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STOCHASTIC DIFFUSION OF ENERGETIC
IONS IN WENDELSTEIN-TYPE STELLARATORS

The collisionless stochastic diffusion of energetic ions in optimized stellarators of the Wen-
delstein type has been considered. The phenomenon concerned was predicted earlier in the
framework of a simplified theory describing the separatriz crossing by ions. The jumps of the
adiabatic invariant in magnetic configurations of a stellarator are calculated. The analysis of
the results obtained confirms the importance of the stochastic diffusion and demonstrates that
the diffusion coefficient can considerably exceed the available result.
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1. Introduction

In optimized stellarators of the Wendelstein type, the
prompt losses of energetic ions from superbanana or-
bits are prevented by modifying the magnetic config-
uration in order to achieve a high value of the ratio 8
between the plasma and magnetic field pressures. The
modification is carried out in such way that the con-
tours of the longitudinal adiabatic invariant of locally
trapped particles, J = § v)dl, should be closed inside
plasma [1,2]. Nevertheless, the magnetic drift trans-
forms some of those particles into locally passing ones
and vice versa, i.e. a class of transitioning particles is
formed. The orbits are transformed, when the parti-
cles cross the separatrix between the locally trapped
and locally passing states. The separatrix crossing is
accompanied by a random jump of J and a transi-
tion of a particle into another bounce-averaged or-
bit. As a result, there arises a collisionless ! stochastic
diffusion.

The coefficient of stochastic diffusion for a-particles
participating in thermonuclear reactions in a Helias
reactor, i.e. the Wendelstein-type stellarator, was cal-
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culated in work [3]. According to the conclusion of
the cited work, the collisionless stochastic diffusion
is an important mechanism giving rise to the loss of
energetic ions in optimized Wendelstein-type stellara-
tors. In particular, in the reactor concerned, this phe-
nomenon leads to a significant fraction of a-particles
that are lost to the wall before they transfer their
energy to the bulk plasma by means of Coulomb col-
lisions. This conclusion agrees with the results of nu-
merical simulation of particle orbits. However, in the
theoretical part of work [3], the cited authors used
an expression for the nonadiabatic jump of J ob-
tained in the case of a particle in a harmonic electro-
static potential that changes slowly with time [4-6].
The applicability of this expression to the behavior
of transitioning particles in magnetic configurations
of a stellarator has not been proved and discussed,
which became a main stimulus to consider the theory
of stochastic diffusion in optimized stellarators in this
work. Unlike what was done in work [3], the expres-
sion for J-jumps in the magnetic field of a stellara-
tor is derived here, by using the method of work [6]

1 This is a diffusion that takes place irrespective of the pres-
ence of Coulomb collisions between the particles.
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with regard for the asymmetry between locally pass-
ing particles with opposite signs of the velocity vy,
which is caused by the presence of a magnetic field.

The structure of the work is as follows. In Section 2,
a reduced Lagrangian for the motion of a guiding cen-
ter in the phase space is introduced. In Section 3, this
Lagrangian is applied to the magnetic configurations
in stellarators of the Wendelstein type. Transitions
between locally trapped and locally passing states are
considered, and an expression for the probability of
such transitions is derived in Section 4. In Section 5,
expressions obtained in Appendix for the nonadia-
batic change of J at the separatrix crossing are used
to derive an expression for the stochastic diffusion co-
efficient, which is compared with the expression pre-
sented in work [3]. The results obtained are briefly
discussed and summarized in Section 6.

2. Lagrangian of a Guiding Center

In the first-order approximation in the gyroradius,
the motion of the guiding center of a particle in a
magnetic field can be described by the following La-
grangian in the phase space [8]:

L :(ﬁA_MB)-X+M®—5 (1)
ge c B ’
where X are the guiding center coordinates; u, &,
m, and e are the magnetic moment, energy, mass,
and charge, respectively, of the particle; © is the gy-
rophase; A the vector potential; B the induction vec-
tor; B = |B| the magnetic field induction; and v is
the longitudinal velocity of the guiding center, which
is determined by the equation & = puB + mu)*/2.
Expression (1) is simple, but it is written in terms
of non-canonical coordinates, thus being inconvenient
for the application of standard methods of Hamilto-
nian mechanics. Therefore, in this and next sections,
we will follow Littlejohn [9] and apply a formalism
which is convenient for dealing with non-canonical co-
ordinates. This is the so-called formalism of a (2n+1)-
dimensional extended phase space (see, e.g., work [10,
chap. 9]). In this formalism, a mechanical system is
described by a differential 1-form ~, which operates
in an extended phase space. This form is called the
fundamental 1-form or the Poincaré-Cartan integral
invariant. The particle trajectories can be found by
varying the integral [, or, which is the same, by cal-
culating the vortex lines of v, which are the integral
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curves of the zero vector field Z of the external deriva-
tive dry that satisfies the equality dvy(Z) = 0. In the
canonical (p,q,t)-coordinates, v acquires the stan-
dard form v = p - dq — H(p, q,t)dt, where H is the
Hamiltonian of the system, and the zero vector field
Z satisfies the Hamilton equations. One of the ad-
vantages of this approach consists in that the coordi-
nates in the phase space can be non-canonical, and
the time, generally speaking, is not a distinguished
variable.

In our case, the extended phase space includes the
coordinates (X, u,0,&,t), and the fundamental 1-
form

€ myj
Yoo = Lyedt = (EA - ?B> dX + pd© — Edt (2)
does not depend on © and t. Therefore, the magnetic
moment and energy of the particle are integrals of
motion, and © is a cyclic variable. Since we are not
interested in the particle gyrophase, we can separate
the conjugate pair (¢, ©) and, instead of 4, consider
the 1-form
e mu

we=(A-F
which operates on the reduced phase space (X, &, 1),
regarding p to be a constant. (More formally, it is
easy to show [10, Chap. 9, Section 45B] that the pro-
jections of the lines of a vortex ~,. at a given constant
1 onto the hypersurface © = const are the vortex lines
of vgc-)

Now, in order to calculate the jumps of adiabatic
invariants, when crossing the separatrix, as well as
the corresponding shifts in the radial direction, we
have to know the shape of particle trajectories in
the space. Therefore, we reduce the phase space once
more by considering the time ¢ as a cyclic variable
and separating the “conjugate pair” (£,¢) in the same
way as the pair (u,©). The particle trajectories can
be obtained in the parametric form from the 1-form

B) -dX — &dt, (3)

v _ (€A Mg .
.= (CA-ZIB) dx, ()

which operates in a three-dimensional reduced phase
space consisting of only X, with £ and p being now
regarded as constants.

3. Magnetic Configuration

The Boozer coordinates (1,7, ¢), where © is a
toroidal magnetic flux, and ¢ and ¢ are the poloidal
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and toroidal, respectively, angular variables, will be
used below. In these coordinates, we have the rela-
tionship ¥ — t(¥)p = const at the magnetic force
line, where ¢+ = di,/dy is the rotation transform
and v, the poloidal magnetic flux. Furthermore, in
the same coordinates, A = yV9 —¢,Vy and B, ~
~ BR > (By, By). We will consider a magnetic con-
figuration that is typical of Wendelstein-type stellara-
tors, where the mirror and helical harmonics domi-
nate in B, and the number of stellarator periods N
is large (/N <« 1). For B, we take the expression

B
5= 1+€p—€t cos V46, cos No—ep, cos(No—13), (5)

where B is the average magnetic field induction at
the stellarator axis; €p, €,,, and €; are the amplitude
of the helical, mirror, and toroidal, respectively, har-
monics; and ¢y describes the modification of the vac-
uum magnetic configuration due to the finite plasma
pressure. Those amplitudes, as well as €, are o(1)-
functions of 1. Then, Eq. (4) can be reduced to

e e
Voo = ~(Wdd = pdp) —muy Rdyp = —¢dd —p,dp, (6)

where p, = (e/c)ip+mu) R. Formally, 1-form (6) de-
scribes a one-dimensional Hamiltonian system with a
time-dependent Hamiltonian, in which the variables
9, ¢, and v play the role of time, coordinate, and en-
ergy, respectively; and p, is a canonical momentum
conjugate to . Since N > 1, the dependence of ¢ on
¥ can be considered as a perturbation. From the phys-
ical viewpoint, we consider the motion of particles in
local magnetic wells associated with the mirror and
helical B-harmonics. The period of those harmonics
is of an order of 2w/N, whereas the period of the
toroidal harmonic equals 27 /¢. For convenience, we
combine the mirror and helical B-harmonics:

B
E:1+egfetcosﬂJrehmcosN((pfx), (7)

where €5, and x are functions of ¥ and ¢/. Then, for
Dy, We obtain

e
Pe = _Ewp$mwBﬁlR\/6hm (”2 — cos? N(‘P -Xx)/2),
(8)

where wp = eB/(mc), p; is the Larmor radius of the
particle at the magnetic axis, R the major plasma
radius,

o  a— (e —€rcost — €pm)

= 9
" 2€hm ’ ( )
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Fig. 1. Phase portrait of a “shifted” nonlinear pendulum [see
Eq. (6)]. The (+) and (—) locally passing states occupy the
phase space regions located above the upper separatrix branch
and under the lower one, respectively. The phase space regions
that are included into S and S_ are indicated by slanted
hatching. The S; and S_ regions have opposite signs, be-
cause the contours at their boundaries are traced in opposite
directions

and o = &/ (uB) — 1 is the pitch angle parame-
ter. After the above simplifications, the system de-
scribed by Eq. (6) turns out similar to a nonlinear
pendulum. In particular, the trajectories of locally
trapped particles correspond to the pendulum libra-
tion, and the trajectory of locally passing particles to
the pendulum rotation.

The phase portrait of this system (see Fig. 1) is
the phase portrait of a nonlinear pendulum shifted
by £4,/N. The action variable of this system is the
standard adiabatic invariant Jj. For locally trapped
particles, k2 < 1, and we have one branch

1

Iy = 27 %pwd@ = Isf(’i)a (10)
T

where
4

I, = mmwBﬁlR\/ehmy

f(r) = BE(k) = (1 = K*)K (),

and K and E are the complete elliptic integrals
of the first and second kinds, respectively. For lo-
cally passing particles, integration is carried out over
the whole period 27/N, and the adiabatic invariant
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Fig. 2. J| = const contours for locally trapped (dotted curves)
and locally passing (dashed curves) particles with o = 0.2. The
solid curve corresponds to the separatrix x2 = 1

has two branches

ety

N (11)

where f(k) is the same function as in Eq. (10), but
continued into the region xk? > 1, where, using a stan-
dard transformation, it can be rewritten in the form
f(k) = kE(k™1). Expressions (10) and (11) coincide
with the results of work [3]. The bounce-averaged tra-
jectories of particles correspond to I; = const con-
tours in the (t,9)-plane (Fig. 2). The subscript i
equals “+” or “~”, corresponding to the sign of v
for locally passing particles and to the sign of t for
locally trapped particles.

The contour x2 = 1 in the (1, 9)-plane is a sep-
aratrix between locally passing and locally trapped
particles with a given pitch angle. The stochastic dif-
fusion is a result of the accumulation of I;-jumps tak-
ing place when the bounce-averaged trajectory of a
particle crosses the separatrix, where the adiabatic-
ity of I; breaks down.

1
Ii =F + §Isf(l</)a

4. Transitions

For the magnetic configurations of Wendelstein-7X,
there are two transition points in the whole interval of
the values for the pitch-angle parameter «, for which
transitional orbits are available; the transition points
are located symmetrically with respect to the plane
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¥ = 02. The types and probabilities of the transitions
taking place in the system are determined by the rel-
ative changes of the phase volume occupied by each
state.

