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A binary island-kind photonic crystal resonator is investigated analytically and numerically
in the framework of the standing wave expansion method. The photonic bandgap structure for
a finite SiO2/SiO2 resonator with rectangular elementary cell of micron sizes is first calcu-
lated. The classification concept of resonator’s modes is proposed. The field distribution inside
the resonator is calculated, and some ways to use the island resonators in optical devices are
discussed.
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1. Introduction

At the present time, photonic crystals (PhCr) have
been widely investigated as perspective objects of
optical technologies in computing, signal processing,
telecommunication, sensoring etc. [1, 2]. The struc-
ture of optical spectra of photonic crystals is impor-
tant for applications in optoelectronic and all-optical
devices. In the main, the 2D PhCr is considered as
a perfect reflecting medium surrounding an optical
waveguide. Therefore, the conditions of omnidirec-
tional gaps in a photonic spectrum are of interest for
the determination of the optimal wavelength range of
optical devices [3–6].

The further development of this area may be re-
lated to a more detailed consideration of the influence
of resonator’s finite sizes on the modal structure and
features of a field modal distribution inside a finite
photonic crystal. A number of FDTD investigations
devoted to the wave transmission through the infi-
nite 2D PhCr of various symmetries exist (see review
[7]). The proposed island 2D resonator is a general-
ized kind of a 2D photonic crystal, (𝑁𝑍 , 𝑁𝑌 → ∞),
and has finite sizes in two directions and perfect ex-
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ternal faces (Fig. 1). In [8, 9], the properties of finite
resonators were estimated in the framework of pertur-
bation theory. It was found there that a small param-
eter exists for the problem of the electromagnetic field
captured within the total internal reflection (TIR) do-
main in a finite dielectric structure with the spatially
piecewise alternating index of refraction. The condi-
tion of existence of a small parameter is based on the
demand that the electromagnetic energy inside the
resonator be much more than the energy of the mode
tails outside the resonator. Therefore, the number of
periods in both directions should be more than 10–12.
The existence of a small parameter and an appropri-
ate realization of perturbation theory were demon-
strated in [8, 9] in the case of weak intrinsic optical
contrast of a dielectric photonic structure (see [10]).
It was found in [11] that, depending on the geometry,
the optical contrast of structures with two types of lo-
cal states of an electromagnetic field may exist inside
a 1D resonator with TIR for several kinds of trans-
mitted and standing waves in a waveguide. It is worth
noting that the intrinsic local states arise due to de-
fects of a structure in the bulk of the PhCr, whereas
the existence of surface states depends on system’s
optical contrast. In the proposed 2D island-kind res-
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Fig. 1. Sketch of the island-type binary 2D photonic crystal
resonator (ICPR). Substrate 1 ; covering layer 2, matrix mate-
rial 3, accompanying material (shown air wells) 4, input-output
prisms 5, 𝜃1 is the angle of incidence of a 𝑝-polarized plane wave

onators, the edge local states as a combination of sur-
face states may become possible.

In Fig. 1, a binary island-kind 𝑁𝑍 × 𝑁𝑌 period
photonic crystal resonator (IPCR) grown in the 𝑍𝑌
plane on a substrate 1 and consisting of matrix ma-
terial 3 with refractive index 𝑛1 pierced with a reg-
ular system of wells/bars 4 having refractive index
𝑛2. In the general case, the IPCR has infinite thick-
ness in the X direction. If external covering layer 2
consists of the optically nonlinear material, an oppor-
tunity arises to control the beam entrance angle into
the resonator due to the phenomenon of shifting the
bands, which was discussed in [12]. It was shown there
that the Kerr nonlinear coating layer leads to the so-
called quasishift effect of bands, causing a strong de-
viation in the transmission and reflection of the light
signal introduced into the structure through the in-
put (Fig. 1). It is also worth noting that the matrix
material is topologically connected whereas the or-
dered bars or wells of a concomitant material, which
are embedded into the matrix, are disconnected. This
circumstance is important for the method to calculate
the field in a finite resonator developed below.

The in-plane standing modes in a resonator can
be excited by an external source through special in-
puts 5 and may be controlled due to their nonlinear
properties. The photonic modes differ by field den-
sity distributions inside the resonator and by their
dependences on the frequency and geometry of inci-
dence that may be used in optical devices to control
light energy flows and perform logic operations.

