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Magnetic properties of a dense superfluid neutron matter (relevant to the physics of neutron
star cores) at subnuclear and supranuclear densities (in the range 0.5 . n/n0 . 3.0, where
n0 = 0.17 (fm−3) is the saturation nuclear density) with the so-called generalized Skyrme
effective forces BSk18, BSk19, BSk20, BSk21 (containing additional unconventional density-
dependent terms) and with spin-triplet p-wave pairing (with spin S = 1 and orbital moment
L = 1) in the presence of a strong magnetic field are studied within the framework of the non-
relativistic generalized Fermi-liquid theory at zero temperature. The upper limit for the density
range of a neutron matter is restricted by the magnitude 3n0 in order to avoid the account
of relativistic corrections growing with density. The general formula obtained in [1] (valid for
any parametrization of the Skyrme forces) for the magnetic susceptibility of a superfluid neu-
tron matter at zero temperature is specified here for the new BSk18-BSk21 parametrizations
of the Skyrme interaction. As is known, all previous conventional Skyrme interactions predict
spin instabilities in a normal (nonsuperfluid) neutron matter beyond the saturation nuclear
density. It is obtained in the present work that, for the model of superfluid neutron matter
with new generalized BSk18-BSk21 parametrizations, such phase transition to the ferromag-
netic state occurs neither at subnuclear nor at supranuclear densities. Thus, the high-density
ferromagnetic instability is removed in the neutron matter with new generalized Skyrme forces
BSk18-BSk21 not only in normal, but also in superfluid states with anisotropic spin-triplet
pairing.
K e yw o r d s: dense superfluid neutron matter, Skyrme forces, spin-triplet pairing.

1. Introduction

This work is a continuation and an improvement of
our previous investigations [1] (see also [2] and ref-
erences therein), which were devoted to the theo-
retical description of the dense superfluid neutron
matter (SNM) with conventional Skyrme forces [3–
5] (in [6, 7], someone can find reviews on different
parametrizations of the Skyrme forces and neutron-
star properties calculated with the Skyrme interac-
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tion) and with anisotropic spin-triplet pairing similar
to 3He − A [8–10] in strong magnetic fields, which
can be realized in the liquid outer cores of pulsars
and magnetars (strongly magnetized neutron stars)
(see, e.g., [11–14]).

The outer core occupies the density range 0.5 .
. n/n0 . 3.0 (where n0 = 0.17 fm−3 is the saturation
nuclear density) and is several kilometers in thickness
[15, 16]. Its matter consists of neutrons with several
per cent admixture of protons p, electrons, and pos-
sibly muons µ (the so-called npeµ composition). The
state of this matter is determined by the conditions
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of electric neutrality and beta equilibrium, supple-
mented by a model of many-body nucleon interac-
tion. The beta equilibrium implies the equilibrium
with respect to the beta (muon) decay of neutrons
and inverse processes. All npeµ-plasma components
are strongly degenerate. The electrons and muons
form almost ideal Fermi gases. The neutrons and
protons, which interact via nuclear forces, constitute
a strongly interacting Fermi liquid and can be in the
superfluid state.

Proton superfluidity in the core is thought to be
mainly produced by the singlet-state proton pairing,
but neutrons in the core are in superfluid states with
spin-triplet pairing. Critical temperatures Tc of var-
ious particle species have been calculated by many
authors (see, e.g., reviews [17, 18] and references
therein). The results are extremely sensitive to strong
interaction models and many-body theories em-
ployed. In all the cases, the calculations give density-
dependent critical temperatures Tc(n) . 1 MeV and
lower. As a rule, superfluidities weaken and disap-
pear at essentially supranuclear densities, where the
attractive part of the strong interaction becomes
inefficient.

Recently, we have published works [2] and [19]
devoted to the theoretical description of superfluid
phases in dense SNM with anisotropic spin-triplet p-
wave type of pairing in strong magnetic fields with
conventional parametrizations [3–5] and with general-
ized BSk18 parametrization [20] of the Skyrme forces,
respectively. The expressions obtained in [19] for
the phase transition temperatures of a dense neutron
matter (NM) to spin-triplet superfluid states are real-
istic non-monotone functions of the density for BSk18
parametrization of the Skyrme forces (contrary to
their monotone increase for all previous BSk and
other conventional parametrizations [2]). An analo-
gous investigation of a dense SNM with new gen-
eralized BSk19-Bsk21 parametrizations [21] of the
Skyrme forces will be published elsewhere.

