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GENERALIZED EQUIDISTANT CHEBYSHEV
POLYNOMIALS AND ALEXANDER KNOT INVARIANTS ’

We introduce the generalized equidistant Chebyshev polynomials T of kind k of hyperkind h,
where k, h are positive integers. They are obtained by a generalization of standard and monic
Chebyshev polynomials of the first and second kinds. This generalization is fulfilled in two
directions. The horizontal generalization is made by introducing hyperkind h and expanding it
to infinity. The vertical generalization proposes expanding kind k to infinity with the help of the
method of equidistant coefficients. Some connections of these polynomials with the Alexander
knot and link polynomial invariants are investigated.
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1. Introduction

Knots and links appear in many areas of physics, par-
ticulary in electrodynamics, optics, liquid crystals,
hydrodynamics [1-4]. The main characteristics of
knots and links follow from the axioms of skein rela-
tion and normalization, which lead to polynomial in-
variants [5]. Each knot and link is described by some
definite polynomial. The most known polynomial in-
variants are Alexander [6], Jones [7] and HOMFLY
[8] ones.

The Chebyshev polynomials appear in different
branches of mathematics, particulary in approxima-
tion theory, knot theory, combinatorics, differential
equations, number theory [9]. As important mathe-
matical instruments, they widely penetrate into dif-
ferent branches of physics. We exploit the Chebyshev
polynomials and their generalizations for the descrip-
tion of knots and links [10-12]. To our mind, they
have to play important role even as in the searching
of new polynomial invariants.

In the present paper, we introduce the gener-
alized equidistant Chebyshev polynomials 7" of
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kind k of hyperkind h, where k, h are positive inte-
gers. At the beginning, we unify the standard Cheby-
shev polynomials of the first kind and monic Cheby-
shev polynomials of the first kind with the help of
one formula using the newly introduced notion of
hyperkind h (h = 1 refers to all standard Cheby-
shev polynomials; h = 2 — to all monic Cheby-
shev polynomials). After that, a generalization means
declaring h to be any positive integer and leads
to generalized Chebyshev polynomials of the first
kind. Analogously, one obtains generalized Cheby-
shev polynomials of the second kind. Thus, we ful-
fil the so-called horizontal generalization. The final
step is making the vertical generalization, by us-
ing the method of equidistant coefficients. As a re-
sult, we expand the meanings of kind k to all posi-
tive integers and obtain the formula for generalized
equidistant Chebyshev polynomials of kind & of hy-
perkind h.

1 This paper was presented at the 3rd Walter Thirring In-
ternational School on Fundamentals of Astroparticle and
Quantum Physics (17-23 September, 2017, BITP, Kyiv,
Ukraine).
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2. Standard Chebyshev Polynomials

The standard Chebyshev polynomials of the first kind
Tél)(m) are introduced as

TV () = cos(nb), =z = cosb, (1)
where n is a nonnegative integer. In our paper, the
Chebyshev polynomials are characterized by two
numbers — (k,h). Here, the letter k stands for
“kind”. In addition, we introduce a new notion of “hy-
perkind”, for which we use the upper index h (in
brackets); h = 1 refers to all standard Chebyshev
polynomials. Thus, for all polynomials defined by (1),
(k,h) = (1,1). In the case of monic Chebyshev poly-
nomials considered in the next section, h = 2. The
relation

cos (n + 1)0 4 cos (n — 1) = 2 cos 6 cosnb (2)

yields the recurrence relation for the standard Che-
byshev polynomials of the first kind:

7

W) = 2TV (@) - TV, (2), T8 =1, T =2,

which can be considered as an alternative definition of
T,Sl)(a:). Some examples of Tygl)(m) obtained from (3)
are as follows:

T =1, TV =&, TV = 202 — 1,

T = 423 — 32, TV = 8a — 822 + 1, (4)
T = 1625 — 2023 + 5a.