In this work, a binary island-kind photonic crys-
tal resonator is investigated analytically and numeri-

cally in the framework of the standing wave expansion
(SWE) method. We have calculated the parametric
dependences of the energy of modes for a silicon glass
resonator and considered a way to classify the res-
onator’s eigenstates. The field distribution inside the
resonator is calculated for different parameters, and
some ways to use the switching states in optical de-
vices are discussed.

2. SWE Theory for the Electromagnetic
Field in a Finite 2D Photonic Crystal

The Standing Wave Expansion (SWE) approach is
based on the representation of a 2D eigenstate of a
resonator as the expansion in eigenstates produced
by two superposed finite binary 1D photonic crys-
tals crossed in the 𝑍 and 𝑌 directions . The eigen-
value problem is analytically solved separately for two
probe 1D PhCrs, and the resulting 2D basis is gen-
erated as a direct production of separated 1D bases
{|𝑠⟩𝑧} and {|𝑔⟩𝑦} [8], where 𝑠, 𝑔 = 1, 2, ...,𝑚, respec-
tively, and the 2D basis size is 𝑚2. Due to the rect-
angular form of the resonator, the incident angles of
waves in the function |𝑠(𝜃1)𝑔(𝜃′1)⟩ united in a 2D ba-
sis are correlated: 𝜃1 = 𝜋/2− 𝜃′1, where the subscript
(1) refers to the optically denser matrix medium, and
𝜃1 is wave’s angle of incidence relative to the 𝑍-axis
in the matrix material. Suppose that the materials
constituting the photonic crystal are optically linear,
isotropic, and nonmagnetic, and free charges are ab-
sent. Then the equation for the electromagnetic field
in a continuous medium with piecewise constant re-
fractive index 1

1

𝜀(𝑧, 𝑦)
ΔE+

𝜔2

𝑐2
E = 0 (1)

can be expanded in the 2D basis |𝑠(𝜃1)𝑔(𝜃′1)⟩ se-
ries. The piecewise constant dielectric function 𝜀(𝑧, 𝑦)
is factored out through the Laplace operator. In the
considered case of 𝑝-polarization, a convenient ba-
sis of functions 𝑀𝑠𝑔(𝑧, 𝑦) may be built in several
ways: on the components of the magnetic field, on
the tangential components of the electric field, and
on the normal components of the electric induc-
tion. The magnetic-field-based set of eigenfunctions
was investigated in [8, 9]. Here, we consider the nor-
mal components of the electric induction as the modes

1 Due to the piecewise constant dielectric function, the deriva-
tion of the coefficient 𝜀(𝑧, 𝑦)−1 gives zero.
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𝑀𝑠𝑔(𝑧, 𝑦) of the initial basis, where 𝑠 = 1, ..., 𝑠max,
𝑔 = 1, ..., 𝑔max. The physical restrictions demand the
mode to be a continuous function of the variables 𝑧
and 𝑦, but the derivatives may have a jump, because
the standing waves do not convey energy. Below,
we study the rectangular photonic crystal resonator
based on a 2D terminated binary structure consisting
of the topologically connected matrix material and
another one – disconnected material 4 (Fig. 1), which
looks like a system of rectangular bars. Therefore, the
resonator may be divided into different 𝑖𝑗 areas by the
number of periods 𝑁𝑧, 𝑁𝑦 in the 𝑍 and 𝑌 directions,
where 𝑖 = 0, 1..., 2𝑁𝑧 + 2, 𝑗 = 0, 1, ..., 2𝑁𝑦 + 2. The
outside areas are described by indices 𝑖 = 0, 2𝑁𝑧 +2,
𝑗 = 0, 2𝑁𝑦+2 and the solution of (1) contains at least
one factor exponentially decreasing with distance. In-
side the IPCR body, the indices 𝑖, 𝑗 run from 1 to
𝑁𝑧 + 1 or 𝑁𝑦 + 1. Then a mode in an intrinsic area
𝑖𝑗 may be presented as

