulk has the form
E = (0, 0, 𝐸𝑧(𝑧)). Then, as follows from the equa-
tion divD = 0, the component 𝐷𝑧 = 𝜖𝑧𝑧𝐸𝑧 is a
constant. Since the potential difference equals 𝑈 =

=
∫︀ 𝐿

0
𝐸𝑧 𝑑𝑧, we obtain

𝐷𝑧 = 𝑈

⎡⎣ 𝐿∫︁
0

(𝜖⊥ + 𝜖𝑎 cos
2 𝜃)−1 𝑑𝑧

⎤⎦−1

. (3)

The free energy (1) per unit of the cell surface area
takes the form

𝐹 =
1

2

𝐿∫︁
0

(︀
𝐾1 sin

2 𝜃 +𝐾3 cos
2 𝜃

)︀(︂𝑑𝜃
𝑑𝑧

)︂2
𝑑𝑧 − 𝑈𝐷𝑧

8𝜋
−

− 𝑊

2
cos2(𝜃𝐿 − 𝜓)− 𝛼𝐷𝑧 cos𝜓

𝜖⊥ + 𝜖𝑎 cos2 𝜃𝐿
, (4)

where the component𝐷𝑧 of the electric induction vec-
tor is given by expression (3), and 𝜃𝐿 = 𝜃(𝑧 = 𝐿) is
the director deviation angle at the upper cell sub-
strate.

By minimizing the free energy (4) with respect to
the angles 𝜃 and 𝜓, we obtain the equation(︀
𝐾1 sin

2 𝜃 +𝐾3 cos
2 𝜃
)︀
𝜃′′𝑧𝑧 − (𝐾3 −𝐾1)𝜃

′2
𝑧 sin 𝜃 cos 𝜃+

+
𝐷2

𝑧

𝑈

(︂
𝑈

4𝜋
+

𝛼 cos𝜓

𝜖⊥ + 𝜖𝑎 cos2 𝜃𝐿

)︂
|𝜖𝑎| sin 𝜃 cos 𝜃

(𝜖⊥ + 𝜖𝑎 cos2 𝜃)2
= 𝜂1𝜃

′
𝑡

(5)

and the corresponding boundary conditions

𝜃|𝑧=0 = 0, (6)(︀
𝐾1 sin

2 𝜃𝐿 +𝐾3 cos
2 𝜃𝐿

)︀
𝜃′𝑧|𝑧=𝐿+

𝑊

2
sin 2(𝜃𝐿 − 𝜓)+

+2𝛼𝐷𝑧 cos𝜓
|𝜖𝑎| sin 𝜃𝐿 cos 𝜃𝐿
(𝜖⊥ + 𝜖𝑎 cos2 𝜃𝐿)2

= 0, (7)

𝑊

2
sin 2(𝜃𝐿 − 𝜓)− 𝛼𝐷𝑧 sin𝜓

𝜖⊥ + 𝜖𝑎 cos2 𝜃𝐿
= 𝜂2𝜓

′
𝑡. (8)

Here, 𝜂1 is the coefficient of NLC bulk viscosity, 𝜂2
the viscosity coefficient for the easy axis, and primes
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on the functions 𝜃 and 𝜓 mean their derivatives with
respect to the corresponding arguments. The term on
the right-hand side of Eq. (5) describes, as was done
in works [1, 16, 17], dissipative processes occurring in
the NLC bulk, when the director rotates, provided
that its connection with hydrodynamic motions of
the nematic are neglected. Similarly to work [11], the
easy axis gliding in the polar direction on the upper
(𝑧 = 𝐿) cell substrate is described by a term on the
right-hand side of the boundary condition (8). In the
general case, the solution of Eq. (5), which should sat-
isfy the boundary conditions (6)–(8), can be obtained
only numerically.