The standard Chebyshev polynomials of the second
kind Vn(l)(x) are defined in the following way (k = 2,
h=1):
sin(n + 1)0

(1) — =
Vi (x) g r=eos 6. (5)
The relation
sin (n + 2)6 + sinnf = 2 cosfsin (n + 1)0 (6)

implies that definition (5) can be written in terms of
the recurrence relation similar to (3):

V(@) = 22V (@) -V (@), v =1, = 2.
(7)
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Some first standard Chebyshev polynomials of the
second kind are:

Vi) =1, vV =20, vV = 422 -1,

Vi = 8a3 — 4z, VIV = 162* — 1222 4 1, (8)

VY = 3225 — 3223 + 6a.
From the formula

sin(n +1)6  sin(n — 1)9)

sin ’

)

one finds that definition (1) of M (x) can be rewrit-
ten in the form

2 cos(nb) = (

sin 6

_ lsin(n+1)¢ 1sin(n—1)0
2 sinf 2

T () , @« =cosb.

(10)

sin 6

As follows from (9), the Chebyshev polynomials
Ty(Ll)(x) and Vél)(x) are connected by the formula

(11)
= —1, which

2TV (x) = VIV (z) = Vy(x), n>0.

Here, we mean that Vfll) = 0, V£12)
follows from (7).

3. Monic Chebyshev Polynomials

The monic Chebyshev polynomials of the first kind
T,(LQ)(x), (k =1, h = 2), are defined by

T,(Lz)(:v) =2cos(nf), x=2cosb. (12)

The monic normalization means that all Chebyshev
polynomials have the unit coefficients at the highest
degree z™.

The recurrence relation

13, (2) = 2T (2) - T2, (2), T =2, ¥ =,

(13)
can be considered as an alternative definition of
TT(LQ)((E). Some first cases of TT(LQ)(x) are:
T2 =2, T =2, TP =2 -2,
T3§2) =23 — 3z, T4(2) =at — 422 + 2,
T5(2) =% — 5z + bz

(14)

The monic Chebyshev polynomials of the second
kind V,®) (x) are defined as (k =2, h = 2)

sin(n + 1)0

V. (z) = gt 2 cosf

(15)
489
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or, in terms of the recurrence relation,

1, V1(2) =z
(16)

VO (@) = 2V P (z) - VO (2), VI =

n+1 n—1

The first monic Chebyshev polynomials of the second
kind are:

VO(2) — 17 ‘/1(2) =z, ‘/2(2) — 1‘2 . 17
V3(2) =3 — 2z, V4(2) =zt - 322 +1,
V5(2) =% — 423 + 3z.

(17)

Definition (12) of Ty(f)(z) can be written in the
form

7O (z) = sin(n+1)¢  sin(n—1)¢

sin 6

im0 %= 2cosf. (18)
The Chebyshev polynomials Tr(f) and Vn(2) are con-
nected by the formula

TP =V V%), n>0, (19)
where Vg) = 0, V£22) = —1, being calculated
from (16).

4. Horizontal Generalization
of Chebyshev Polynomials: Expanding
Hyperkind h to Infinity

The main idea for the horizontal generalization of
Chebyshev polynomials consists of two steps. The
first step is a unification of standard Chebyshev poly-
nomials and monic Chebyshev polynomials of the
same kinds. At the beginning, we unify (k =1, h = 1)
and (k = 1, h = 2) Chebyshev polynomials with the
help of one formula; another formula unifies (k = 2,
h = 1) and (k = 2, h = 2) Chebyshev polynomi-
als. These formulas automatically lead to the second
step of the horizontal generalization, by expanding
the meanings of hyperkind h to infinity.