𝑀𝑠𝑔
𝑖𝑗 (𝑧, 𝑦) = 𝐴𝑧𝑖 sin 𝜃𝑖 𝜀𝑖 cos(𝑘𝑖𝑠𝑧 + 𝜓𝑖𝑠)×

×𝐴𝑦𝑗 sin 𝜃𝑗 𝜀𝑗 cos(𝑘𝑗𝑔𝑦 + 𝜓𝑗𝑔), (2)

where 𝜀𝑖,𝑗 denotes the dielectric function in the mat-
ter of the resonator area 𝑖 or 𝑗. The amplitudes 𝐴𝑧𝑖,
𝐴𝑦𝑗 and phases 𝜓𝑖𝑠, 𝜓𝑗𝑔 are analytically obtained
here in the framework of the 1D problem for two
probe crossed photonic crystals inside intrinsic areas
𝑗, 𝑖 = 1, ..., 2𝑁 + 1; whereas, for the outside areas
where 𝑖 = 0 or 𝑗 = 0, the cosines should be re-
placed by exp(−𝑘𝑖𝑠𝑧) or exp(−𝑘𝑗𝑔𝑦), respectively. In
[12], the analytic procedure for 1D phases and am-
plitudes was described in detail. The wavefront ori-
entation with respect to the 𝑂𝑍 axes is given by
the angle 𝜃𝑖 = 𝜃1 or 𝜃2 for odd or even layers of a
probe 1D photonic crystals made of the same mate-
rials of appropriate geometry [8]. The angles 𝜃𝑗 pre-
sented in the 𝑌 -part of the basis function are 𝜋/2−𝜃1
or 𝜋/2− 𝜃2 for odd or even layers, respectively. Here,
index 1 corresponds to the matrix material, and in-
dex 2 denotes the ordered bars of another material
embedded into the matrix. The indices 𝑠, 𝑔 enumer-
ate the eigenstates of two probe 1D problems solved
for the 𝑍 degree of freedom for the incident angle 𝜃1
and for the 𝑌 direction at the incident angle 𝜃′1. We
have

E𝑖 = (sin 𝜃𝑖, cos 𝜃𝑖)𝐴𝑧𝑖𝑒
𝑖𝑘𝑖𝑧𝑧 +

+(sin 𝜃𝑖,− cos 𝜃𝑖)𝐵𝑧𝑖𝑒
−𝑖𝑘𝑖𝑧𝑧,

E𝑗 = (sin 𝜃′𝑗 , cos 𝜃
′
𝑗)𝐴𝑦𝑗𝑒

𝑖𝑘𝑗𝑦𝑦 +

+(sin 𝜃′𝑗 ,− cos 𝜃′𝑗)𝐵𝑦𝑗𝑒
−𝑖𝑘𝑗𝑦𝑦. (3)

The amplitudes 𝐴, 𝐵 (𝐴* = 𝐵 in the considered
case) are found in the framework of both probe prob-
lems from the system of boundary conditions taken
at the 2𝑁𝑧(𝑦) + 1 alternating boundaries [8–12]. Fur-
ther, the boundary conditions of continuity for the
normal component of the electric induction (mode)
at both surfaces of each layer of the probe 1D PhCr
lead to the system of equations for the unknown am-
plitudes. In the matrix representation, we have the
system of equations⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⌢

𝑅𝑙

(︁
𝐴𝑙
𝐵𝑙

)︁
=

⌢

𝐿1

(︁
𝐴1
𝐵1

)︁
=

=
⌢

𝑅
−1
1

⌢

𝐿2

(︁
𝐴2
𝐵2

)︁
=

=
⌢

𝑅
−1
2

⌢

𝐿3

(︁
𝐴3
𝐵3

)︁
= ...

=
⌢

𝑅
−1
2𝑁

⌢

𝐿2𝑁+1

(︁
𝐴2𝑁+1
𝐵2𝑁+1

)︁
=

= 𝐴𝑟

⌢

𝑅
−1
2𝑁+1

⌢

𝐿𝑟

(︁
cos 𝜃𝑟
𝜀𝑟 sin 𝜃𝑟

)︁
,

(4)

where
⌢

𝐿,
⌢

𝑅 are the binary matrices of boundary con-
ditions of the probe problem for a layered photonic
crystal, indices 𝑙 (𝑖, 𝑗 = 0) and 𝑟 (𝑖, 𝑗 = 2𝑁𝑧(𝑦) + 2)
describe the external medium, and the topology de-
mands 𝜀𝑙 = 𝜀𝑟. The set of 1D functions {|𝑠⟩𝑧} and
{|𝑔⟩𝑦} should possess the properties of a basis: com-
pleteness, orthogonality, and right positions and num-
ber of nodal points. Nevertheless, we observed the
affinity of the calculated basis expressed in a weak
(5%) nonorthogonality between states of the same
parity. We suppose that the 1D basis affinity is caused
by jumps of the dielectric function at the layer bound-
aries. Further, using the Gram–Schmidt procedure of
orthogonalization separately for the odd and even
subgroups of states, the basis is transformed to the
needed orthogonal form.