3. Evolution of the Director
and the Moving Easy Axis

3.1. Linear interaction
between the easy axis and the electric field

Let the contribution of the interaction between the
moving axis e of easy director orientation and the
electric field E at the upper (𝑧 = 𝐿) cell substrate
to the surface free energy of an NLC cell be linear in
the electric field strength, i.e. the parameter 𝑚 = 1 in
expression (1) for 𝐹SE. We assume the angles 𝜃 and
𝜓 to be small. Then the behavior of the system is
described by Eq. (5) linearized in 𝜃 and 𝜓:

𝜃′′𝜉𝜉 + 𝑢(𝑢+ �̃�)𝜃 = 𝜃′𝜏 (9)

and the linearized boundary conditions (6)–(8)

𝜃
⃒⃒
𝜉=0

= 0, (10)
𝜃′𝜉
⃒⃒
𝜉=1

+ 𝜀(𝜃𝐿 − 𝜓) + 2�̃�𝑢𝜃𝐿 = 0, (11)
𝜀(𝜃𝐿 − 𝜓)− �̃�𝜈𝑢𝜓 = 𝛾𝜓′

𝜏 . (12)

Here, the following dimensionless parameters are in-
troduced: the coordinate 𝜉 = 𝑧/𝐿, the time 𝜏 =
= 𝑡𝐾3/(𝜂1𝐿

2), the viscosity coefficient 𝛾 = 𝜂2/(𝜂1𝐿),
the anchoring energy 𝜀 = 𝑊𝐿/𝐾3, the potential
difference 𝑢 = 𝜋𝑈/𝑈∞

th , the interaction parameter
�̃� = (𝛼/𝜖‖)

√︀
4𝜋|𝜖𝑎|/𝐾3, and 𝜈 = 𝜖‖/|𝜖𝑎|, where

𝑈∞
th = 𝜋

√︀
4𝜋𝐾3/|𝜖𝑎| is the Fréedericksz transition

threshold at 𝑊 = ∞ in the absence of easy axis
gliding.

The solution of Eq. (9) that satisfies the bound-
ary conditions (10)–(12) describes the deviation an-
gles for the director,

𝜃(𝜉, 𝜏) =

∞∑︁
𝑛=1

𝐴𝑛𝑒
Γ𝑛𝜏 sin𝜆𝑛𝜉, (13)

and the moving easy axis,

𝜓(𝜏) =

∞∑︁
𝑛=1

𝐴𝑛

(︂
𝜆𝑛
𝜀

cos𝜆𝑛 +
(︁2
𝜀
�̃�𝑢+ 1

)︁
sin𝜆𝑛

)︂
𝑒Γ𝑛𝜏 ,

(14)

where 𝐴𝑛 are integration constants, Γ𝑛 = 𝑢(𝑢+ �̃�)−
−𝜆2𝑛, and 𝜆𝑛 are the positive roots of the equation

𝜀2=
[︀
𝛾
(︀
𝑢(𝑢+�̃�)−𝜆2

)︀
+𝜀+𝜈�̃�𝑢

]︀(︀
𝜆 ctg 𝜆+𝜀+2�̃�𝑢

)︀
. (15)

Note that expression (14) for a deviation angle 𝜓(𝜏)
of the easy axis is obtained from the equation

𝛾𝜓′
𝜏 + 𝜈�̃�𝑢𝜓 = −𝜃′𝜉

⃒⃒
𝜉=1

− 2�̃�𝑢𝜃,

which follows from the boundary conditions (11)
and (12).

As one can see from Eqs. (13) and (14), if at least
one of the Γ-values is positive (Γ𝑛 > 0), spatial per-
turbations of the director field of the type sin𝜆𝑛𝜉 will
exponentially increase in the system. Therefore, the
orientational instability of NLC in the electric field
has a threshold character. The orientational instabil-
ity threshold for the director is determined from the
condition Γ1 = 0, in which 𝜆1 is the smallest (by
absolute value) root of Eq. (15). From whence, the
threshold value is given by the smallest positive root
of the equation√︀
𝑢2 + �̃�𝑢 ctg

√︀
𝑢2 + �̃�𝑢+ �̃�𝑢

(︂
2 +

𝜈𝜀

𝜀+ �̃�𝜈𝑢

)︂
= 0.

