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The potential well depth for an electron in a nanoheterosystem with quantum dots has been
calculated in the framework of the self-consistent electron-deformation model. It is shown that
the strained InAs/GaAs nanoheterosystem with InAs spherical quantum dots is characterized
by deformation fields, which appear at the quantum dot-matrix interface and result in the en-
hancement of polaron effects in comparison with the unstrained material. The electron polaron
energy is calculated, by considering the electrostatic energy and the energy associated with
the mechanical and electron-deformation strain components in the quantum-dot and matrix
materials.
K e yw o r d s: quantum dot, polaron, electron-deformation potential, binding energy, electron.

1. Introduction

Nowadays, a large attention is focused on the re-
searches dealing with quantum-size structures, in par-
ticular, quantum dots (QDs), which find the wide ap-
plication in nanoelectronics as field-effect transistors,
photo cells, light-emitting diodes, and lasers [1, 2]. In
low-dimensional systems, the electron-phonon inter-
action can significantly affect the physical properties
of electrons, such as the electron scattering, polaron
effects, and so forth [3, 4]. A deformation that arises
at the QD-matrix interface owing to the mismatch
of lattice parameters results in the emergence of the
deformation and piezoelectric fields, which affect the
optical properties of those objects. In particular, the
compressive deformation of a QD material in the ma-
trix (e.g., InAs in GaAs and CdTe in ZnTe) enhances
the localization of charged quasiparticles and exci-
tons in those QDs and considerably strengthens the
interaction of quasiparticles both with one another
and with longitudinal optical phonons. Furthermore,
the materials of those QDs are characterized by a
high deformation potential, which results in the en-
hancement of polaron effects in comparison with bulk
materials.

Various approaches are used to study polaron ef-
fects in nanostructured materials: Feynman’s method
of path integration, the method of canonical trans-
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formations [5, 6], and the Buimistrov–Pekar method
[7]. In particular, in work [8], the binding energy of
electron and hole polarons in spherical QDs with
an infinitely deep potential well created on the ba-
sis of materials with a high ionicity was calculated,
by neglecting a lattice deformation in the QD ma-
terial. The influence of a deformation emerging only
due to a mismatch between the QD and matrix lattice
parameters on polaron effects was studied in work [9].

In this work, the binding energy of an electron
polaron is calculated with regard for the electron-
deformation and electrostatic potentials in an
InAs/GaAs nanoheterosystem with strained spheri-
cal InAs quantum dots.

2. Geometric Model of a Strained
Nanoheterosystem with Quantum Dots

Let us consider an InAs/GaAs nanoheterosystem
with strained InAs quantum dots. The latter do
not have a pronounced crystallographic faceting. In
particular, the QD shape is approximately spheri-
cal. For example, QDs of this geometry are formed
in the InAs/GaAs(001) nanoheterosystem, when the
thickness of the growing InAs layer is about 2 mono-
layers [10]. Therefore, in what follows, the contribu-
tion of island edges to the elastic relaxation energy is
neglected.

An ordered arrangement of strained QDs in a crys-
talline matrix takes place owing to the elastic in-
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teraction between the islands. This interaction arises
as a result of the parameter mismatch between the
InAs/GaAs lattices. In order to reduce the problem
with a large number of QDs to a problem with a sin-
gle QD, the following approximation was made. The
energy of the elastic interaction between two QDs
was substituted by the interaction energy of both
those QDs with the averaged field of elastic defor-
mations created by all other QDs, 𝜎ef(𝑁 − 1). In
InAs/GaAs quantum dots grown in the Stranski–Kra-
stanov mode, the strong deformation fields appear at
the QD-matrix interface because of the InAs/GaAs
lattice parameter misnatch, 𝑓 = (𝑎(1) − 𝑎(2))/𝑎(2) ≈
≈ 7% [11].

As was shown in works [8, 9], the polaron effects
grow with a reduction of the QD size. The enhance-
ment parameter 𝑝 is equal to the ratio between the
radii of the polaron state, 𝑎0, and a quantum dot, 𝑅0,
i.e. 𝑝 = 𝑎0/𝑅0 ≫ 1. In the case where the QD ma-
terial is subjected to a compressive deformation, the
enhancement parameter 𝑝 grows, because the QD size
𝑅0 decreases: firstly, owing to the mechanical com-
pressive deformation in the QD material that arises
as a result of the parameter mismatch between the
contacting (QD and matrix) lattices and, secondly,
owing to the electron-deformation component