The expansion of the mode 𝜎 in a series gives

𝑀𝜎(𝑧, 𝑦) =
∑︁
𝑠,𝑔

ℎ𝜎
𝑠𝑔
|𝑠, 𝑔⟩. (5)

Then Eq. (1) generates the system of equations for
the expansion amplitudes ℎ𝑠𝑔:⎧⎪⎨⎪⎩
∑︁
𝑠,𝑔

[︃⟨
𝑞

⃒⃒⃒⃒
𝑘2𝑠𝑔

𝜀(𝑧, 𝑦)

⃒⃒⃒⃒
𝑠, 𝑔

⟩
− Ω2

𝑐2
𝛿𝑞,𝑠𝑔

]︃
ℎ𝑠𝑔 = 0,

𝑞 = 1, ..., 𝑁𝑚,

(6)
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where 𝑞 numbers states of the probe 2D basis
|𝑞⟩ = |𝑠′, 𝑔′⟩, 𝑁𝑚 = 𝑠max 𝑔max, matrix element
⟨𝑞|𝑘2𝑠𝑔/𝜀(𝑧, 𝑦)|𝑠, 𝑔⟩ means the integral over the res-
onator and surrounding medium, wave vector 𝑘𝑠𝑔
is also piecewise continuous constant. It should be
noted that the matrix elements have the analytic form
in our approach, because the modes 𝑀 presented in
formula (2) are described by the amplitudes 𝐴𝑧𝑖(𝑠),
𝐴𝑦𝑗(𝑔) and phases 𝜓𝑖𝑠, 𝜓𝑗𝑔 found in two 1D problems
for crossed layered structures [8]. These two problems
play the role of a 2D basis generator. The full so-
lution of the IPCR system is given by a multitude
of eigenvalues Ω2

𝜎 and corresponding standing waves,
resonator modes:{︃
Ω2

𝜎,

(︃
ℎ𝜎1
...
ℎ𝜎𝑁𝑚

)︃}︃
, (7)

where 𝜎 enumerates standing waves inside the total
internal reflection area of the resonator, ℎ𝜎𝑚 are coef-
ficients of the 2D state 𝜎 expansion in the initial basis
|𝑠, 𝑔⟩ series.

The developed approach differs from the calcula-
tion methods for infinite structures like the Plane
Wave Expansion Method (PWEM) due to the essen-
tial nonperiodicity of the integrals ⟨𝑞|𝑘2𝑠𝑔/𝜀(𝑧, 𝑦)|𝑠, 𝑔⟩
in (6) that leads to additional 4(𝑁𝑧 +1)(𝑁𝑦 +1) sep-
arate integrals for the total number of 𝑖𝑗 areas. As
a result, the modes 𝜎 described by expansion coeffi-
cients ℎ𝜎𝑠𝑔 are far from the periodicity along the IPCR
body. As an advantage of this method, one can note
that the number of states |𝑠, 𝑔⟩ taken to form the
2D basis may be essentially less than in the case of
PWEM due to their initial nearness to the needed
solutions. In addition, the multitude of states |𝑠, 𝑔⟩
can be formed in accordance with the energy interval
under consideration.

3. Mode Energy Angular
Diagram for an Island Resonator

The island-kind photonic resonator being principally
a finite-size object serving to concentrate the electro-
magnetic energy inside should be described by a basis
set of 2D eigenfunctions, which have finite amplitudes
in the resonator’s volume and decrease to zero outside
the IPCR. The electromagnetic flow at the resonance
frequency passes into the IPCR through the input
and goes out through the output prism (Fig. 1). The
gain may be reached due to an appropriate ratio of

the input-output sections. One more circumstance is
that the IPCR is a convenient system to operate the
separate modes due to a distinctive difference in their
energies and wave vectors.

