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A COMPARISON OF PROXIMITY
POTENTIALS IN THE ANALYSIS OF HEAVY-ION
ELASTIC CROSS SECTIONS

To obtain alternative nuclear potentials is very important in explaining the heavy-ion reactions,
as well as light-ion ones. For this purpose, a comprehensive analysis of six different proximity
potentials ([1, 9–12, 15]) is performed for the first time in the present study. In order to see the
availability of the potentials, the elastic-scattering angular distributions of 40 Ca by different
target nuclei from 32 S to 208 Pb are calculated within the framework of the optical model. The
theoretical results are compared with each other and with experimental data. The similarities
and differences of the potentials are discussed, and some alternative potentials are proposed.
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1. Introduction
40

Ca is an important nucleus for heavy-ion elastic
scattering reactions in the field of nuclear physics. In
this context, the results of studies of the elastic
scattering of the 40 Ca projectile by different target nuclei can be found from the literature. For example, the elastic scattering in the 40 Ca + 32 S reaction at 100 MeV has been measured by Baeza
et al. [2]. They have analyzed the experimental data
by using the double folding model and have stated
the necessity of a renormalization factor equal to
1.57. The elastic scattering data for the 40 Ca + 40 Ca
system have been measured at various incident energies [3]. Doubre et al. [3] have explained the difficulty
of the theoretical analysis of the scattering of 40 Ca
nuclei on 40 Ca. The scattering cross-sections for the
40
Ca + 90 Zr reaction at 139.8, 150.7, and 152 MeV
and the 40 Ca + 96 Zr reaction at 133.8, 135.5, 150.4,
and 152 MeV have been measured in [4,5]. The elastic
scattering cross-section of 40 Ca on 208 Pb at 302 MeV
has been reported in Ref. [6]. In the general meaning,
the theoretical analysis of these experimental data
have been performed by using the Woods–Saxon or
double folding potentials. On the other hand, the detection of potential parameters for heavy-ions is difficult due to the strong absorption and is not certain
[7]. If the number of free parameters of the selected
potentials in the theoretical analysis increases, the
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theoretical analysis becomes more difficult. Sometimes, the difficulty in the analysis is that few potentials were used. In other words, it is very important
to determine the appropriate potential that defines
the nuclear reaction. Therefore, obtaining the alternative nuclear potentials is very important to explain
heavy-ion reactions, as well as light-ion ones.
In the present study, we examine the availability of
six different proximity potentials such as Broglia and
Winther 1991 (BW 91) [8], Aage Winther (AW 95)
[9], Bass 1980 (Bass 80) [8], Christensen and Winther
1976 (CW 76) [10], Ngô 1980 (Ngo 80) [11], and
Proximity 1988 (Prox 88) [12] in explaining the elastic cross sections. With this goal, we reanalyze the
elastic-scattering angular distributions of 40 Ca projectile by 32 S, 40 Ca, 90 Zr, 96 Zr, and 208 Pb target nuclei at various energies. We compare the theoretical
results with the experimental data and show similarities and differences of the potentials investigated with
this work.
The next section gives the information about the
method and nuclear potentials used in the theoretical
calculations. Section 3 displays the results and discussions. Finally, Section 4 is attributed to the summary.
2. Theoretical Formalism
2.1. Optical model
We use the optical model, which is one of the most efficient and successful models in explaining the elastic-
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scattering cross-section. To obtain the real part of the
optical potential, six different proximity potentials
are evaluated, and each of the nuclear potentials is
described in the following subsection. However, the
imaginary part of the optical potential is assumed as
the Woods–Saxon potential in all calculations, which
is given by
𝑊0
(︁
)︁]︁ .
(1)
𝑊 (𝑟) = [︁
𝑤
1 + exp 𝑟−𝑅
𝑎𝑤
The code FRESCO is applied in the optical model
calculations [13].