(16)

Figure 1 demonstrates the dependences of the
threshold voltage 𝑈th of the Fréedericksz transition
on the interaction parameter 𝛼 value that were cal-
culated from Eq. (16) for several values of anchoring
energy 𝜀. The threshold magnitude 𝑈th grows with
the anchoring energy 𝜀. In the limiting case 𝛼 → 0,
irrespective of the anchoring energy 𝜀, the threshold
voltage 𝑈th approaches a value of 0.5𝑈∞

th , which cor-
responds to the Fréedericksz transition threshold in
the absence of NLC anchoring on the upper (𝜀 = 0)
cell substrate, i.e. at 𝜀 = 0. As the value of the pa-
rameter 𝛼 grows, the magnitude of 𝑈th first increases
from 0.5𝑈∞

th at 𝛼 = 0 to a certain maximum and af-
terward monotonically decreases. In the limiting case
of infinitely large 𝛼, the threshold magnitude 𝑈th

asymptotically tends to zero. The maximum value of
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𝑈th corresponds to the interaction parameter value
𝛼 ∼ 𝜖‖

√︀
𝐾3/(4𝜋|𝜖𝑎|). If 𝜀 grows, the positions of

the maximum in the dependence 𝑈th(𝛼) shifts to-
ward smaller 𝛼. The non-monotonic dependence of
the threshold voltage 𝑈th on the parameter 𝛼 is ex-
plained by the opposite actions of the electric field on
the NLC director and the moving easy axis. Namely,
the electric field stabilizes the initial orientation of
the moving easy axis, but destabilizes the initial ori-
entation of the director.

If the voltage 𝑈 slightly exceeds the threshold value
𝑈th, the angles 𝜃 and 𝜓 can be considered small. Then
their values will be determined by the first (𝑛 =
1) harmonic in expressions (13) and (14), respec-
tively. Higher-order harmonics are neglected because
of their smallness. From whence, we obtain the char-
acteristic time of the switching-on of the system as

𝑡on =
𝜂1𝐿

2𝑢th

𝐾3

[︀
(𝑢th + �̃�)𝜎1 − �̃�/2

]︀
(𝑢2 − 𝑢2th)

, (17)

where
𝜎1 = 1− [2𝜌21 + 𝜈 + 𝛾(1 + 2𝑢th/�̃�)]/𝑠1,

𝑠1 = (𝜌21 + 2𝛾)(1 + 𝑢th/�̃�)+

+ (𝜈 + 2𝜌1)
(︀
�̃�𝜈𝑢th + (1 + 2�̃�𝑢th)𝜌1

)︀
,

𝑢th = 𝜋𝑈th/𝑈
∞
th , 𝜌1 = 1 + �̃�𝜈𝑢th/𝜀.

The growth of the anchoring energy 𝜀 and the re-
duction of the interaction parameter 𝛼 give rise to
the increase of the characteristic switching-on time
𝑡on, which is also explained by the opposite actions of
the electric field on the orientation of the moving easy
axis and the NLC director. With an increase of the
viscosity coefficients of the NLC bulk and the easy
axis, the switching-on time grows. However, this pa-
rameter turns out more sensitive to a change of the
viscosity coefficient of the easy axis than that of the
NLC bulk.

The evolution of the director and the moving easy
axis since the voltage switching-on and until the sys-
tem transits into the stationary state is governed
by the applied voltage and the NLC cell parame-
ters. In Fig. 2, the experimental values of the easy
axis deviation angle 𝜓 taken from work [6] are de-
picted. They were measured at some moments, when
the system transited into a stationary state under
the action of the electric field created by the applied
voltage 𝑈 = 5 V = 2.4𝑈∞

th . In Fig. 2, the depen-
dence 𝜓(𝑡) obtained by numerically solving Eq. (5)

Fig. 1. Dependences of the Fréedericksz transition threshold
𝑈th on the interaction parameter 𝛼 for 𝜀 = 0.1 (1 ), 0.5 (2 ), 1
(3 ), 2 (4 ), 5 (5 ), and 10 (6 )