Sp 𝜀 = Sp 𝜀
(1)
mech(𝑟) + Sp 𝜀

(1)
el−def(𝑟)) < 0,

where Sp 𝜀
(1)
(mech) is the sum of the diagonal com-

ponents in the mechanical strain tensor for the
QD material, and Sp 𝜀

(1)
el−def(𝑟) is the sum of the

diagonal components in the tensor of electron-
deformation strain component [12]. Self-consistent
electron-deformation effects, which arise due to the
coupling between the lattice deformation and the
electron subsystem, additionally enhance polaron ef-
fects in comparison with those governing by the me-
chanical deformation only:

𝑝 =
𝑎0

𝑅0 (1− |Sp 𝜀|)
. (1)

The strain tensor components are determined from
the balance equation. In the case of spherical symme-
try, this equation looks like

𝑑2𝑢
(𝑖)
𝑟

𝑑𝑟2
+

2

𝑟

𝑑𝑢
(𝑖)
𝑟

𝑑𝑟
− 2

𝑟2
𝑢(𝑖)𝑟 = 𝐷(𝑖)𝑒

𝑑𝜑(𝑖)(𝑟)

𝑑𝑟
, (2)

where u(r) is the atomic displacement in the QD ma-
terial, which should satisfy the following boundary
conditions [13–15]:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
4𝜋𝑅2

0

(︁
𝑢(2)𝑟

⃒⃒
𝑟=𝑅0

− 𝑢(1)𝑟

⃒⃒
𝑟=𝑅0

)︁
= Δ𝑉,

𝜎(1)
𝑟𝑟

⃒⃒
𝑟=𝑅0

= 𝜎(2)
𝑟𝑟

⃒⃒
𝑟=𝑅0

− 𝑃L, 𝑃L =
2𝛼

𝑅0
,

𝜎(2)
𝑟𝑟

⃒⃒
𝑟=𝑅1

= −𝜎ef (𝑁 − 1),

(3)

𝑅0 is the radius of a nondeformed QD, 𝑅1 the matrix
radius, 𝑃L the Laplace pressure,

Δ𝑉 = 𝑓4𝜋𝑅3
0, 𝛼 =

2
∫︀ 𝑅1

0
𝜌(𝑖)(𝑐(𝑖))2(𝜀(𝑖))2(𝑟)𝑟2𝑑𝑟

𝑅0𝑢
(1)
𝑟 (𝑅0)

is the interphase free energy between the QD and
matrix materials [16], 𝑐(𝑖) the longitudinal acoustic
velocity in the 𝑖-th medium (𝑖 = 1 for InAs and 2 for
GaAs), 𝜌(𝑖) the density of the 𝑖-th medium, and

𝐷(𝑖) =
(1 + 𝜈(𝑖))(1− 2𝜈(𝑖))

(𝑎(𝑖))3𝐸(𝑖)(1− 𝜈(𝑖))
.

The mechanical strains in the QD, 𝜎(1)
𝑟𝑟 , and matrix,

𝜎
(2)
𝑟𝑟 , materials equal

𝜎(𝑖)
𝑟𝑟 =

𝐸𝑖

(1 + 𝜈𝑖) (1− 2𝜈𝑖)

[︁
(1− 𝜈𝑖) 𝜀

(𝑖)
𝑟𝑟 +

+ 𝜈𝑖

(︁
𝜀(𝑖)𝜙𝜙 + 𝜀

(𝑖)
𝜃𝜃

)︁]︁
, (4)

where 𝜈𝑖 and 𝐸𝑖 are Poisson’s ratio and the Young
modulus, respectively, for the 𝑖-th material.

The general solution of the inhomogeneous equa-
tion (2) is the sum of the mechanical and electron-
deformation displacement components,

𝑢(𝑖)𝑟 (𝑟) = 𝑢
(𝑖)
rmech(𝑟) + 𝑢

(𝑖)
rel−def(𝑟), (5)

where

𝑢
(𝑖)
𝑟mech(𝑟) = 𝐶

(𝑖)
1 𝑟 +

𝐶
(𝑖)
2

𝑟2
, (6)

𝑢
(𝑖)
rel−def(𝑟) =

𝐷(𝑖)𝑒

𝑟2

∫︁
𝑟
′2𝜑(𝑖)(𝑟

′
)𝑑𝑟

′
. (7)

The displacement must be finite at 𝑟 = 0. There-
fore, we must put

𝐶
(1)
2 = 0 (8)
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in solution (6). The displacement field determines the
strain tensor components for the QD material,

𝜀
(1)
𝑟𝑟mech = 𝜀

(1)
𝜙𝜙mech = 𝜀

(1)
𝜃𝜃mech = 𝐶

(1)
1 , (9)

and the material of the surrounding matrix,

𝜀
(2)
𝑟𝑟mech = 𝐶

(2)
1 − 2𝐶

(2)
2

𝑟3
,

𝜀
(2)
𝜙𝜙mech = 𝜀

(2)
𝜃𝜃mech = 𝐶

(2)
1 +

𝐶
(2)
2

𝑟3
.