2.2.3. Bass 1980 (Bass 80) potential
Bass 1980 (Bass 80) potential evaluated in theoretical
calculations is exhibited by [8, 14, 15]
𝑉𝑁Bass 80 (𝑠) = −

𝑅1 𝑅2
𝜑(𝑠 = 𝑟−𝑅1 −𝑅2 ) MeV. (9)
𝑅1 + 𝑅2

The universal function 𝜑(𝑠 = 𝑟 − 𝑅1 − 𝑅2 ) is produced by [8, 14]
(︁ 𝑠 )︁]︁−1
[︁
(︁ 𝑠 )︁
+ 0.007 exp
,
𝜑(𝑠) = 0.033 exp
3.5
0.65
and

2.2. Nuclear potentials

(︂
)︂
0.98
𝑅𝑖 = 𝑅𝑠 1 − 2 ,
𝑅𝑠

2.2.1 Broglia and Winther 1991 (BW 91) potential

𝑅𝑠 = 1.28𝐴𝑖

Broglia and Winther 1991 (BW 91) potential [8, 14]
is assumed as
𝑉0
(︀
)︀]︀ MeV,
(2)
𝑉𝑁BW 91 (𝑟) = − [︀
0
1 + exp 𝑟−𝑅
𝑎
where
𝑉0 = 16𝜋

𝑅1 𝑅2
𝛾𝑎,
𝑅1 + 𝑅2

𝑎 = 0.63 fm,

(3)

and

1/3

(11)
−1/3

− 0.76 + 0.8𝐴𝑖

fm (𝑖 = 1, 2). (12)

2.2.4. Christensen and Winther
1976 (CW 76) potential
The other proximity potential investigated in our
study is Christensen and Winther 1976 (CW 76) presented by [10, 16]
𝑉𝑁CW 76 (𝑟) = −50

𝑅1 𝑅2
𝜑(𝑟 − 𝑅1 − 𝑅2 ) MeV, (13)
𝑅1 + 𝑅2

where

𝑅0 = 𝑅1 + 𝑅2 + 0.29,
𝑅𝑖 =

(10)

1/3
1.233𝐴𝑖

−

−1/3
0.98𝐴𝑖

(𝑖 = 1, 2),

with the surface energy constant 𝛾
)︂(︂
)︂]︂
[︂
(︂
𝑁𝑝 − 𝑍𝑝 𝑁𝑡 − 𝑍𝑡
𝛾 = 𝛾0 1 − 𝑘𝑠
,
𝐴𝑝
𝐴𝑡

(4)

𝑅𝑖 = 1.233𝐴𝑖

(5)

The universal function 𝜑(𝑠 = 𝑟 − 𝑅1 − 𝑅2 ) is
(︂
)︂
𝑟 − 𝑅1 − 𝑅2
𝜑(𝑠) = exp −
.
(15)
0.63

1/3

−1/3

− 0.978𝐴𝑖

fm (𝑖 = 1, 2).

(14)

(6)
2.2.5. Ngô 1980 (Ngo 80) potential

2

𝛾0 and 𝑘𝑠 are 0.95 MeV/fm and 1.8, respectively.

Another potential used to determine the real potential is Ngô 1980 (Ngo 80) potential written as [11]

2.2.2. Aage Winther (AW 95) potential
Aage Winther (AW 95) potential is the same as BW
91 potential except for [9, 14]
]︃
[︃
1
fm,
(7)
𝑎=
−1/3
−1/3
1.17(1 + 0.53(𝐴1
+ 𝐴2 ))
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1/3

1/3

𝑅𝑝𝑖 = 𝑟0𝑝𝑖 𝐴𝑖 , 𝑅𝑛𝑖 = 𝑟0𝑛𝑖 𝐴𝑖 ,

and
𝑅0 = 𝑅1 + 𝑅2 ,

𝑉𝑁Ngo 88 (𝑟) = 𝑅𝜑(𝑟 − 𝐶1 − 𝐶2 ) MeV
[︃
]︃
(︂ )︂2
𝐶1 𝐶2
𝑏
𝑅=
, 𝐶𝑖 = 𝑅𝑖 1 −
+ ... ,
𝐶1 + 𝐶2
𝑅𝑖
𝑁 𝑅𝑛𝑖 + 𝑍𝑅𝑝𝑖
𝑅𝑖 =
(𝑖 = 1, 2),
𝐴𝑖