The phase space occupied by locally trapped par-
ticles is an area circumscribed by the separatrix:

Se(9)
om

Hereafter, except if otherwise indicated, all the quan-
tities and derivatives are calculated at x? = 1. The
phase volumes occupied by locally passing states are
unlimited, because the quantity |v| can acquire ar-
bitrarily large values. However, we are not interested
in the absolute values of those phase volumes, but in
their changes induced by a shift of the separatrix with
the “time” ¥. Following work [6], we use the notation
S+ for the areas between the corresponding separa-
trix branch and the axis ¢, so that S; = S +.5. Then
St(9) eYp 1

2xW) _ _ % oy
o et =F 3y 3

The phase volume changes are given by the expres-

9S; K> (a,f?)l B

= It‘m2:1 == [S'

_dS _ 95 05 0k”
TTA0 T 90 9y 99

oN—1
= <88Izb> {"{2752'}7

where the notation

oY

oY 09 0V oY

is used. Note that the phase volume occupied by the
corresponding state decreases when ©4 > 0. For lo-
cally trapped particles,

O,  (0r*\
D (w) I L) =
I

o2\ I, 9 9 0
= — = — qi '19
(50) a0t = 50
where 7 is the dimensionless pseudoradial coordinate

determined from the equation ¢ = Ba?r?/2, a is the
minor plasma radius, and

8 = enem (€ — €, cos) — € (e%m)/ﬂ,

2 This statement is incorrect in the case where €}, > €} and,
simultaneously, 66 < €. But this situation is not realized for
any of the configurations given in work [11].
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81 = € + €pyy — €1 COSY,

where the primes mean the derivatives with respect
to r. For locally passing particles,

@ii (9/62 -t 2 61/1p 1 2 o
=) (rrim)egtenn) -
16y e dy

T 221 ¢cN &Y

k2=1

For convenience, let us introduce the pseudoprob-
ability of the transition

20,
0, -0_

2 pR )

T a2 \f€nm (€n€m + €t€nm)

P:

Our numerical estimates show that, for the thermonu-
clear a-particles in a Helias reactor, the parameter P
is positive and less than 0.1 over the whole plasma vol-
ume. This quantity is even less for the energetic ions
of a neutral injection in Wendelstein-7X. Accordingly,
the changes in the phase volume of locally passing
particles always have opposite signs, being close by
the absolute value:

&_ (@+—®_)/2+@t/2__1—P_
0. (. -6,)/2+6,/2 1+P

o),

whereas the phase flux of locally trapped particles is
O(P).

The signs in Eq. (11) are so determined that © 4 >
> 0 at the upper transition point (0 < ¥ < 7). At
this point, the phase volume occupied by (+) locally
passing particles decreases, and the volume occu-
pied by (—) locally trapped particles increases. The-
refore, the (4) locally passing particles transform
into the locally trapped ones with the probability
P = ©,/0, = P/(1 — P/2) ~ P. This result co-
incides with formula (25) in work [3]|, although it
was obtained in a different way. The other (+) lo-
cally passing particles change the drift direction and
transform into (—) locally passing ones. At the lower
transition point, the signs of ©;’s change to the op-
posite ones. Then the phase volume occupied by lo-
cally trapped particles decreases, and, accordingly,
they “escape” from the local magnetic wells with a
probability of 1 and become locally passing ones. At
the same time, the (—) locally passing particles be-
come (+) locally passing ones and drift backward to
the upper transition point.
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5. Diffusion Coefficient

In order to derive expressions for the adiabatic-
invariant jumps near the transition points, the theory
of separatrix crossing developed by Neishtadt [6] will
be used. Since the phase portrait of a non-linear pen-
dulum differs from that of the system considered in
work [6], the expressions obtained there cannot be ap-
plied directly. A somewhat cumbersome calculation
of the jump carried out in the framework of [6] (see
Appendix) brings us to the following expression for
the jump of the adiabatic invariant I; at the transi-
tion between the locally trapped and locally passing
states:

©
2m0T 4y = - (VO — BjO )¢+

0.
s TOTEF EINE - 0) )
@2m)2|e—1+ 3

where a and b are coefficients determined from the
expansion of I; near the separatrix, and 0 < £ < 1
is a transition parameter that corresponds to the ex-
act particle coordinate at the moment, when the sep-
aratrix is crossed. The terms independent of £ are
omitted, because they do not contribute to the dif-
fusion coefficient. For the next separatrix crossings,
the parameter £ can be regarded as a uniformly dis-
tributed random variable, so that the adiabatic in-
variant will undergo a stochastic fluctuation with the
mean square step ((2m(6J4 ¢ — (0J11)))?), where
the angle brackets denote the averaging over &.
Note that, in a special case where

@+ = @7 = ®t/2a b+ = b77 (14)

expression (13) is reduced to a®;lnsin&, and the
mean-square step of the adiabatic invariant equals

(2r(0T 41 — (04 1))2) = (a©)2r2/12.