We have calculated the 6×7-period (SiO2/SiO2) 2D
IPCR consisting of rectangular glass wells with sides
𝑏𝑧 = 1.0 𝜇m, 𝑏𝑦 = 2.0 𝜇m and 𝜀2 = 2.25 periodically
distributed in the optically denser glass matrix with
the dielectric function 𝜀1 = 3.24 so that the period
is 𝑑𝑧 = 𝑎𝑧 + 𝑏𝑧 = 2.5 𝜇m along the 𝑍 axis and is
𝑑𝑦 = 𝑎𝑦 + 𝑏𝑦 = 3.0 𝜇m along the 𝑌 axis. The total
sizes of the IPCR are 16 × 22 microns including the
covering layer.

The multitude of modes having the given number of
nodal lines forms a branch in the TIR domain (ΘTIR,
𝜋/2−ΘTIR). In Fig. 2, 10 lowest mode branches were
calculated for 30 angles 𝜃1 in interval 0.589 < 𝜃1 <
< 0.982 (14 mode points at 𝜃1 = 𝜋/4). The basis
contained 100 eigenfunctions, 𝑠max = 𝑔max = 10. The
branches 1, 2, ..., 10 are highlighted by colour. The in-
clined arrows show the angles of strengthened Bragg
diffraction along the symmetry directions: 0.629,
0.657, and 0.695 radians and three symmetrically
reflected points with respect to the Γ𝑀 ′ direction
(𝜃1 = 0.785). The calculated lowest energy is Ωmin ≈
≈ 0.006 eV (branch 1), the maximal energy 0.372 eV
is reached by the mode of branch 9 at 𝜃1 ≈ 0.973,
whereas, in interval (0.922, 0.966), both branches 9
and 10 exceed the interval of calculation 0.4 eV. The
calculations show that if 𝑁𝑧 and 𝑁𝑦 increase, then
all branches shift down, and the density of branches
becomes larger. Therefore, the states existing in an
infinite PhCr may be forbidden in a finite resonator.

In some sense, the considered IPCR represents a
generalization of a partial case of infinite PhCr, where
𝑁𝑧, 𝑁𝑦 should tend to infinity. The local density of
modal points along the energy axis increases with 𝑁𝑧

and 𝑁𝑦, and, simultaneously, the all modal branches
go down. Let us take into account that the num-
ber of eigenstates forming the band varies from 0
to 𝑁 (number of periods in this direction) for the
first band, from 𝑁 to 2𝑁 for the second one, and
so on. Therefore, to transit from the representation
of modal branches to the conventional description of
the bandgap structure, we should select, step-by-step,
𝑁 points

𝑁 = 𝐼𝑛𝑡

(︂√︁
𝑁2

𝑧 cos2 𝜃1 +𝑁2
𝑦 sin2 𝜃1

)︂
(8)
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Fig. 2. Mode energy angular diagram of the 6× 7-period (SiO2/SiO2) 2D IPCR. Inset : rectangular reciprocal lattice cell,
symmetry directions: 𝑀 ′ corresponds to 𝜃1 = 𝜋/4, 𝑀 is the resonator diagonal, 𝑀 ′′ is the elementary cell symmetry direction.
Mode energy diagram. 𝜃1 is the plane wave incidence angle in the silicon glass matrix material within the TIR domain 0.589 <

< 𝜃1 < 0.982; 1, 2, ..., 10, conventional lines (branches) uniting modal points at different 𝜃1 by the increased number of nodal
lines; 𝑎𝑦 = 1.5 𝜇m, 𝑎𝑧 = 1.0 𝜇m, well sizes 𝑏𝑧 = 1.0 𝜇m, 𝑏𝑦 = 2.0 𝜇m (bar material 4, Fig. 1); dielectric functions 𝜀1 = 3.24

(matrix); 𝜀2 = 2.25 (bar material 4 ); inclined arrows show the angles of strengthened Bragg diffraction; vertical arrow indicates
the direction Γ𝑀 ′. Right panel : generalized bandgap diagram for Γ𝑀 ′ direction (𝑁 = 7), first band, seven points, second band,
seven points; gap is between 0.116 and 0.132 eV

corresponding to the chosen angle 𝜃1. For the Γ𝑀 ′

direction (𝜃1 = 𝜋/4), the lowest 𝑝-polarized band of
the generalized bandgap diagram is shown at the right
side of Fig. 2. As far as the number of states in this di-
rection 𝑁 = 7, the first band consists of seven points
projected from the Γ𝑀 ′ column of mode points (ver-
tical arrow) to right in the order of the mode energy
and wavevector growth. In conventional case of an in-
finite photonic crystal where the number of periods
along the chosen direction Γ𝑀 ′ goes to infinity, the
number of points forming the curve also goes to infin-
ity. The second band contains the next 7 modes num-
bered from 8 to 14 with energy growth. A partial gap
arises between 0.116 and 0.132 eV. In the case of an
infinite resonator, the modes become allocated along
the band line everywhere densely, though the density
of points is expressed by the same formula “crystal
size/2𝜋”. Here, we consider 𝑝-polarized modes of the
resonator. The linearly independent set of 𝑠-polarized
modes forms the own structure of branches, and an
additional band line arises in the Γ𝑀 ′ direction for
each band.