But here, the main aim of our study is the equi-
librium magnetic properties of the superfluid phases
of an infinite pure NM with the so-called general-
ized (improved) Skyrme effective forces BSk18 [20]
and BSk19, BSk20, BSk21 [21] (containing additional
unconventional density-dependent terms) and with
anisotropic spin-triplet p-wave pairing (of the same
type as that in [1,2]) in the presence of a spatially uni-
form strong magnetic field. We carry out this study

within the framework of the non-relativistic gener-
alized Fermi-liquid theory [22] (see also [2]) valid at
subnuclear and supranuclear densities of neutrons (in
the range 0.5 . n/n0 . 3.0), which constitute the
main component of the outer cores of neutron stars,
as mentioned above.

Note that other authors have investigated previ-
ously the existence (or absence) of phase transitions
of a highly degenerate NM from normal (nonsuper-
fluid) state to ferromagnetic state in the absence of a
magnetic field and at zero temperature or with tak-
ing the temperature effect into account (see, e.g., [23–
30] and references therein) and with the effects of a
strong magnetic field (see, e.g., [31–33]) within other
approaches and using different nucleon-nucleon effec-
tive and so-called realistic interactions in NM.

This paper is organized as follows. In the second
section, we briefly outline the main steps and assump-
tions made for the derivation of general equations for
the effective magnetic field (EMF) and for the order
parameter (OP) of the SNM with generalized Skyrme
forces [20,21] and spin-triplet pairing of the 3He−A1,2

type between neutrons. In the third section, we write
down the general formula for the paramagnetic sus-
ceptibility in SNM (valid for any parametrizations of
the Skyrme forces, i.e., for the conventional [6] and
for the generalized ones) in a strong magnetic field
at zero temperature. Then we specify this formula
for the paramagnetic susceptibility in SNM at first
for the conventional BSk17 parametrization [34] (the
best among all previous parametrizations of the BSk
type), which is qualitatively similar to the conven-
tional parametrizations Sly2 [3], Gs [4], and RATP [5]
(see [1]), and then for the generalized BSk18-BSk21
Skyrme forces. In Conclusion, the obtained results
for SNM with triplet pairing in a high magnetic field
are briefly discussed and compared with those of some
other works.

2. General Equations for the EMF
and the OP in SNM with Conventional
and Generalized Skyrme Forces
between Neutrons and with Triplet Pairing

For the theoretical description of a dense SNM with
generalized effective Skyrme forces [20, 21] and with
anisotropic spin-triplet p-wave pairing of neutrons
(spin and orbital momentum of a Cooper pair are
equal to 1) in the presence of a strong spatially ho-
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mogeneous magnetic field H, we have to write down
the order parameter for SNM, which is similar to the
OP for superfluid 3He−A1,2 (see [10] and [1, 2]):

ΔA
α (p) ≡ (Δ+d̂α + ıΔ−êα)ψ(p̂), (1)

ψ(p̂) ≡ (m̂j + ın̂j)p̂j , p̂ ≡ p
p
.

Here, Δ±(T ) ≡ (Δ↑(T )±Δ↓(T ))/2; d̂ and ê are mu-
tually orthogonal real unit vectors in the spin space,
d̂ · ê = 0, d̂2 = ê2 = 1; m̂ and n̂ are mutually orthog-
onal real unit vectors in the orbital space, m̂ · n̂ = 0,
m̂2 = n̂2 = 1. Note also that a superfluid phase of
the 3He−A1 type can be realized under the condition,
when Δ↓ = 0 and Δ↑ 6= 0.