𝑅𝑖 =

1/3
1.2𝐴𝑖

(16)
(17)
(18)
(19)

𝑟0𝑝𝑖 = 1.128 fm, 𝑟0𝑛𝑖 = 1.1375 + 1.875 × 10−4 𝐴𝑖 fm.
− 0.09

(𝑖 = 1, 2). (8)

(20)
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The universal function 𝜑(𝑠 = 𝑟 − 𝐶1 − 𝐶2 ) (in
MeV/fm) is formulated as
⎧
−33 + 5.4(𝑠 − 𝑠0 )2
for 𝑠 < 𝑠0 ,
⎪
⎪
⎪
]︂
[︂
⎨
1
Φ(𝑠) = −33 exp − (𝑠 − 𝑠0 )2 for 𝑠 ≥ 𝑠0 ,
⎪
5
⎪
⎪
⎩
𝑠0 = −1.6 fm.
2.2.6. Proximity 1988 (Prox 88) potential
Proximity 1977 (Prox 77) potential [12, 16] is given
by
(︂
)︂
𝑟 − 𝐶1 − 𝐶2
𝑉𝑁Prox 77 (𝑟) = 4𝜋𝛾𝑏𝑅Φ 𝜁 =
MeV, (21)
𝑏
[︃
]︃
(︂ )︂2
𝐶1 𝐶2
𝑏
, 𝐶 𝑖 = 𝑅𝑖 1 −
+ ... ,
𝑅=
(22)
𝐶1 + 𝐶2
𝑅𝑖
1/3

𝑅𝑖 = 1.28𝐴𝑖

−1/3

−0.76+0.8𝐴𝑖

fm

𝛾, the surface energy coefficient, is
[︃
)︂2 ]︃
(︂
𝑁 −𝑍
,
𝛾 = 𝛾0 1 − 𝑘𝑠
𝑁 +𝑍

(𝑖 = 1, 2); (23)

(24)

where 𝑁 (𝑍) is the total number of neutrons (protons). The universal function, Φ(𝜁), is given by
⎧
1
⎪
⎪
− (𝜁 − 2.54)2 − 0.0852(𝜁 − 2.54)3
⎪
⎨ 2
Φ(𝜁) = for 𝜁 ≤ 1.2511,
)︂
(︂
⎪
𝜁
⎪
⎪
⎩−3.437 exp −
for 𝜁 ≥ 1.2511.
0.75
For the Proximity 1988 (Prox 88) potential, 𝛾0 =
= 1.2496 MeV/fm2 and 𝑘𝑠 = 2.3 [8]. The other parameters of the Prox 88 potential are the same as for
the Prox 77 potential.
3. Results and Discussion
We have investigated the effect of proximity potentials on the elastic-scattering cross-sections of a 40 Ca
projectile from 32 S, 40 Ca, 90 Zr, 96 Zr, and 208 Pb target
nuclei. The real parts of the optical potentials have
been determined by using six different proximity potentials such as BW 91, AW 95, Bass 80, CW 76, Ngo
80, and Prox 88. The distance-dependent changes of
the real potentials for each reaction have been shown
in Fig. 1. On the other hand, the imaginary potential
has been taken as the Woods–Saxon potential. While
the depth (𝑊0 ), radius (𝑟𝑤 ), and diffusion (𝑎𝑤 ) parameters of the imaginary potential are determined,
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the most suitable values, which provide agreement of
the results with the experimental data, have been researched. In this context, the 𝑟𝑤 value is 1.40 fm for
the 40 Ca + 32 S reaction, 1.38 fm for all the energies of
the 40 Ca + 40 Ca, 40 Ca + 90 Zr, and 40 Ca + 96 Zr reactions and 1.33 fm for the 40 Ca + 208 Pb reaction. The
𝑎𝑤 value is 0.87 fm for AW 95 potential and 0.86 fm
for the other potentials of the 40 Ca + 32 S reaction,
0.35 fm for all the energies of the 40 Ca + 40 Ca reaction, 0.35 fm at 139.8 MeV and 0.50 fm for the
other energies of the 40 Ca + 90 Zr reaction, 0.50 fm
for all the energies of the 40 Ca + 96 Zr and 0.30 fm for
the 40 Ca + 208 Pb reaction. The 𝑊0 values have been
listed in Table.
In Fig. 2, we have presented the elastic scattering
results of the 40 Ca + 32 S reaction at an incident energy of 100 MeV with proximity potentials. We have
observed that our results are in good agreement with
the experimental data at small and large angles. However, the theoretical results miss middle angles of
the experimental data. When all the theoretical results are compared with each other, it has been seen
that the behaviors of our results are very similar to
each other.
𝑊0 (MeV) values for BW 91, AW 95,
Bass 80, CW 76, Ngo 80, and Prox 88 potentials
used in the analysis of the 40 Ca + 32 S, 40 Ca + 40 Ca,
40 Ca + 90 Zr, 40 Ca + 96 Zr, and 40 Ca + 208 Pb systems
𝑊0
Target
nucleus