Fig. 2. Comparison of the calculated (solid curve) and experi-
mental (symbols) [6] time dependences of the moving easy axis
deviation angle 𝜓 in the case of linear interaction between the
easy axis and the electric field at 𝑈 = 5 V

with the boundary conditions (6)–(8) is also shown
for comparison. The calculated dependence 𝜓(𝑡) was
obtained for the following parameter values: the di-
mensionless anchoring energy 𝜀 = 10, the dimension-
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Fig. 3. Time dependences of the moving easy axis, 𝜓, and
director, 𝜃𝐿, deviation angles at the cell surface 𝑧 = 𝐿 in the
electric field with the voltage 𝑈 = 5 V. The other parameters
are: (1 ) 𝜀 = 10, �̃� = 1.77, 𝜂1 = 1 P, 𝜂2 = 6 P · cm; (2 ) 𝜀 = 20,
�̃� = 1, 𝜂1 = 1 P, 𝜂2 = 0.4 P · cm; (3 ) 𝜀 = 5, �̃� = 1, 𝜂1 = 1 P,
𝜂2 = 0.4 P · cm

Fig. 4. Evolution of the director deviation angle profile across
the cell thickness since the moment of voltage (𝑈 = 5 V) appli-
cations (𝑡 = 0 s) until the transition into the stationary state
(𝑡 = 0.1 s). 𝜀 = 10, �̃� = 1.77, 𝜂1 = 1 P, 𝜂2 = 6 P · cm

less interaction parameter �̃� = 1.77, the coefficient
of NLC bulk viscosity 𝜂1 = 1 P [18], and the viscos-
ity coefficient of the easy axis 𝜂2 = 160 P · cm. Those
values were selected to provide the best agreement

between the experimental and theoretical values. In
general, the difference between the calculated and
experimentally measured values for the angle 𝜓 did
not exceed 8%. Furthermore, the obtained anchoring
energy 𝜀 agrees with the data of the experimental
work [19].

In Fig. 3, the time dependences of deviation angles
of the easy axis, 𝜓(𝑡), and the director, 𝜃𝐿(𝑡), at the
cell surface 𝑧 = 𝐿 are exhibited. They were obtained
by numerically solving Eq. (5) with the boundary con-
ditions (6)–(8) for various values of NLC cell param-
eters. Curves 1 correspond to the parameter values
calculated above, by using the experimental data in
[6]. It was found that the NLC director deviates more
eagerly than the easy axis, when the system transits
into a stationary state. The moving easy axis traces
the director motion, so that 𝜓 6 𝜃𝐿 (see Fig. 3). It is
evident that the easy axis motion is slowed down as
a result of its initial orientation stabilization by the
electric field.

The director deviation angles across the cell thick-
ness calculated at various moments of the transition
into a stationary state are depicted in Fig. 4. Like
the case where the easy axis is fixed on both cell sub-
strates, the maximum deformations of the director
field are reached in the NLC bulk. As the system ap-
proaches the stationary state, the maximum of the
director deviation practically does not change its po-
sition in the NLC volume. Note that an increase of
the easy axis motion viscosity hinders the transition
of the system into the stationary state.

In the stationary state (𝜃′𝑡 = 𝜓′
𝑡 = 0), according

to the boundary condition (8), 𝜃𝐿 > 𝜓 at the up-
per cell surface, irrespective of the applied potential
difference 𝑈 . As follows from the boundary condition
(7), 𝜃′𝑧|𝑧=𝐿 < 0. Therefore, the maximum of a direc-
tor deviation is reached in the NLC bulk. Multiplying
Eq. (5) by 2𝜃′𝑧 and integrating the result over 𝑧, we
obtain
𝜃′𝑧 = ±𝐹 (𝜃, 𝜃𝑚)𝑄(𝜃𝑚, 𝜃𝐿, 𝜓), (18)

where

𝐹 (𝜃, 𝜃𝑚)=
(sin2 𝜃𝑚 − sin2 𝜃)1/2

(𝜖‖−𝜖𝑎 sin2 𝜃)1/2(𝐾1 sin
2 𝜃+𝐾3 cos2 𝜃)1/2

,

𝑄(𝜃𝑚, 𝜃𝐿, 𝜓) =
𝐷𝑧

(𝜖‖ − 𝜖𝑎 sin
2 𝜃𝑚)1/2

×

×

[︃
|𝜖𝑎|
4𝜋𝐾3

(︁
1 +

4𝜋𝛼

𝑈

cos𝜓

𝜖‖ − 𝜖𝑎 sin
2 𝜃𝐿

)︁]︃1/2

,
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and 𝜃𝑚 is the maximum of the director deviation
angle.