As a result, using the general formulas (ob-
tained by us previously in [35, 36]) for anoma-
lous and normal distribution functions of quasipar-
ticles (neutrons) for SNM in a magnetic field, we
have derived (see more details in [1, 2]) a set of
integral equations for ξ(p), ΔA

↑ , and ΔA
↓ in the

framework of the generalized Fermi-liquid approach
[22]. In this case for SNM, ξ(p) = ξ(p)H/H ≡
≡ −µnHeff(p) (µn ≈ −0.60308×10−17 MeV/G is the
magnetic dipole moment of a neutron, and Heff(p) is
the effective magnetic field renormalized inside SNM).
For ξ(p), we have the equation

ξ(p) = −µnH + (r + sp2)K2(ξ) + sK4(ξ). (2)

Here, r = t′0 + (t′3/6)nα and s = (t′1 − t′2)/(4~2), n ≡
≡ yn0 is the neutron matter density;

t′0 = t0(1− x0), t′3 = t3(1− x3), (3)

t′1(n) = t1(1− x1) + t4(1− x4)nβ , (4)

t′2(n) = t2(1 + x2) + t5(1 + x5)nγ , (5)

and 1/12 ≤ α ≤ 1/3 are the parameters of the gen-
eralized (improved) Skyrme interaction. It is worth
to note here that, for the generalized Skyrme forces
[20, 21], the new additional parameters t4, t5, x4, and
x5 and the additional power exponents β and γ of
the density dependence have originated in compari-
son with the conventional Skyrme forces.

The functionals Kσ(ξ) (σ = 2, 4) in Eq. (2) have
the same form as that in [1, 2]:

Kσ(ξ) =
1

8π2~3

pmax∫
pmin

dqqσ
1∫

0

dxκ(q, x), (6)

where

κ(q, x) =
z(q) + ξ(q)
E+(q, x2)

tanh
(
E+(q, x2)

2T

)
−

−z(q)− ξ(q)
E−(q, x2)

tanh
(
E−(q, x2)

2T

)
, (7)

E2
± = q2Δ2

↑(↓)(1− x
2) + (z(q)± ξ(q))2, (8)

z(q) = q2/2m∗n − µ (m∗n is the effective mass of a
neutron, µ is the chemical potential). We have taken
into account that, for SNM with pairing of the 3He−
A1,2 type, the OP can be written as ΔA

↑(↓)(T, ξ, q) =
= qΔ↑(↓)(T, ξ), where the functions Δ↑(↓)(T, ξ) obey
the following equations (whose structures are similar
to those from [1, 2]):

Δ↑(↓)(T, ξ) = −Δ↑(↓)(T, ξ)
c3

8π2~3
×

×
pmax∫
pmin

dqq4
1∫

0

dx(1− x2)
tanh(E±(q, x2)/2T )

E±(q, x2)
, (9)

(pmax & pF and (pmax − pmin)/pF < 1, where pF is
the Fermi momentum). It is significant that c3 ≡
≡ t′2(n)/~2 < 0 is the coupling constant leading to
the spin-triplet p-wave pairing of neutrons, which is
expressed through the generalized parameters t′2(n)
(see (5)) of the Skyrme interaction. Note that, in con-
trast with (9) for conventional Skyrme forces, c3 ≡
≡ t2(1 + x2)/~2 < 0 (see [1, 2]) does not de-
pend on the density n of SNM. Here, we consider a
model of neutron Cooper pairing in a shell symmet-
ric with respect to the Fermi sphere, i.e., pmax−pF =
= pF − pmin.

This system of nonlinear integral equations (2)
and (9) for the EMF and OP gives us a pos-
sibility to describe the thermodynamics of super-
fluid non-unitary phases of the 3He − A1,2 type
in a dense SNM with generalized Skyrme forces
[20, 21] and with spin-triplet p-wave pairing in
a static uniform high magnetic field at arbi-
trary temperatures from the interval 0 ≤ T ≤
≤ Tc(H). In the general case, these equations cannot
be solved analytically, and it is necessary to use nu-
merical methods for their solution. But we can solve
Eqs. (2) and (9) with the use of analytical methods
in the limiting case, at zero temperature (T = 0), and
it is the theme of the next section.
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3. Solutions of the Equations
for EMF and OP in Dense
SNM at T = 0 for Conventional
and Generalized Skyrme Forces