(10)

The mechanical component of a uniform strain
equals

𝜀
(𝑖)
mech = 𝜀

(𝑖)
𝑟𝑟mech + 𝜀

(𝑖)
𝜙𝜙mech + 𝜀

(𝑖)
𝜃𝜃mech = 3𝐶

(𝑖)
1 . (11)

Therefore, Sp 𝜀(1)(mech) = 3𝐶
(1)
1 .

The field of electron-deformation displacements
is described by the following components of the
electron-deformation tensor:

𝜀
(𝑖)
𝑟𝑟el−def = 𝐷(𝑖)𝑒

(︂
2

𝑟3

∫︁
𝑟
′2𝜑(𝑖)(𝑟

′
)𝑑𝑟

′
− 𝜑(𝑖)(𝑟

′
)

)︂
, (12)

𝜀
(𝑖)
𝜙𝜙el−def = 𝜀

(𝑖)
𝜃𝜃 = 𝐷(𝑖)𝑒

(︂
1

𝑟3

∫︁
𝑟
′2𝜑(𝑖)(𝑟

′
)𝑑𝑟

′
)

)︂
. (13)

The electron-deformation component of a uniform
strain equals

𝜀
(𝑖)
el−def =𝜀

(𝑖)
𝑟𝑟el−def +𝜀

(𝑖)
𝜙𝜙el−def+𝜀

(𝑖)
𝜃𝜃el−def =𝐷

(𝑖)𝑒𝜙(𝑖)(𝑟).

(14)
Therefore,

Sp 𝜀
(1)
el−def(𝑟) = 𝐷(1)𝑒𝜙(1)(𝑟). (15)

The potential 𝜙(𝑖)(r) is determined from the Pois-
son equation

Δ𝜙(𝑖)(r) =
𝑒

𝜀
(𝑖)
𝑑 𝜀0

Δ𝑛(𝑖)(r), (16)

where 𝜀
(𝑖)
𝑑 is the relative dielectric permittivity of

the 𝑖-th material in the nanoheterosystem, and
Δ𝑛(𝑖)(r) = 𝑛(𝑖)(r)−𝑛0 is a change of the electron con-
centration in a vicinity of the hetero-interface “QD-
matrix”. The electron concentration itself is deter-
mined in terms of the superposition of wave-function
products,

𝑛(𝑖)(r) =
∑︁
𝑛

𝜓
*(𝑖)
𝑛 (r)𝜓

(𝑖)
𝑛 (r)

exp
(︁
𝐸𝑛−𝜇
𝑘𝑇

)︁
+ 1

, (17)

In turn, the wave functions are found from the
Schrödinger equation[︂
− ~2

2𝑚*(𝑖)Δr +Δ𝑉𝑐(r)

]︂
𝜓
(i)
n0 (r) = 𝐸𝑛𝜓

(i)
n0 (r) (18)

with the boundary conditions⎧⎪⎨⎪⎩
𝑅

(1)
𝑛𝑙 (𝑟)

⃒⃒
𝑟=𝑅0

= 𝑅
(2)
𝑛𝑙 (𝑟)

⃒⃒
𝑟=𝑅0

;

1

𝑚*(1)
𝑑𝑅

1)
𝑛𝑙 (𝑟)

𝑑𝑟

⃒⃒⃒⃒
𝑟=𝑅0

=
1

𝑚*(2)
𝑑𝑅

(2)
𝑛𝑙 (𝑟)

𝑑𝑟

⃒⃒⃒⃒
𝑟=𝑅0

,
(19)

where 𝑚*(𝑖) is the effective electron mass in the 𝑖-th
material, 𝐸𝑛 the energy of an electron on the 𝑛-th
level in the quantum well,

Δ𝑉𝑐(𝑟) =
(︁
Δ𝐸𝑐(0) + 𝑎(2)𝑐

(︁
𝜀
(2)
mech(𝑟) + 𝜀

(2)
el−def(𝑟)