4.1. Generalized Chebyshev
polynomials of the first kind
Thus, comparing (1) and (12), we write down the uni-

fied Chebyshev polynomials of the first kind e (x)
by the formula:

T (z) = hcos(nb), == hcosb, (20)

for h =1 and h = 2. From this formula, one obtains
the generalized Chebyshev polynomials of the first
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kind, by expanding h to infinity, i.e., h being any
positive integer: h =1,2,3,4,....
Relation (2) written in the form
2
hcos(n+1)0+ hcos(n—1)0 = 7 hcos6 hcosnb
yields the recurrence relation for the generalized Che-
byshev polynomials of the first kind

_2

h h
T (2) = 22T () - T, (2),

h (21)

1" =n, T =1,

which can be taken for the definition of T,\" (z).
Some examples of Tflh)(ac) obtained from (21) are:

2
T =n, T =2, TV = Z2% — h,

h
h 4 h 8 8
Té ) = ﬁxs — 3x, 4( ) = ﬁxzk — E:E2 + h, (22)
h 16 20
T5( ) = ﬁaé - ﬁx:; + 5z.

From (20), (21), and (22), one has formulas for the
standard Chebyshev polynomials of the first kind, if
h =1, and for the monic Chebyshev polynomials of
the first kind in the case h = 2.

As an example, let us write (generalized) Cheby-
shev polynomials of the first kind of the third hyper-
kind. For (k =1, h = 3), one has

T3 (x) = 3cos(nb), 3cosh =z, (23)
T = 2at® 1 T =3 T =0, ()
T =3, T =2, TV = ;ﬁ -3,

T = %x3 — 3z, T = ;7304 - 2962 +3, (25)
T5(3) = gaf:’ - %x?’ + dz.

As follows from (9), definition (20) of T (x) can
be also written as

_ hsin(n+1)0 hsin(n —1)0

T (@) 2 sind 2

» x = hcosf.

(26)

7

sin 0

4.2. Generalized Chebyshev
polynomials of the second kind

Comparing (5) and (15), we obtain firstly unified Che-
byshev polynomials of the second kind (for A = 1 and
h = 2). Second, these formulas are used to introduce
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the generalized ones by declaring the hyperkind A to
be any positive integer.

Thus, the generalized Chebyshev polynomials of
the second kind V,{" (x) are defined as

_ sin(n +1)0

- , x=hcosf,
sin 6

(27)

with h to be a positive integer. Relation (6) yields
definition (27) in terms of the recurrence relation

2 2
Vi = Zav® v v =1, i = 2o (28)

In view of (28), some first generalized Chebyshev
polynomials of the second kind are as follows:

2 4

h h h
VO():l’Vl():Ex7%():ﬁﬁ_l’
m_ 8 5 4 (hy 16 4, 12 ,
Vs —h3x—ﬁx,V4 =30 ~ 3¢ +1, (29)
2 2 .
v =325 3205 0y

By substituting » = 1 into (29), one has standard
Chebyshev polynomials of the second kind; if h = 2 —
monic ones.

From formula (9), one finds that Chebyshev poly-
nomials 7" () and V,gh)(:c) are connected by the
formula

27 () = h (V) = V")), 0 >0,

where Vfli) =0, Vfg) = —1 from (28).

For example, (generalized) Chebyshev polynomials
of the second kind of the third hyperkind, (k = 2,
h = 3), are:

(30)

i 1)0
V.83 () ; %, 3cosf =z, ) (31)
Vi = 2oV v VO =1, v = S (3
2 4
VO(S) _ 17 V(S) — §x7 ‘/'2(3) — §$2 _ 1’
(3)_23_% (3)_L6 4_22 1 33
Vit = gpt g Vit = gpet = g 41 (39)
3 = 32 5 32x3+2x.

T3t T

5. Vertical Generalization of Chebyshev
Polynomials: Expanding Kind k to Infinity

The next direction of a generalization of Chebyshev
polynomials is the vertical generalization. This means
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expanding the meaning of kind & to infinity. The main
idea for the vertical generalization is the method of
equidistant coefficients.