Separating the variables in Eq. (18) and integrating
the result over 𝑧 from 0 to 𝐿, we obtain

2

𝜃𝑚∫︁
0

𝐹 (𝜃, 𝜃𝑚) 𝑑𝑧 −
𝜃𝐿∫︁
0

𝐹 (𝜃, 𝜃𝑚) 𝑑𝑧 = 𝐿𝑄(𝜃𝑚, 𝜃𝐿, 𝜓).

(19)

By considering Eq. (19) together with the boundary
conditions (7) and (8), which accounts for the value
of the derivative 𝜃′𝑧 (18) at the cell surface 𝑧 = 𝐿, we
find the angles 𝜃𝑚, 𝜃𝐿, and 𝜓. With those values from
Eq. (18), we obtain the profile of the director devi-
ation angle 𝜃 across the cell thickness for the given
voltage 𝑈 .

The calculated dependences 𝜃(𝑧) for various val-
ues of the applied voltage 𝑈 and the interaction pa-
rameter 𝛼 are shown in Fig. 5. Increase of the an-
choring energy 𝜀 and in the applied voltage 𝑈 re-
sults in a growth of deformations of the NLC director
field. When the voltage 𝑈 grows, the deviation an-
gles of the easy axis, 𝜓, and the director, 𝜃𝐿, at the
surface 𝑧 = 𝐿 monotonically increase, but 𝜃𝐿 > 𝜓
everytime. If the interaction parameter 𝛼 grows at a
fixed voltage, the deviation angle 𝜃𝐿 of the director
at the surface 𝑧 = 𝐿 decreases, which gives rises to
larger deformations of the director field in the cell
volume.

Now, let us consider the relaxation of the system
from the stationary state into the initial uniform one,
when the voltage is switched-off. First, let us consider
the case where the applied voltage 𝑈 slightly exceeds
its threshold value 𝑈th. Then the process of relax-
ation can be described in the approximation of small 𝜃
and 𝜓 angles, by using the linearized Eq. (9) with the
boundary conditions (10)–(12), in which 𝑈 = 0. The
required, finite at 𝜏 → +∞, solution for the deviation
angles of the director and the moving easy axis looks
like
𝜃(𝜉, 𝜏) =

∞∑︁
𝑛=1

𝐴𝑛𝑒
−κ2

𝑛𝜏 sinκ𝑛𝜉,

𝜓(𝜏) =

∞∑︁
𝑛=1

𝐴𝑛

𝛾κ𝑛
𝑒−κ2

𝑛𝜏 cosκ𝑛,

(20)

where 𝐴𝑛 are integration constants, and 𝜅𝑛 are posi-
tive roots of the equation

tanκ =
1

𝛾κ
− κ
𝜀
. (21)

a

b
Fig. 5. Dependences of the director deviation angle on the co-
ordinate 𝑧 at 𝜀 = 10 and (𝑎) �̃� = 1.77; 𝑈/𝑈∞

th = 0.8 (1 ), 1 (2 ),
1.5 (3 ), 2 (4 ), 2.5 (5 ); (𝑏) 𝑈/𝑈∞

th = 1; �̃� = 0.1 (1 ), 0.5 (2 ),
1 (3 ), 5 (4 )

As follows from Eq. (20), the characteristic time of
relaxation is determined by the most slowly damped
mode (with 𝑛 = 1), and it is equal to

𝑡off =
𝜂1𝐿

2

κ2
1𝐾3

. (22)

Although the relaxation time 𝑡off is practically in-
dependent of the interaction parameter 𝛼, the possi-
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Fig. 6. Evolution of the director deviation angle profile across
the cell thickness during the first second after the voltage
switching-off. The total relaxation time of the system has an
order of 1000 s; 𝜀 = 10, �̃� = 1.77, 𝜂1 = 1 P, 𝜂2 = 6 P · cm