)︁
−

− 𝑎(1)𝑐

(︁
𝜀
(1)
mech(𝑟) + 𝜀

(1)
el−def(𝑟)

)︁
− 𝑒

(︁
𝜑(2)(𝑟)− 𝜑(1)(𝑟)

)︁)︁
is the potential energy of an electron in the QD,
Δ𝐸𝑐(0) the potential well depth for an electron in the
unstrained QD, 𝑎(𝑖)𝑐 the constant of the hydrostatic
deformation potential of the conduction band, 𝑛0 the
average concentration of conduction electrons, 𝑛(𝑖)(r)
the concentration of charge carriers in the 𝑖-th mate-
rial of the strained nanoheterostructure with the QD,
and 𝜇 the chemical potential of the nanoheterostruc-
ture. The latter quantity is determined by the equa-
tion
1

Ω0

∫︁
𝑛(r)𝑑r = 𝑛0, (20)

where Ω0 is the unit cell volume.
The required solution of the Schrödinger equation

(18) written in the spherical coordinate system is
sought in the form

𝜓
(𝑖)
𝑛𝑙𝑚(𝑟, 𝜃, 𝜙 = 𝑅

(𝑖)
𝑛𝑙 (𝑟)𝑌

(𝑖)
𝑙𝑚 (𝜃, 𝜙),

where 𝑌 (𝑖)
𝑙𝑚 (𝜃, 𝜙) are the spherical functions. With re-

gard for the relation Δ𝜙 (𝑟, 𝜃, 𝜙) = Δ𝑟𝜙 (𝑟) [22], the
Poisson equation (16) in the spherical symmetry case
looks like
𝑑2𝜙(𝑖)

𝑑𝑟2
+

2

𝑟

𝑑𝜙(𝑖)

𝑑𝑟
=

𝑒

𝜀
(𝑖)
𝑑 𝜀0

𝑛(𝑖)(𝑟)− 𝑛0, (21)

where 𝜙 (𝑟) is the solution averaged over a sphere
with the radius 𝑟. The concentration of charge car-
riers in the strained nanoheterostructure with a QD
was found to equal [12]

𝑛(𝑖)(𝑟) ≈
⃒⃒⃒
𝜓
(𝑖)
𝑛𝑙𝑚

⃒⃒⃒2 𝑁QD

𝑎𝑖

[︃
erf

(︃√
2

Δ𝐸
𝐸1

)︃]︃
+
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+erf

(︃√
2

Δ𝐸

(︁
𝜇− 𝐸1 − 𝜆

(𝑖)
0 − 𝑎(𝑖)𝑐 𝜀(𝑖)𝑟𝑟

)︁)︃
+

+

√︂
8

𝜋

𝑒

Δ𝐸
exp

⎛⎜⎝−2
(︁
𝜇− 𝐸1 − 𝜆

(𝑖)
0 −𝑎(𝑖)𝑐 𝜀

(𝑖)
𝑟𝑟

)︁2
Δ𝐸2

⎞⎟⎠×

×𝜙(𝑖)(𝑟), (22)

where 𝑁QD is the surface concentration of QDs, Δ𝐸
the Gaussian half-width, and 𝐸1 the energy of an elec-
tron on the first localized level in the quantum well.

The solutions of the Poisson equation (21) in the
QD and the matrix, in which expression (22) for the
electron concentration was taken into account, were
sought for the averaged probability density

⃒⃒
𝜓(𝑖)

⃒⃒2
. As

a result, we obtained

𝜙(1)(𝑟) = 𝐴1

sinh
(︁√︁

1
𝑎1

)︁
𝑟

− 𝑎1 𝑏1, 0 ≤ 𝑟 ≤ 𝑅0, (23)

𝜙(2)(𝑟) = 𝐵1

exp
(︁
−
√︁

1
𝑎2𝑟
)︁

𝑟
+𝐵2

exp
(︁√︁

1
𝑎2𝑟
)︁

𝑟
−

− 𝑎2 𝑏2− 𝑑2

2𝑟

[︂
exp

(︃
−
√︂

1

𝑎2
𝑟

)︃
𝐸𝑖

(︃√︂
1

𝑎2
𝑟

)︃
+

+ exp

(︃√︂
1

𝑎2
𝑟

)︃
𝐸𝑖

(︃
−
√︂

1

𝑎2
𝑟

)︃]︂
, 𝑅0 ≤ 𝑟 ≤ 𝑅1, (24)

where

𝐸𝑖(𝑧) =

∞∫︁
−𝑧

exp(−𝑡)
𝑡

𝑑𝑡,

1

𝑎1
=

𝑒2

𝜀
(1)
𝑑 𝜀0𝑎(1)