Energy
(MeV)

BW
91

AW
95

Bass
80

CW
76

Ngo
80

Prox
88

32 S

100

57.0

57.0

56.9

57.0

58.5

55.5

176
186
225
240

4.70
3.00
4.90
49.0

5.00
3.10
4.90
55.0

5.70
4.80
6.20
50.0

9.80
9.50
12.0
66.1

2.10
4.10
4.00
64.0

3.70
3.10
5.60
45.0

139.8
150.7
152

52.0
66.0
56.0

50.0
70.0
56.0

52.0
64.0
54.0

52.0
64.0
56.0

50.0
62.0
61.0

49.0
66.0
57.0

133.8
135.5
150.4
152

33.0
20.0
93.0
67.0

33.0
20.0
99.0
71.0

33.0
20.0
90.0
64.0

33.0
20.0
93.0
67.0

34.0
22.0
106.0
79.0

32.0
20.0
93.0
68.0

302

25.0

34.0

30.0

30.0

90.0

30.0

40 Ca

90 Zr

96 Zr

208 Pb

883

M. Aygun

Fig. 1. Distance-dependent changes of BW 91, AW 95, Bass 80, CW 76,
Ngo 80, and Prox 88 potentials for the 40 Ca + 32 S, 40 Ca + 40 Ca, 40 Ca + 90 Zr,
40 Ca + 96 Zr, and 40 Ca + 208 Pb reactions

Fig. 2. The cross-sections of the 40 Ca + 32 S elastic scattering in comparison
with the experimental data at 𝐸lab = 100 MeV, by using AW 95, Bass 80, BW
91, CW 76, Ngo 80, and Prox 88 potentials. The experimental data have been
taken from [2]

The angular distributions of elastic scattering of a
Ca projectile on 40 Ca target nucleus at 176, 186,
225, and 240 MeV have been shown in Fig. 3. At
176 MeV, the results of AW 95 potential are very good
at describing the overall of the experimental data and
40

884

are better than the results for other potentials. For
186 MeV, the AW 95 and Bass 80 results are very close
to each other. However, it has been observed that the
AW 95 results are in better agreement with the data
than the results of all the potentials. At 225 MeV,
ISSN 2071-0194. Ukr. J. Phys. 2018. Vol. 63, No. 10
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Fig. 3. The same as Fig. 2, but for the 40 Ca + 40 Ca reaction at 𝐸lab = 176,
186, 225, and 240 MeV. The experimental data have been taken from [3, 7]

Fig. 4. The same as Fig. 2, but for the 40 Ca + 90 Zr reaction at 𝐸lab = 139.8,
150.7, and 152 MeV. The experimental data have been taken from [4, 5]

the AW 95 potential has given slightly better results
than the other potentials in describing experimental
data. For 240 MeV, it has been seen that the results
of CW 76 potential are slightly better than the other
potential results.
ISSN 2071-0194. Ukr. J. Phys. 2018. Vol. 63, No. 10