Fig. 7. Comparison of the calculated (solid curve) and experi-
mental (symbols) [6] time dependences of the moving easy axis
deviation angle 𝜓 in the case of quadratic interaction between
the easy axis and the electric field at 𝑈 = 5 V

bility of the easy axis gliding gives rise to its growth
in comparison with the case without the gliding. In
particular, in the latter case at 𝑊 = ∞, the relax-
ation time equals 𝑡∞off = 𝜂1𝐿

2/(𝜋2𝐾3) < 𝑡off , so that
𝑡∞off < 𝑡off , since κ1 < 𝜋. An increase of the anchoring

energy 𝜀 results in a reduction of the relaxation time
𝑡off , which is explained by an enhancement of the in-
teraction between the director and the easy axis.

Figure 6 exhibits the director deviation angles
across the cell thickness, which were calculated for
various time moments after the voltage in the system
that was in a stationary state was switched-off. As
one can see, the director deviation maximum moves
rather quickly from the NLC bulk to the substrate
with the moving easy axis. In particular, the depen-
dence of the director deviation angle 𝜃(𝑧, 𝑡) becomes
almost linear in 𝑧 within rather a short time interval
(about 1 s) in comparison with the time of the total
relaxation of the system into the initial uniform state
(of an order of 1000 s). The latter value is evidently
associated with a relatively large value of the easy
axis motion viscosity coefficient and is close to the
value obtained in work [11]. In general, as the system
relaxes, the director returns more quickly to the ini-
tial uniform state and drags the easy axis behind it,
so that 𝜃𝐿 6 𝜓.

3.2. Quadratic interaction
between the easy axis and the electric field

Let c contribution of the interaction between the axis
of easy director orientation and the electric field at the
polymer substrate 𝑧 = 𝐿 to the surface free energy of
an NLC cell be quadratic in the electric field strength
𝐸, i.e. the parameter 𝑚 = 2 in expression (1). By
minimizing the free energy (1) with respect to the
angles 𝜃 and 𝜓, we arrive at the equation(︀
𝐾1 sin

2 𝜃 +𝐾3 cos
2 𝜃
)︀
𝜃′′𝑧𝑧 − (𝐾3 −𝐾1)𝜃

′2
𝑧 sin 𝜃 cos 𝜃+

+
𝐷2

𝑧

𝑈

(︂
𝑈

4𝜋
+

2𝛼𝐷𝑧 cos
2 𝜓

(𝜖⊥ + 𝜖𝑎 cos2 𝜃𝐿)2

)︂
×

× |𝜖𝑎| sin 𝜃 cos 𝜃
(𝜖⊥ + 𝜖𝑎 cos2 𝜃)2

= 𝜂1𝜃
′
𝑡 (23)

with the boundary conditions

𝜃|𝑧=0 = 0, (24)(︀
𝐾1 sin

2 𝜃𝐿 +𝐾3 cos
2 𝜃𝐿

)︀
𝜃′𝑧|𝑧=𝐿 +

𝑊

2
sin 2(𝜃𝐿 − 𝜓)+

+2𝛼𝐷2
𝑧 cos

2 𝜓
|𝜖𝑎| sin 𝜃𝐿 cos 𝜃𝐿
(𝜖⊥ + 𝜖𝑎 cos2 𝜃𝐿)3

= 0, (25)

𝑊

2
sin 2(𝜃𝐿− 𝜓)−𝛼𝐷2

𝑧

sin𝜓 cos𝜓

(𝜖⊥+ 𝜖𝑎 cos2 𝜃𝐿)2
= 𝜂2𝜓

′
𝑡, (26)
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As was in the linear case considered above, the ori-
entational instability of NLC in the electric field has
a threshold. From the linearized equation (23) and
the boundary conditions (24)–(26), it follows that the
magnitude of the Fréedericksz transition threshold is
equal to the smallest positive root of the equation

𝑢
√
1 + 2�̃� ctg

(︀
𝑢
√
1 + 2�̃�

)︀
+�̃�𝑢2

(︂
2 +

𝜈𝜀

𝜀+ �̃�𝜈𝑢2

)︂
= 0,

(27)

where �̃� = 4𝜋𝛼/(𝜖‖𝐿). The dependence of the thresh-
old voltage 𝑈th for the Fréedericksz transition on the
interaction parameter 𝛼 determined from Eq. (27)
turns out qualitatively similar to that depicted in
Fig. 1 for the case of linear interaction between the
moving easy axis and the electric field. In particu-
lar, in the absence of this interaction (𝛼 = 0), the
threshold voltage amounts to 0.5𝑈∞

th . Larger anchor-
ing energy values lead to a growth of the orientational
instability threshold.