⃒⃒⃒
𝜓(1)

⃒⃒⃒2
𝑁QD

√︁
8
𝜋

Δ𝐸
×

× exp

⎛⎜⎝−2
(︁
𝜇− 𝐸1 − 𝜆

(1)
0 − 𝑎

(1)
𝑐 𝐶

(1)
1

)︁2
Δ𝐸2

⎞⎟⎠,
1

𝑎2
=

𝑒2

𝜀
(2)
𝑑 𝜀0𝑎(2)

⃒⃒
𝜓(2)

⃒⃒2
𝑁QD

√︁
8
𝜋

Δ𝐸
×

× exp

⎛⎜⎝−2
(︁
𝜇− 𝐸1 − 𝜆

(2)
0 − 𝑎

(2)
𝑐 𝐶

(2)
1

)︁2
Δ𝐸2

⎞⎟⎠,
𝑑2 =

2𝑎
(2)
𝑐 𝐶

(2)
2 𝑒

𝜀
(2)
𝑑 𝜀0𝑎(2)

⃒⃒⃒
𝜓(2)

⃒⃒⃒2
𝑁QD

√︁
8
𝜋

Δ𝐸
×

× exp

⎛⎜⎝−2
(︁
𝜇− 𝐸1 − 𝜆

(2)
0 − 𝑎

(2)
𝑐 𝐶

(2)
1

)︁2
Δ𝐸2

⎞⎟⎠,
𝑏1 =

𝑒

𝜀
(1)
𝑑 𝜀0𝑎(1)

⃒⃒⃒
𝜓(1)

⃒⃒⃒2
𝑁QD

[︃
erf

(︃√
2

Δ𝐸
𝐸1

)︃
+

+erf

(︃√
2

Δ𝐸

(︁
𝜇− 𝐸1 − 𝜆

(1)
0 − 𝑎(1)𝑐 𝐶

(1)
1

)︁)︃
−

− 𝑎(1)𝑛0⃒⃒
𝜓(1)

⃒⃒2
𝑁QD

]︃
,

𝑏2 =
𝑒

𝜀
(2)
𝑑 𝜀0𝑎(2)

⃒⃒⃒
𝜓(2)

⃒⃒⃒2
𝑁QD

[︃
erf

(︃√
2

Δ𝐸
𝐸1

)︃
+

+erf

(︃√
2

Δ𝐸

(︁
𝜇− 𝐸1 − 𝜆

(2)
0 − 𝑎(2)𝑐 𝐶

(2)
1

)︁)︃
−

− 𝑎(2)𝑛0⃒⃒
𝜓(2)

⃒⃒2
𝑁QD

]︃
.

The coefficients 𝐴1, 𝐵1, and 𝐵2 in expressions (23)
and (24) are determined from the continuity condi-
tions across the strained heterointerface for the po-
tentials 𝜙(1)(𝑟) and 𝜙(2)(𝑟), and the normal compo-
nents of the electric displacement vectors, as well as
the electroneutrality condition:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜙(1)(𝑟)
⃒⃒
𝑟=𝑅0

= 𝜙(2)(𝑟)
⃒⃒
𝑟=𝑅0

,

𝜀(1)
𝜙(1)(𝑟)

𝑑𝑟

⃒⃒⃒⃒
𝑟=𝑅0

= 𝜀(2)
𝜙(2)(𝑟)

𝑑𝑟

⃒⃒⃒⃒
𝑟=𝑅0

,

𝑅0∫︁
0

𝑟2Δ𝑛(1)(𝑟)𝑑𝑟 +

𝑅1∫︁
𝑅0

𝑟2Δ𝑛(2)(𝑟)𝑑𝑟 = 0.

(25)

3. Electron Polaron Renormalized
by the Self-Consistent Electron-Deformation
Interaction in a Quantum Dot

The binding energy of an electron-deformation po-
laron in the deformed QD of the InAs/GaAs het-
erosystem is determined from the Schrödinger equa-
tion that includes the electron-deformation potential
of the conduction band, the energy of the electron-
phonon interaction, and the own energy of phonons:[︂
𝐻̂𝑒 +Δ𝑉𝑐 +

∑︁
𝑞

~𝜔𝑞𝑎
+
𝑞 𝑎𝑞 + 𝑒

√︃
2𝜋~

𝑉 𝜀
(𝑖)
𝑑 𝜀0

×
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×
∑︁
𝑞

√
𝜔𝑞

𝑞

(︀
𝑎𝑞𝑒

𝑖qr + 𝑎+𝑞 𝑒
−𝑖qr)︀ ]︂𝜓𝑛0 (r) = 𝐸̃𝑛𝜓𝑛0 (r),

(26)

where 𝑎𝑞 and 𝑎+𝑞 are the operators of phonon annihi-
lation and creation, respectively.