We now introduce the following notation for gen-
eralized Chebyshev polynomials: Tk (). They are
connected with the abovementioned polynomials in
such way: T,El’l)(w) = Tfll)(m), T2 () = 7 (x),
T3 (@) = T (2), TV (2) = Vit (@), T2 (2) =
= ‘/752)(33)7 Tr(L27h)(a:) =y (z). Now, we are going to
generalize standard (and monic) Chebyshev polyno-
mials by expanding the meaning of kind k.

5.1. Equidistant standard
Chebyshev polynomials

The polynomials introduced here can be also called
generalized Chebyshev polynomials of the first hy-
perkind or equidistant Chebyshev polynomials of the
first hyperkind.

As an example, let us introduce the standard Che-
byshev polynomials of the third kind Tr(bg’l)(w), ie.,
(k = = 3, h = 1). Comparing the introductions of
Ty(Ll’l)(x) by (3) and T,Ebz’l)(a:) by (7) (i.e., T,Ebl)(x) and
Vysl)(x)), one obtains, as a result of the natural gen-
eralization, the following definition:

- T(SJ) (1.)7

n—1

T3 (2) = 2T (a)

(34)
) =1, TV = 34,

Some examples of T,(Lg’l)(x) are:

TG 1, 7D 35 73D

T3 = 1228 — 52, T3 = 242 — 1622 + 1,  (35)

=622 —1,

T = 4845 — 4423 + Ta.
By using (4), (8), and (35), it is easy to verify that

T7(L371) _ TT(LQJ) _ T7§,271) _ TT(LLl)7
n=1,2,3,4,5,

which demonstrates the property of equidistancy of
the coeflicients.

By analogy, the definition of standard Chebyshev
polynomials of arbitrary kind Ték’l)(x) is:

T* V(@) = 22TV (2) = T (@),

n+1
Tl(k’l) = kx.

(36)
T+ =1

3
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Some first examples of T, ,(Lk’l)(x) are:

T =1, T = ka,
TN = 2ka? — 1,

T3(k’1) = 4ka3 — (k + 2)x,
T = 8kat — 4(k + 1)a? + 1,

T, = 16k2® — 4(3k + 2)a® + (k + 4)a.

(37)

The equidistancy of the coefficients in this case is ex-
pressed by the fact that the difference

E+1, k,
T7g +1.1) _ (k1)

n

is independent of k for any n (due to the linearity of
(k,1) .
Ty in k).
Putting £ =1 in (37), one has (4), k = 2 gives (8),
and k = 3 — (35).
Taking (10) and (5) in the form

T (g) = L3+ D Lsin(n —1)6
" 2 sin 0 2 sin 6
T () = 1 sm(7'z +1)0 sm(?? - 1)07 (38)
sin 6 sin 6

x = cosb,

and using the property of equidistant coefficiens, one
easily finds the formula for equidistant standard Che-
byshev polynomials of the third kind (of the first hy-
perkind):

3sin(n+1)0 1 sin(n—1)0
T(371) — — —
S Ry 2 sind (39)
T = cos b,
and of arbitrary kind of the first hyperkind:
ksin(n+1)0 (k—2)sin(n —1)0
T(k71) = —
(@) 2 sin 6 * 2 sinf  (40)
x = cos 0.

It is easy to verify, by using (6), that (39) and (40)
satisfy (34) and (36), correspondingly.

At last, we prove (40). Indeed, the general formula
has two equidistant coefficients a/*1) and A1) and
looks as

T () = k) SR+ DE

0 4 gD sin(n — 1)0.

sin @ sin 6

(41)

Introducing the difference of neighboring equidistant
coefficients
6§h) — qBHLR) _ o sh), 5éh)

B(k-i—l,h) _ B(k,h)7

492

which are idependent of k, we have

ok — a(1,1)+5§1)(k_1) _ a(1,1)+(a(2,1)_a(1,1)) %
1 1 k

gk — gD +5§1)(k— 1) = 6(1’1)+(ﬂ(2’1) _5(1,1)) %

x(kl);Jr( (;)>(k1)(k22>.