If the voltage 𝑈 slightly exceeds its threshold value
𝑈th, then, assuming the deviation angles of the direc-
tor, 𝜃, and the easy orientation axis, 𝜓, to be small
and considering the linearized problem, we obtain the
following characteristic time of the switching-on:

𝑡on =
𝜂1𝐿

2

𝐾3𝜎2(1 + 2�̃�)(𝑢2 − 𝑢2th)
, (28)

where

𝜎2 = 1− 2[2𝜌22 + 𝜈 + 𝛾(2 + 1/�̃�)]/𝑠2,

𝑠2 = (𝜌22 + 2𝛾)(2 + 1/�̃�)+

+ (𝜈 + 2𝜌2)
(︀
�̃�𝜈𝑢2th + (1 + 2�̃�𝑢2th)𝜌2

)︀
,

𝜌2 = 1 + �̃�𝜈𝑢2th/𝜀.

The dependence of the switching-on time 𝑡on on the
NLC cell parameters turns out qualitatively similar
to the case of linear interaction between the easy axis
and the electric field. For instance, the time 𝑡on grows
with the anchoring energy 𝜀 and the coefficients of
NLC bulk, 𝜂1, and easy axis, 𝜂2, motion viscosity, as
well as with a decrease of the interaction parameter
𝛼. The variation of the coefficient of NLC bulk vis-
cosity 𝜂1 within its admitted region weakly affects the
𝑡on magnitude.

In Fig. 7, a comparison is made between the values
of the deviation angle 𝜓 obtained experimentally [6]

and determined from Eq. (23) for the time interval
since the voltage in the system has been switched-
on and until the system transits into its stationary
state. The calculated dependence 𝜓(𝑡) was obtained
for the following parameter values: the dimensionless
anchoring energy 𝜀 = 10, the dimensionless interac-
tion parameter �̃� = 0.19, the coefficient of NLC bulk
viscosity 𝜂1 = 1 P [18], and the coefficient of easy
axis motion viscosity 𝜂2 = 160 P · cm. The indicated
values of NLC cell parameters were selected to pro-
vide the best agreement between the experimental
and theoretical values of 𝜓. The difference between
them did not exceed 7%.

As a whole, the results of calculations testify that
the evolution of the director and moving easy axis
deviation angles and its dependence on the NLC cell
parameters and the applied voltage is qualitatively
similar to the case considered above for the linear
interaction between the easy axis and the electric
field.

4. Conclusions

The director reorientation from the homeotropic
state in a planar NLC cell with negative dielectric
anisotropy under the acton of a dc electric field has
been studied. The gliding of the axis of easy direc-
tor orientation on one of the polymer cell substrates
in a plane perpendicular to the substrate is taken
into account. The easy axis gliding arises owing to
the interaction between the easy axis and the electric
field. The contribution of this interaction to the den-
sity of the surface free energy of an NLC cell is taken
to be linear or quadratic in the electric field strength,
in accordance to whether the dipole moments of the
elastic parts of polymer substrate molecules are in-
trinsic or induced by the electric field.

Irrespective of the interaction between the moving
easy axis and the electric field, the orientational in-
stability of NLC has a threshold character. The ori-
entational instability threshold decreases with a re-
duction of the energy of the NLC anchoring on the
substrate, on which the easy axis moves. In the case
where the easy axis does not interact with the elec-
tric field, the Fréedericksz transition threshold tends
to its value obtained in the absence of an NLC an-
choring on the substrate with the moving easy axis
(𝜀 = 0). If the parameter 𝛼 of the easy axis in-
teraction with the electric field increases from zero,
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the threshold value first increases to a certain max-
imum value and then decreases to zero at infinitely
large 𝛼. The maximum threshold value is attained at
𝛼 ∼ 𝜖‖

√︀
𝐾3/(4𝜋|𝜖𝑎|).