Since the enhancement parameter 𝑝≫ 1, let us use
the adiabatic approximation, when finding the po-
laron energy. In this approximation, the electron mo-
tion in the QD is fast, whereas the polaron motion is
slow. Let us average Eq. (26), by using the wave func-
tions of the zeroth-order approximation, 𝜓(𝑖)

𝑛0(r). The
latter are found from the Schrödinger equation

𝐻̂(𝑖)
0𝑒
𝜓
(𝑖)
𝑛0 (r) = 𝐸𝑛0𝜓

(𝑖)
𝑛0 (r) (27)

with the Hamiltonian

𝐻̂
(𝑖)
0𝑒 = −~2

2
∇ 1

𝑚𝑒
∇+Δ𝑉𝑒. (28)

The solution of Eq. (27) in the spherical coordinate
system is sought in the form

𝜓
(𝑖)
𝑛0 (𝑟, 𝜃, 𝜙) = 𝑅

(𝑖)
𝑛0 (𝑟) 𝑌𝑙𝑚 (𝜃, 𝜙). (29)

The radial functions 𝑅(𝑖)
𝑛0 (𝑟) =

𝜒(𝑖)

𝑛0
(𝑟)

𝑟 are expressed
in terms of the spherical Bessel functions as follows
[17]:

𝜒(1)
𝑛0

(𝑟) = 𝐴𝑗𝑙(𝑘1𝑒𝑟) +𝐵𝑛𝑙(𝑘1𝑒𝑟), 0 ≤ 𝑟 ≤ 𝑅0, (30)

𝜒(2)
𝑛0

(𝑟) = 𝐶 ℎ
(1)
𝑙 (𝑖𝑘2𝑒𝑟) +𝐷ℎ

(2)
𝑙 (𝑖𝑘2𝑒𝑟), 𝑅0 ≤ 𝑟 ≤ 𝑅1,

(31)
where

𝑘21𝑒(𝑟) =
2𝑚1

~2
(︁
−𝑎(1)𝑐 (𝜀

(1)
mech(𝑟) + 𝜀

(1)
el−def(𝑟)

)︁
+

+ 𝑒𝜑(1)(𝑟)− 𝐸𝑛0),

𝑘22𝑒(𝑟) =
2𝑚2

~2
(Δ𝐸𝑐(0) + 𝑎(2)𝑐 (𝜀

(2)
mech(𝑟) + 𝜀

(2)
el−def(𝑟))−

− 𝑒𝜑(2)(𝑟)− 𝐸𝑛0).

Using the continuity conditions for the wave func-
tion and the probability density flow across the QD-
matrix interface,⎧⎪⎨⎪⎩
𝑅1𝑛𝑙 (𝑟)

⃒⃒
𝑟=𝑅0

= 𝑅2𝑛𝑙 (𝑟)
⃒⃒
𝑟=𝑅0

,

1

𝑚1

𝑑𝑅1𝑛𝑙 (𝑟)

𝑑𝑟

⃒⃒⃒⃒
𝑟=𝑅0

=
1

𝑚2

𝑑𝑅2𝑛𝑙 (𝑟)

𝑑𝑟

⃒⃒⃒⃒
𝑟=𝑅0

,

the regularity conditions for the functions 𝑅(𝑖)
𝑛𝑙 (𝑟) as

𝑟 → 0 and 𝑟 → 𝑅0, and taking the normalization con-
dition into account, we determine the ground-state
energy 𝐸𝑛0 of an electron in a spherical QD from the
transcendental equation

𝑚
(𝑒)
2

𝑚
(𝑒)
1

[1− 𝑘1𝑒𝑅0 ctg (𝑘1𝑒𝑅0)] =

=
1 + 𝑘2𝑒𝑅0 + 𝑒2𝑘2𝑒(𝑅0−𝑅1) (𝑘2𝑒𝑅0 − 1)

1− 𝑒2𝑘2𝑒(𝑅0−𝑅1)
. (32)