Let us consider the SNM at T = 0. In this case, we
have obtained the following solution of the integral
equation (2) for the EMF on the Fermi surface in
the first order in the small parameter hext ≡ |µn|×
×H/εF � a < 1:

|µn|Heff(pF, H)
εF(y)

=
hext(H, y)

1− (r + 2spF
2)νF/2

. (10)

Here, r and s (see after (2)) are the density-dependent
combinations of the Skyrme parameters (3)–(5), and
the density of states νF = (m∗npF)/(π2~3) at the
Fermi surface is

νF(y) ≈ 0.00419
m∗n(y)
mn

y1/3 MeV−1fm−3. (11)

It should be emphasized that the general approx-
imate formula (10) for Heff(pF, H) is valid for all
parametrizations (conventional and generalized) of
the Skyrme forces admissible for NM [6, 7], and
Heff is independent of the cutoff parameter a < 1

Fig. 1. Ratio χfree/χSkyrme(y) (see [1]) for SNM with RATP
(lower line), Gs (points), and SLy2 (upper line) parametriza-
tions of the Skyrme forces and a spin-triplet p-wave pairing of
the 3He−A type at T = 0 as a function of the reduced density
y = n/n0

(a ≡ εmax/εF − 1) and of the energy gap in the en-
ergy spectrum of neutrons in SNM (in the first order).

Formulas (7)–(11) contain the effective neutron
mass m∗n, which depends on the density of NM n =
= yn0 according to the formula:

m

m∗n
= 1 +

myn0

4~2
[t′1(n) + 3t′2(n)], (12)

where m ≈ (mp +mn)/2 ≈ 938.91897 MeV/c2 is
the mean value of free nucleon mass [3]; the density-
dependent parameters t′1(n) and t′2(n) (see (4) and
(5)) have specific numerical values for each Skyrme
parametrization. Note also that the Fermi energy
εF ≡ p2

F/2m
∗
n of the pure NM with density n = yn0

is defined by the formula

εF = (3π2yn0)2/3
~2

2m∗n
≈ y2/3 m

m∗n
60.902 MeV. (13)

Now, let us consider the previous conventional
SLy2, Gs, and RATP (see [1] and [3–5]) and recent
BSk17 [34] parametrizations of the Skyrme forces for
the sake of comparison. This concretization has given
us a possibility to plot the figures for the ratio of the
paramagnetic susceptibility of SNM with the Skyrme
interaction χSkyrme(y) and the Pauli susceptibility of
a free neutron gas χfree (see (10))

χSkyrme(y)
χfree

=
1

1− (r + 2sp2
F)νF/2

, (14)

which describes the renormalization of a magnetic
field inside SNM with a triplet p-wave pairing of the
3He − A1,2 type. See Fig. 1 (and details in [1]) for
ratio with SLy2, Gs, and RATP variants of the con-
ventional Skyrme interaction with power exponents
αRATP = 0.20, αGs = 0.30, and αSLy2 = 1/6 in their
density dependence.

For the conventional BSk17 parametrization of the
Skyrme forces [34] (with αBSk17 = 0.30), relation (14)
yields

χfree

χBSk17(y)
≈ 1− 2y1/3(0.407660y3/10 − 1.13208)

(1 + 0.237909y)
−

− 2.68438y
(1 + 0.237909y)

. (15)

See Figs. 1 and 2, where the points of intersec-
tion of lines with the abscissa axis correspond to
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Fig. 2. Ratio χfree/χBSk17(y) (see (15)) for SNM with the
conventional BSk17 parametrization [34] of Skyrme forces and
a spin-triplet p-wave pairing of the 3He − A type at T = 0 as
a function of the reduced density y = n/n0

the critical densities nC(SLy2) ≈ 1.72n0, nC(Gs) ≈
≈ 1.33n0, nC(RATP) ≈ 1.03n0, and nC(BSk17) ≈
≈ 1.001n0, which correspond to the phase transi-
tions from the superfluid paramagnetic state of neu-
tron matter with conventional Skyrme forces and the
triplet pairing to the ferromagnetic state, which coex-
ists with triplet superfluidity at the densities higher
than nC(Skyrme). Such phase transitions might oc-
cur in the liquid outer core of neutron stars.