5.2. Equidistant monic
Chebyshev polynomials

They can be also called generalized Chebyshev poly-
nomials of the second hyperkind or equidistant Che-
byshev polynomials of the second hyperkind.

To introduce the monic Chebyshev polynomials of
the third kind T7(,,3’2)(x)7 where (k = 3, h = 2), one
must compare the introductions of T£1’2)(a:) by (13)
and T7(12’2)(a:) by (16):

3,2 3,2 3,2
T (0) = 2T (@) - T2 (@), @)
T8 =0, T = 2.
Below, we give some examples of 72 (x):
Té3»2) — O, T1(3’2) =z, T2(3’2) — .’L‘Q,
T3(3’2) =23 —z, T4(3’2) =gt — 222, (43)

(3:2) _ 45 _ 323 4 g,

Let us define monic Chebyshev polynomials of ar-
bitrary kind Tr(Lk’Z)(z):

k,2 k,2 k.2
T, (0) = o T (@) = T (@), m
T =3 —k, T = .
The first examples of T,*?) (x) are as follows:
T =3 —k, T =&,
T3 =22 + (k- 3), TS = 2 + (k — 4)a, (45)
75 = g4 4 (k — 5)a? — (k — 3),
T = 25 4 (k — 6)2® — (2k — T)a.
Comparing (18) and (15) in the form
in(n + 1)0 sin(n —1)6
T2 () - 1 sin(n 1
n (@) sin @ sin 6
T () = 1 sin(?tL +1)0 40 Sin(r.z —-1)0 (46)
sin 6 sin §

x = 2cosb,
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and using equidistant coefficiens, one obtains the for-
mula for equidistant monic Chebyshev polynomials of
arbitrary kind:

sin(n + 1)

0 b k—2) sin(n — 1)0

Ty(bkg) () = sin 6

x = 2cosf.

sin 0 ' (47)

5.3. Equidistant Chebyshev
polynomials of kind k of hyperkind h

Taking (26) and (27) in the form

_ hsin(n+1)0  hsin(n—1)¢

2 sind 2 sinf

Sin(T.L +1)0 40 Sin(T.L —-1)0
sin 6 sin 6

T (x)
(48)

TEM () =1

x = hcosf,

b

and using the property of equidistant coefficiens, one
easily finds the formula for equidistant standard Che-
byshev polynomials of arbitrary kind:

h) sin(n + 1)0

T (@) = (k= 1) = (k= 2)5

2 sin 0

(o0

Indeed, the general formula has two equidistant coef-
ficients a*") and B and looks as

sin(n — 1)0

sin 6 (49)

, x = hcosf.

in(n + 1)6 sin(n —1)0
TR () — ) S DOy sin(n — 1)6
(@) =a sin 6 +5 sin 0
(50)

where

a®h) = oh) g™ (g 1) =

= (I 4 (@1 _ (W) (1) = (k—1)— (k—2)g,
BN = gR) 4 60 (k — 1) =

B 4 (8CM — g0k 1) = (k—2).

From (21) and (49), we have

n+1
TFM (z) = (k= 1) = (k= 2)h = A,
TEM (z) = ((k - 1)% — (k—2))z = Bz,

k,h 2 k,h
T () = ol (@) = T (@),
(51)

which can be the definition of T,gk’h)(x).
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At last, from (51), we have some first examples of
T (2):

2
To(k’h) _ A Tl(k,h) — Bz, Tg(lc,h) _ EB:EQ — A,
(ki) _ 4 55 (2
(52)
) _ 8 pa (4 )2

16 8 12 4

From (49), we obtain

T = (k= TP = (k= 2T, (53)
and

TR () = ((k—1) — (k — 2)%)T7(L2,h) N

+ ((k - 2)2) T,(LQ;Z)7 x = hcosf. (54)

6. Chebyshev Polynomials
and Alexander Knot Invariants

The Alexander polynomials A(g) are defined by the
Alexander skein relation for knots and links [6], (see
notations in [13]):

A+(q) - A—(Q) = (q% - qié)AO(Q)v Aunknot =1.