Hence, Eq. (26) averaged over the wave functions
(29) reads

𝐻̂(ln) = 𝐸
𝑛0

+
∑︁
𝑞

~𝜔𝑞𝑎
+
𝑞 𝑎𝑞 +

+ 𝑒

√︂
2𝜋~
𝑉 𝜀𝜀0

∑︁
𝑞

√
𝜔𝑞

𝑞

(︀
𝜌ln(𝑞)𝑎𝑞 + 𝜌*ln(𝑞)𝑎

+
𝑞

)︀
, (33)

where

𝜌ln(𝑞) =

∫︁
𝑒𝑖qr𝜓2

𝑛0(r)𝑑
3𝑟, (34)

is the Fourier component of the electron density of
states at the 𝑙𝑛-level. By applying the unitary trans-
formation

𝑈ln = exp

[︃∑︁
𝑞

𝑒

𝑞

√︃
2𝜋~

𝑉 𝜀
(𝑖)
𝑑 𝜀0~𝜔𝑞

(𝜌ln(𝑞)𝑎
+
𝑞 − 𝜌*ln(𝑞)𝑎𝑞)

]︃
(35)

to Eq. (33), we obtain

𝐻̂(ln) = 𝐸𝑛0 −
2𝜋𝑒2

𝑉 𝜀
(𝑖)
𝑑 𝜀0

∑︁
𝑞

|𝜌ln(𝑞)|2

𝑞
+
∑︁
𝑞

~𝜔𝑞𝑎
+
𝑞 𝑎𝑞.

(36)

The second term on the right-hand side of
Eq. (36) is the binding energy Δ𝐸(ln) of the electron-
deformation polaron at the 𝑙𝑛-level in the strained
nanoheterosystem with the QD. Therefore, by substi-
tuting the quantity 𝜌ln(𝑞) from Eq. (34) into Eq. (36)
and changing from summation to integration over 𝑞,
we obtain

Δ𝐸(𝑙𝑛) = − 𝑒2

2𝜀
(𝑖)
𝑑 𝜀0

∫︁ (︁
𝜓
(𝑖)
𝑛0 (r)

)︁2 (︁
𝜓
(𝑖)
𝑛0 (r

′)
)︁2

|r − r′|
𝑑3𝑟𝑑3𝑟′,

(37)

where 𝜓(𝑖)
𝑛0 (r) is the wave functions of an electron in

the strained nanoheterosystem with the deformed QD
[see Eq. (29)].
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4. Results of Calculations and Their Analysis

The calculations were carried out for the InAs/GaAs
nanoheterosystem with the following parame-
ters: 𝑅0 = 100 Å, 𝑅1 = 500 Å, 𝑎

(1)
𝑐 = −5.08 eV,

𝑎
(2)
𝑐 = −7.17 eV, 𝑎(1) = 6.08 Å, 𝑎(2) = 5.65 Å, 𝑚(1) =

= 0.057𝑚0, 𝑚(2) = 0.065𝑚0, 𝛼 = 0.657 H/m, 𝑛0 =
= 1018 cm−3, Δ𝐸𝑐(0) = 0.83 eV [18–20]. The energy
in the potential well was reckoned from the top of
the electron-deformation potential well bottom.

Figure 1 exhibits the results of numerical calcu-
lations illustrating the dependence of the potential
well depth for an electron in the strained QD on the
QD size, Δ𝑉𝑐(𝑅0). The calculations were carried out
with regard for the contributions from the electro-
static energy and the energy associated with the de-
formation of the QD and matrix materials. As one
can see, the depth of the quantizing potential for the
electron monotonically increases with the growth of
the QD size 𝑅0, irrespective of whether only the me-
chanical component of the electron-deformation po-
tential is taken into account or together with the elec-
trostatic potential. In particular, at the concentration
of conduction electrons in the nanoheterosystem ma-
trix 𝑛0 = 1018 cm−3 and the surface concentration
of quantum dots 𝑁QD = 5.5× 1010 cm−2, the poten-
tial well depth amounts to 0.64 eV at 𝑅0 = 45 Å
and 0.682 eV at 𝑅0 = 100 Å if the both compo-
nents are considered. If the electrostatic potential is
neglected, the corresponding depth values are 0.671
and 0.689 eV. The decrease in the quantizing poten-
tial depth (dashed curve 2 in Fig. 1) is stimulated
by the electrostatic energy and the action of an addi-
tional compression of the QD material, which arises
due to the self-consistent electron-deformation com-
ponent 𝜀(𝑖)el−def(𝑟) depending on the QD size 𝑅0, the
filling degree 𝑛0 of the conduction band in the matrix,
and the surface concentration of quantum dots 𝑁QD.