By contrast, for SNM with generalized Skyrme
forces BSk18-BSk21 [20, 21], the phase transition to
the ferromagnetic state is removed. Really, for the
generalized BSk18 parametrization of Skyrme forces
(with additional dependences on the density, see (3)–
(5)), relation (14) yields the expression

χBSk18(y)
χfree(y)

≈

[
1− 2y1/3(0.373605y3/10 − 1.11339)

1 + 0.253920y
−

−4y(0.774775− 0.209061y)
1 + 0.253920y

]−1

. (16)

In a similar manner for the generalized BSk19, BSk20,
and BSk21 parametrizations [21] of the Skyrme

Fig. 3. Ratio χBSk19(y)/χfree (see (17)) for SNM with gener-
alized BSk19 parametrization [21] of the Skyrme forces and a
spin-triplet p-wave pairing of the 3He − A type at T = 0 as a
function of the reduced density y = n/n0

Fig. 4. Ratio χSkyrme(y)/χfree (see (16), (18), and (19)) for
SNM with generalized parametrizations (BSk18 points, BSk20
upper line, and BSk21 lower line) of the Skyrme forces [20, 21]
and a spin-triplet p-wave pairing of the 3He−A type at T = 0

as a function of the reduced density y = n/n0

ISSN 2071-0194. Ukr. J. Phys. 2013. Vol. 58, No. 7 615
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forces, relation (14) yields

χBSk19(y)
χfree(y)

≈

≈

[
1− 2y1/3(2.22596y1/12− 2.58957)

1 + y(2.86510y1/12− 0.238482y1/3− 2.77567)
−

− 4y(1.16385− 0.178829y1/3 − 0.716143y1/12)
1 + y(2.86510y1/12 − 0.238482y1/3 − 2.77567)

]−1

,

(17)

χBSk20(y)
χfree(y)

≈

≈

[
1− 2y1/3(1.35019y1/12− 1.82731)

1 + y(3.18344y1/12− 0.305158y1/6− 2.90372)
−

− 4y(1.35095− 0.228827y1/6 − 0.795714y1/12)
1 + y(3.18344y1/12 − 0.305158y1/6 − 2.90372)

]−1

,

(18)
and

χBSk21(y)
χfree(y)

≈

≈

[
1− 2y1/3(−0.133544y1/12− 0.475909)

1 + y(3.97930y1/12+ 0.0422618
√
y− 3.89571)

−

−
4y(1.35338 + 0.0316905

√
y − 0.994643y1/12)

1 + y(3.97930 y1/12 + 0.0422618
√
y − 3.89571)

]−1

.

(19)

4. Conclusions

Thus, from our generalized integral equations (2) and
(9), we have obtained that ferromagnetic instabilities
take place not only for the normal NM (see, e.g., [23–
33]), but also for SNM with the conventional Skyrme
forces and the anisotropic spin-triplet pairing (see
Fig. 1 and [1] for SLy2, Gs, and RATP and (15) and
Fig. 2 for conventional BSk17 [34]).

But our main result is that the introduction of new
additional Skyrme parameters dependent on the den-
sity (see (4) and (5)) for generalized Skyrme forces
BSk18-BSk21 [20, 21] leads to the removal of the fer-
romagnetic instability not only in the normal NM but
also in the SNM with BSk18-BSk21 forces and an