If the resonator has the shape of a square, and
if the elementary cells are also squares, the calcu-
lated branches become allocated symmetrically as
to the bisector 𝜃1 = 𝜋/4. In addition, due to the
symmetry, the modal branches are doubly degener-

ate. A decrease in the symmetry leads to the split-
ting of branches, like we can see for the considered
IPCR. The SWE approach gives a smooth transfor-
mation of the considered IPCR (Fig. 1) to a struc-
ture with extremely increased 𝑑𝑦, when the sys-
tem becomes indistinguishable from a layered struc-
ture. Since the angular discreetness of the spectrum
arises due to the finite size of the resonator, we have
got 𝑁 angle-dependent mode branches inside every
band of states [8–12].

4. Mode Energy Distribution
Throughout the Island Resonator

The classification of the modes trapped inside the
resonator is ruled by the Courant nodal line the-
orem [13, 14] claiming that, for a system defined
in the space 𝑅𝑚, the nodal set of eigenfunctions
(modes) of Eq. (1) is locally composed of hypersur-
faces of dimensions 𝑚 − 1. In particular, we have,
for 𝑚 = 2, a set of nodal lines, which are either
closed or having their ends at the definitional do-
main. Due to the principally unlimited definitional
domain of the problem under consideration, the nodal
lines must be also nonrestricted. Several topological
features should be noted for the modes of a 2D island-
kind resonator:
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a b
Fig. 3. Classification of eigenstates in an island-kind 2D photonic crystal resonator, lowest 20 modes. Two systems of nodal
lines oriented along the 𝑍 and 𝑌 axes; it is taken that the 𝑌 direction has lower energies at the same number of nodal lines,
1, 2, ..., 5 shells of states (a); calculated field amplitude distribution for 6 lowest 𝑝-polarized modes 𝑠 = 1, ..., 6 with energies of
16, 31, 40, 52, 103, and 118 meV for the 6× 7-period (SiO2/SiO2), 2D IPCR (parameters are described in Fig. 2), ICPR mask,
white lines, black arrows show nodal lines, 𝜃1 = 𝜋/4 (b)

∙ The node lines of a mode reflects the symmetry of
the system and are divided onto two types: longitu-
dinally (along the 𝑍 axis) and transversely oriented.

∙ The node lines of both types are infinite.
∙ The energy hierarchy of modes correlates with the

number of node lines within a given type.
∙ If one of two modes has one node line more, it

has higher energy, ceteris paribus.
The latter statement is the consequence of the eas-

ily proved theorem: Between two nodal lines of a
mode, one can find a node line of the older mode
with higher energy. The Courant nodal line theorem
gives a base to test the results of calculations for both
the set of mode branches (eigenvalues) and the mode
coordinate dependences (eigenfunctions). In Fig. 3, a,
the classification of the lowest eigenstates in the IPCR
is presented. Two factors influence the classification:
the number of node lines and a correlation between
them. The first circumstance leads to the shell struc-
ture of states, when a shell unites modes with the
same number of node lines. It is obviously that two
types of node lines produce three kinds of modes:
with node lines along the 𝑍 axis, along 𝑌 axis,
and containing both transverse and longitudinal node
lines. In Fig. 3, a, the ground state is represented
by a mode without nodal lines, the first shell con-