The compressive deformation occurring in the ma-
terial of the InAs quantum dot due to the combined
action of the mechanical and electron-deformation
components results in a higher localization of charged
quasiparticles in this QD and in a significant growth
of the interaction between quasiparticles themselves
and between quasiparticles and longitudinal optical
phonons. In both cases, the polaron effects become
stronger.

In Fig. 2, the dependences of the binding energy
for an electron polaron in the ground state on the QD

Fig. 1. Dependences of the electron potential well depth in a
strained spherical QD on the QD radius 𝑅0: only the mechan-
ical component of the electron-deformation potential is taken
into account (1 ), both the electron-deformation and electro-
static potentials are made allowance for (2 )

Fig. 2. Binding energy of an electron polaron in the strained
InAs/GaAs nanoheterosystem: in the unstrained QD (1 ), in
the strained QD if only the mechanical component of the
electron-deformation potential is taken into account (2 ), in the
strained QD if both the electron-deformation and electrostatic
potentials are made allowance for (3 )

radius for the unstrained QD (curve 1 ), the mechan-
ically deformed QD (curve 2 ), and the QD deformed
by both the mechanical, 𝜀

(𝑖)
mech(𝑟), and electron-

deformation, 𝜀(𝑖)el−def(𝑟), components (curve 3 ) are de-
picted. From this figure, one can see that the binding
energy of an electron polaron increases with a reduc-
tion of the QD radius in all three cases (with and
without QD deformation in the strained InAs/GaAs
nanoheterosystem). In particular, at 𝑅0 = 45 Å, the
binding energy of an electron polaron amounts to
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−199 meV in the unstrained QD, to −174 meV in
the strained QD if only the mechanical component of
deformation potential is made allowance for, and to
−160.8 meV in the strained QD if both the electron-
deformation and electrostatic potentials are taken
into consideration.

Hence, the deformation of the QD and matrix ma-
terials gives rise to higher binding energies of an elec-
tron polaron. With a reduction of the QD radius,
the influence of both the mechanical and electron-de-
formation components becomes stronger. As the QD
size 𝑅0 increases, the binding energy of an elect-
ron-deformation polaron asymptotically approaches
the binding energy of an electron polaron in the un-
strained QD, because the deformation in the material
decreases.

5. Conclusions

1. The theory of electron polaron states in a strained
QD is developed. It involves both the mechanical
and electron-deformation components of the electron-
deformation potential.

2. Both the mechanical and electron-deformation
components of the electron-deformation potential are
found to enhance the binding energy of an electron
polaron. For smaller QDs, the influence of a defor-
mation in the QD material becomes stronger.

3. It is shown that the electron component of the
electron-deformation potential and the component of
the electrostatic energy, which arise due to deforma-
tions of the QD and matrix materials and the redistri-
bution of charge carriers in a vicinity of the strained
QD-matrix interface, increase the binding energy of
an electron polaron. In particular, in a 45-Å quantum
dot (InAs/GaAs), the electron-deformation compo-
nent of the QD deformation potential increases the
binding energy of the electron polaron in comparison
with the binding energy of the electron polaron in
a deformed QD by 12.4 meV if only the mechanical
component of the deformation potential is taken into
account, and by 37 meV in comparison with that in
the undeformed QD.
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В.I. Грушка, Р.М.Пелещак
ПОЛЯРОННИЙ СТАН В САМОУЗГОДЖЕНОМУ
ЕЛЕКТРОН-ДЕФОРМАЦIЙНОМУ ПОЛI КВАНТОВА
ТОЧКА–МАТРИЦЯ
Р е з ю м е
У межах самоузгодженої електрон-деформацiйної моделi
розраховано глибину потенцiальної ями для електрона в
наногетеросистемi з квантовими точками. Показано, що в
напруженiй наногетеросистемi InAs/GaAs iз сферичними
квантовими точками InAs iснують деформацiйнi поля, якi
виникають на межi розподiлу квантова точка–матриця, що
приводять до пiдсилення поляронних ефектiв порiвняно з
недеформованими матерiалами. Розраховано енергiю еле-
ктронного полярона iз врахуванням внескiв електростати-
чної енергiї та енергiї, зумовленої як механiчною, так i
електрон-деформацiйною складовими деформацiй матерi-
алiв КТ та матрицi.
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