(55)

The Alexander polynomial invariants for torus knots
T(n,l) are given by the formula [14, 15]

) (56)

where n and [ are coprime positive integers. For [ =
= 2, formula (56) gives the expression for torus knots
T(n,2):

K qF +q ¢
A§172) (q) = T 1 n = 2’m — 1, (57)
gz +q =2
where m are positive integers: m = 1,2, 3, .... Here,

(K) stands for a “knot” to be distinguished from a
“link” (L). Putting ¢ = €% in (57), we get

cos nb

Ag;)(q) = 2cos = q% + q_%. (58)
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It easy to see that relations (20) and (58) yield

T (x)

cosnb
= A" (),

1
2

= 2cos9:q%+q
T cos

(59)

for odd n. This formula says firstly that the Alexan-
der polynomials Agg)(q) are invariants (not depend-
ing on h) of all generalized Chebyshev polynomials of
the first kind. Second, it gives the recipe for obtaining
the corresponding Chebyshev polynomials (for odd n)
from the Alexander polynomials A;{?(q):
h
TN (@) =285 (@), w=3( +a72).  (60)
The corresponding formula for torus links L(n,2)
(in the case of even n) [13] are:

A(L)(q = q; _q_
qz +4q
It can be shown that, for odd n,

, n=2m. (61)

[N VR

L
_ 20 A
h(¢? —q77)
At last, we give some Alexander polynomials,

which can be calculated from (57) and (61) and can
be used for the direct verification of (60) and (62):

=q—1+q¢7",
L 3 1 _1 _
A@ = —¢d +q7 —q¢3,

h,v 1
TM (a) w5l e ) (62)

(63)

(S

7. Concluding Remarks

We have proposed a rather simple generalization of
Chebyshev polynomials, which follows immediately
from the attempt to unify standard and monic Che-
byshev polynomials of both kinds with the help of
one formula. Is is believed that these polynomials are
connected with some knot and link polynomial in-
variants. Some connections of them with Alexander
polynomial invariants are presented here. We believe
that a deeper investigation in this direction will bring
interesting results.

The present work was partially supported by the
National Academy of Sciences of Ukraine (project
No. 0117U000238).
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A.M. ITasarox

Y3ATAJIbHEHI EKBIJVCTAHTHI ITIOJIITHOMUI
YEBUIIIOBA I BY3JIOBI IHBAPIAHTHU AJIEKCAHIEPA

Peszmowme

BBogsitbest y3aranbHeni ekBigucranTHi nosgiHomu Yeburona
(k1) poay k i3 rineppony h, ne k,h — gomaTHi 1y Yucsa.
Bonu orpumMani muisixom y3arajbHEHHsI CTAHIAPTHUX IOJIIHO-
MiB YebuioBa 1epioro i Apyroro pojiB Ta MOHIYHUX IOJIIHO-
wmiB Yebumosa neprroro i apyroro pozis. Lle y3aranpHeHHsT BU-
KOHYETbCsI B JIBOX HAIPsSIMKaX. [ Opu3oHTaJIbHE y3arajbHEHHs
3IICHIOETHCS MIJISIXOM BBEJEHHSI IIOHATTS Tinteppoay h, i pos-
IPEHHs] MHOXKMHU MOro 3HA4YeHb JI0 HECKiHYeHHOCTi. Bepru-
KaJIbHe y3araJIbHEHHsI epeibadac PO3MINPEHHs] MHOYKUHH 3Ha-
qeHb poiay k 0 HECKIHYEHHOCTI METOJIOM €KBIIUCTAHTHUX KO-
edinienTiB. JocmiazkeHo nesiKi 3B’s3KU BBEJEHUX IOJIIHOMIB 3
BY3JIOBUMH iHBapianTaMu AJjiekcaHziepa.
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