anisotropic spin-triplet pairing of the 3He−A type
in a strong magnetic field. The density-dependent
magnetic susceptibilities χBSk18−21(n) have regular
behavior on the interval 0.5 . n/n0 . 3.0 (see Figs. 3
and 4 and (16)–(19)). Note that the superfluid cor-
rections to χBSk18−21(n) have negligibly small val-
ues (which are of the order (Δ/εF)2 ≈ 10−6, where
Δ is the maximal magnitude of anisotropic energy
gap in spectrum (8) of quasiparticles (neutrons) in
the SNM considered here). See, e.g., Fig. 1 in our
recent paper [19] (for SNM with generalized BSk18
Skyrme force); whence it follows for BSk18 that the
ratio Δ/εF . 10−3 in the considered density range
0.5 . n/n0 . 3.0 (investigations for SNM with gen-
eralized BSk19-BSk21 Skyrme forces that are analo-
gous to those in [19] will be published elsewhere). It
is similar to the behavior of the magnetic susceptibil-
ity in the case of a phase transition between the real
normal liquid 3He and the superfluid phases 3He−A
in a magnetic field, where their magnetic susceptibil-
ities in the normal liquid 3He and in the superfluid
3He − A almost coincide with each other (difference
is ∼ 0.1%; see, e.g., [37]).

Note finally that the phenomenon of superfluidity
in NM at very high densities n > 3n0 (which can
be realized inside the inner fluid cores of sufficiently
massive neutron stars and magnetars) should be in-
vestigated in the framework of a relativistic approach
and with a different interpretation of the hadron mat-
ter structure (including π-mesons, K-mesons, hyper-
ons, quarks, and other possible constituents; see, e.g.,
[38–41] and references therein).

The material of this work was presented at the
International Conference “Problems of theoretical
physics” dedicated to the 100-th anniversary of
A.S. Davydov (Kyiv, October 8–11, 2012).
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МАГНIТНI СПРИЙНЯТЛИВОСТI
ГУСТОЇ НАДПЛИННОЇ НЕЙТРОННОЇ МАТЕРIЇ
З УЗАГАЛЬНЕНИМИ СИЛАМИ СКIРМА
ТА СПIН-ТРИПЛЕТНОЮ ВЗАЄМОДIЄЮ
ПРИ НУЛЬОВIЙ ТЕМПЕРАТУРI

Р е з ю м е

Магнiтнi властивостi густої надплинної нейтронної мате-
рiї (це стосується фiзики ядер нейтронних зiрок) при
суб’ядерних та над’ядерних густинах (у дiапазонi густин
0,5 . n/n0 . 3,0, де n0 = 0,17 (фм−3) – це ядерна густи-
на насичення) з так званими узагальненими ефективними
силами Скiрма BSk18, BSk19, BSk20, BSk21 (з додаткови-
ми нетрадицiйними членами, що залежать вiд густини) та
зi спiн-триплетними парами (спiн та орбiтальний момент
яких S = 1 та L = 1) за наявностi сильного магнiтного по-
ля i температури, що дорiвнює нулю, вивчаються за допо-
могою нерелятивiстської узагальненої теорiї фермi-рiдини.
Верхня границя дiапазону густин нейтронної матерiї обме-
жена величиною 3n0, щоб запобiгти урахування реляти-
вiстських поправок, якi зростають з густиною. Отриманiй
у статтi [A.N. Tarasov, Ukr. J. Phys. 55, 644 (2010)] загаль-
нiй формулi (яка справедлива для довiльної параметризацiї
сил Скiрма) для магнiтної сприйнятливостi надплинної ней-
тронної матерiї при температурi, що дорiвнює нулю, надано
конкретних виразiв для нових BSk18-BSk21 параметриза-
цiй взаємодiї Скiрма. Як вiдомо, застосування усiх попе-
реднiх традицiйних параметризацiй взаємодiї Скiрма при-
водить до виникнення спiнових нестiйкостей у нормальнiй
(ненадплиннiй) фазi нейтронної матерiї при ядерних густи-
нах та бiльших за ядерну густину насичення. В цiй стат-
тi для моделi надплинної нейтронної матерiї з новими уза-
гальненими BSk18-BSk21 параметризацiями отримано, що
такого фазового переходу до феромагнiтного стану не вiд-
бувається анi при суб’ядерних, анi при над’ядерних значе-
ннях густини. Таким чином, доведено, що у нейтроннiй ма-
терiї з новими узагальненими силами Скiрма BSk18-BSk21
при великих густинах феромагнiтна нестiйкiсть усувається
не тiльки у нормальному, а й у надплинних станах зi спiн-
триплетними анiзотропними парами.
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