sists of two modes with 1 node line, second shell
contains 3 two-node line states, and so on. In accor-
dance with the Courant theorem, every added node
line, even of another type, increases the energy of
state. Nevertheless, in a binary structure with rect-
angular (nonsquare) lattice, the modes containing
node lines of one kind may form more or less densely
the ladder of energy levels. In particular, if the pe-
riod 𝑑𝑦 > 𝑑𝑧, then the modes with transverse node
lines have a lowered spectrum. The mixed modes oc-
cupy an intermediate position. Therefore, the shells
have a tilt that makes the energy hierarchy of states
more complicated, like it is shown in Fig. 3, a. The
above-discussed smooth transformation of the IPCR
to a structure with extremely large magnitudes 𝑑 will
manifest itself in an essential reconstruction of the
modal structure: the left column remains the same,
soft modes containing the transverse node lines be-
come practically indistinguishable from the left col-
umn modes with the same number of longitudinal
nodal lines and vanish. As a result, the 2D energy
angular diagram coincides with the spectral angular
diagram of a layered photonic crystal. The mode am-
plitudes ℎ𝜎𝑚 have a sense of a mode expansion co-
efficients in the |𝑠, 𝑔⟩ basis. Following (5) and (6),
we calculated the complete eigenvalue problem in-
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cluding both energies and eigenfunctions in the ba-
sis 𝑠max = 𝑔max = 10. In Fig. 3, b, the spatial dis-
tribution for the lowest 6 modes 𝜎 = 1, 2, ..., 6 at
𝜃1 = 0.785 is shown. The calculated energies of states
Ω𝜎 are 0.0116, 0.031, 0.040, 0.052, 0.096, and 0.0112
eV. Though the nodal lines allocate in accordance
with the Courant theorem (arrows), small deviations
from the symmetry in the distribution of modal am-
plitudes arise due to not too high accuracy of calcu-
lations (∼0.01).

The information about the field density distribu-
tion in the IPCR may be important in two aspects.
First, the pumping of a separate mode inside res-
onator’s TIR domain leads to the accumulation of the
energy distributed throughout the IPCR. Therefore,
the output beam may be much more intense than the
input one. One more circumstance concerns the op-
portunity to use the matching of distributed active
impurities to a chosen mode.

5. Summary

One of the most important challenges of the future
technology is the creation of power supercomputers
called to solve the global problems of ecology, sur-
viving, economics, scientific investigations, and so
on. The awaited expansion from the today existing
petaflop computer stations to the exaflop capable ma-
chines may be intensified, by using new paradigms
both for the element base and design of computers,
in particular, like quantum and optical ones. Among
the advantages of the use of all-optical principles in
logical devices for the optical computing, optical as-
sociative memories, and optical interconnections are
their higher working frequencies in the signal pro-
cessing, small energy losses, and practically unlimited
possibilities to organize the parallel operating of sig-
nals. The all-optical ideology is used to mean the ab-
sence of the electronic transforming of signals at any
stage of the process, as well as the absence of spin
or phonon mechanisms in the signal processing. The
reason of all-optical anticipated efficiency in compari-
son with mixed ways is in an obvious axiom that each
signal transformation from one physical form into an-
other form decreases the common speed of passing
the signals through a device. The island-kind pho-
tonic crystal resonator considered above represents a
constructional unit of a logic gate, a medium, where
a sum of binary optical signals is transformed into

a resulting binary signal. Being mounted on a well-
prepared substrate, the IPCR-based logic elements
may technologically be united into the integrated cir-
cuits of high density to perform the processing of op-
tical signals. The analytic and numerical investiga-
tions of a small IPCR made above in the framework
of the standing wave expansion method show a well-
expressed photonic structure of low-energy eigen-
states and field density distribution, which both can
be used for the purposes of the signal processing. The
2D basis formation procedure was implemented here
with the use of two analytically obtained 1D basis sets
for two probe 1D structures and Courant’s nodal line
theorem in the process of basis generation. Though
the rectangular lattice was considered, the proposed
SWE method for finite resonators may be adapted to
any symmetry of the lattice, as well as for any shape
of bars in the matrix.
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2D ФОТОННО-КРИСТАЛIЧНИЙ
РЕЗОНАТОР ОСТРIВКОВОГО ТИПУ

Р е з ю м е

Аналiтично та чисельно дослiджено фотонно-кристалiчний
резонатор острiвкового типу зi застосуванням метода роз-
кладання за стоячими хвилями. Вперше проведено розра-
хунки фотонної зони кiнцевого SiO2/SiO2 резонатора цьо-
го типу з прямокутною елементарною комiркою мiкрон-
них розмiрiв. Запропоновано концепцiю класифiкацiї резо-
наторних мод. Розраховано розподiл поля для типових мод
всерединi резонатора та обговорено шляхи використання
острiвкових резонаторiв в оптичних приладах.
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