The elastic-scattering cross-sections of the
Ca + 90 Zr reaction at 139.8, 150.7, and 152 MeV
have been shown in Fig. 4. It can be said that
our results are in good agreement with the data,
even though the description of experimental data
40
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Fig. 5. The same as Fig. 2, but forthe 40 Ca + 96 Zr reaction at 𝐸lab = 133.8,
135.5, 150.4, and 152 MeV. The experimental data have been taken from [4, 5]

Fig. 6. The same as Fig. 2, but for the 40 Ca + 208 Pb reaction at
𝐸lab = 302 MeV. The experimental data have been taken from [6]

is difficult at 139.8 MeV. At incident energies of
150.7 and 152 MeV, the theoretical results show very
good harmony with the experimental data. Thus,
we can deduce that the theoretical results with
proximity potentials give a good description of the
experimental data.
Another reaction investigated in this work is
40
Ca + 96 Zr. The elastic-scattering angular distributions of this reaction have been analyzed by using six
various proximity potentials at 133.8, 135.5, 150.4,
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and 152 MeV. The theoretical results have been compared with each other, as well as with experimental
data in Fig. 5. Similarly to the 40 Ca + 90 Zr reaction,
we have observed that the theoretical results have displayed a very similar behavior to each other. In addition to this, the results of the potentials are in good
agreement with the experimental data. So, it can be
said that the proximity potentials are quite valid in
explaining the experimental data of the 40 Ca + 90 Zr
reaction.
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Finally, the elastic scattering results of the
Ca + 208 Pb reaction at 302 MeV have been examined for different potentials. The theoretical results
have been shown comparatively in Fig. 6. Although
the results of Bass 80, BW 91, and CW 76 potentials are very close to each other, the harmony with
the experimental data is poor. It has been observed
that the results for AW 95 and Prox 88 potentials
are very compatible with each other and are in very
good agreement with the experimental data. In addition to this, we can say that the results for AW 95
and Prox 88 potentials are better, than the results of
the other potentials. It has been seen that different
alternative potentials could be used for the analysis
of this reaction.
40

4. Summary
In the present work, for the first time, we have
investigated the effect of six different nuclear potentials on the elastic cross-sections of 40 Ca scattered on 32 S, 40 Ca, 90 Zr, 96 Zr, and 208 Pb at various
incident energies. For this purpose, we have calculated the elastic-scattering angular distributions for
all the potentials and reactions and have compared
our results with each other and the experimental
data. We have observed that some potentials are in
very good agreement with the data, and some potentials are insufficient to describe the experimental
data. In this context, we have realized that the results of AW 95 potential are slightly better than the
results of the other potentials. As a result of this, we
can say that the theoretical results depend on the
shape of a nuclear potential evaluated in the optical
model analysis. Additionally, we have deduced that
the proximity potentials can be applied as alternative potentials in determining the elastic-scattering
data of the 40 Ca + 32 S, 40 Ca + 40 Ca, 40 Ca + 90 Zr,
40
Ca + 96 Zr, and 40 Ca + 208 Pb reactions. We consider
that it would be beneficial and interesting in explaining different nucleus-nucleus interactions.
The author would like to thank the referee for valuable comments.
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ПОРIВНЯННЯ ПОТЕНЦIАЛIВ
БЛИЗЬКОСТI В АНАЛIЗI ПЕРЕРIЗIВ ПРУЖНОГО
РОЗСIЯННЯ ВАЖКИХ IОНIВ
Резюме
Побудова альтернативних ядерних потенцiалiв дуже важлива для пояснення реакцiй як з важкими, так i з легкими iонами. Ми вперше виконали повний аналiз шести рiзних потенцiалiв близькостi ([1, 9–12, 15]). Для визначення
придатностi потенцiалiв розрахованi кутовi розподiли для
пружного розсiювання 40 Ca на мiшенях з рiзними ядрами
вiд 32 S до 208 Pb в рамках оптичної моделi. Проведено порiвняння результатiв з даними експериментiв. Обговорюються вiдмiннiсть i схожiсть потенцiалiв i запропонованi деякi альтернативнi потенцiали.
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