The evolution of both the director and the moving
easy axis is governed by the applied voltage 𝑈 , in-
teraction parameter 𝛼, anchoring energy 𝜀, and the
coefficients of NLC bulk and easy axis motion viscos-
ity. The time dependences turn out qualitatively simi-
lar in the both cases of easy axis interaction with the
electric field. Analytical expressions are derived for
the time dependences of the director and easy axis de-
viation angles after the electric field switching-on/off
as solutions of the linearized variational equation and
the linearized boundary conditions.

Since the voltage application moment and until the
system transits into a stationary state, the director
deviates more rapidly and drags the easy axis behind
it in the both cases of easy axis interaction with the
electric field. The maximum deformations of the di-
rector field are reached in the NLC bulk and prac-
tically do not change their position, when the sys-
tem transits into a stationary state. By comparing the
time dependences calculated for the easy axis devia-
tion angle within the period, when the system transits
into a stationary state with the corresponding exper-
imental ones [6], the values of the anchoring energy
𝜀, the coefficient of easy axis motion viscosity, and
the parameter 𝛼 of the easy axis interaction with the
electric field are determined. The characteristic time
of switching-on of the system, 𝑡on, is found to de-
crease with an increase of the interaction parameter
𝛼, as well as with a reduction of the anchoring en-
ergy 𝜀 and the coefficients of NLC bulk and easy axis
motion viscosity.

In the stationary state, the largest deformations of
the director field takes place in the NLC bulk, irre-
spective of the interaction between the easy axis and
the electric field. An increase of the anchoring energy
𝜀 and the interaction parameter 𝛼 results in larger
deformations of the director field.

Irrespective of the interaction of the easy axis with
the electric field, if the system is in a stationary state
and the voltage is switched-off, an almost linear dis-
tribution of the director deviation angle across the cell
thickness is established rather quickly in comparison
with the time of total relaxation of the system. The
director deviation maximum turns out shifted to-
ward the surface with the moving easy axis. In the

both cases of interaction between the easy axis and
the electric field, the characteristic time of relax-
ation 𝑡off was found to be identical and indepen-
dent of the interaction parameter 𝛼. As the anchor-
ing energy increases and the coefficients of NLC bulk
and easy axis motion viscosity decrease, the time 𝑡off
diminishes.

The authors express their gratitude to I.P. Pinke-
vych for useful remarks, when discussing the results
of this work.
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А.I.Лесюк, М.Ф.Ледней, О.С.Тарнавський
ОРIЄНТАЦIЙНА НЕСТIЙКIСТЬ В КОМIРЦI
НЕМАТИЧНОГО РIДКОГО КРИСТАЛА З ВIД’ЄМНОЮ
ДIЕЛЕКТРИЧНОЮ АНIЗОТРОПIЄЮ
В ЕЛЕКТРИЧНОМУ ПОЛI
Р е з ю м е
Дослiджується орiєнтацiйна нестiйкiсть директора в гомео-
тропнiй комiрцi нематичного рiдкого кристала з вiд’ємною
дiелектричною анiзотропiєю в постiйному електричному
полi. Враховується проковзування осi легкого орiєнтування
директора в площинi, перпендикулярнiй до однiєї з полiмер-
них пiдкладок комiрки. Проковзування легкої осi зумовле-
но переорiєнтацiєю еластичних частин молекул полiмерної
пiдкладки, що є наслiдком взаємодiї з електричним полем їх
власних або наведених дипольних моментiв. Встановлено,
що в обох випадках взаємодiї орiєнтацiйна нестiйкiсть ди-
ректора рiдкого кристала є пороговою. Дослiджена часова
поведiнка директора i легкої осi з моменту ввiмкнення еле-
ктричного поля з наступним виходом системи в стацiонар-
ний стан та закiнчуючи поверненням системи в вихiдний
однорiдний стан пiсля вимкнення напруги. Проведено по-
рiвняння розрахункових часових залежностей кута вiдхи-
лення легкої осi з вiдповiдними даними експериментальних
робiт.
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