This case corresponds to the problem of a particle
in a harmonic electric potential that slowly changes
in time [4-6]. However, conditions (14) mean that,
depending on the O-sign, the “passing” particles be-
come trapped by the potential, and the trapped par-
ticles transform into passing ones, with a probability
equal to 1, and there are no transitions between lo-
cally passing states. In our case, on the contrary, the
probability of the transformation at the upper tran-
sition point P < 1. At the same time, at the lower
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transition point, the phase flux of locally trapped par-
ticles that transform into locally passing ones com-
prises a small (~P) fraction of the flux of locally pass-
ing particles that change the drift direction to the
opposite one. Furthermore, conditions (14) demand
that there should be a symmetry between the locally
passing states, which is absent in our case due to the
presence of the term —£v, in Eq. (8)3.

In the case concerned, we have P < 1, and the
mean-square step is given by Eq. (31). Neglecting the
small correlation term and making the approximation
©,/6, ~ P in the leading-order in P, we obtain

(2m(8T 4t — (0J454)))2) = Ma(aB¢)? +

1 2
41 (faGt P+ P, 0, - b;@+)) : (16)

12
where My =~ 0.77 is a constant obtained, when calcu-
lating the integrals with I'-functions.

Now, we have to know expressions for the coeffi-
cients a and b}. Following the method of work [6], we
expand the adiabatic invariants in a series in the “en
ergy distance” from the separatrix, h = ¥ — 1, at
a fixed “time” . Here, 1), is the separatrix position
determined from the equation k2(3,,19) = 1. Near
k2 =1, the function f can be estimated as

Fk)=1— Z <1 +1n |186|> +0(s%Ins|),

where the parameter

82
s-l—nQN—Lh

o

is positive for locally trapped particles and negative
for locally passing ones. Then, for I, we obtain

- E% e 1 18[
Or? 1 Ok?

Y pln | — 2

90 M 16 a0 )

3 Physically, this asymmetry means that, at the upper transi-
tion point, the trajectory section of a locally trapped particle
that is close to the separatrix (—) branch is “longer” in the ¥
direction in comparison with the trajectory section close to
the (+) branch. At the lower transition point, the relation-
ship is reversed.
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and the coeflicients in Eq. (21) are given by the ex-
pressions

a+ a 1. Ok?

P i T

b4 L 10I, 1_ 0k? 1 Ok?
—=F—+=-——=I,—1In|—=—|.
o N 20y 8 9y |16 oy

Since Iy = I + I_, it follows for locally trapped par-
ticles that by = b4 + b_ and a; = 2a. Introducing the
notation b, = b; — a; In |©;|, keeping only the leading-
order terms in P, and performing some transforma-
tions, we obtain

bﬁr@t —b,0, = b;@_ - 0, =
v = OI, I,0kK? P

=2 —p- = 1 2L
7r®+<N 3w+461/)n {H,N}>

Additionally, we have to find a relation between
the adiabatic invariant change and the radial shift of
the point, where the drift trajectory of the particle
crosses the separatrix:

Othysy = T 0S4, (17)
1 |g2=1

where

dol o _dv| (ALY 0k (0kP\T 2

l;| ., 9| ., \dv) ~ o0 \ow) o,

By combining the formulas obtained above, we ar-
rive at the expression for the mean-square radial shift
of the particle at the transition between the locally
passing and locally trapped states:

(64t — (091 1))?) = <7Tf %:;)2 (Mz - ?22)7
(18)

2 '(/}p + 8i L 87’# -
8 "N I, 09 \ 09
The coefficient of stochastic diffusion, which arises

as a result of the jumps of adiabatic invariants at
those transitions, can be evaluated by the expression

where

Q= 1nP+21n

D- (d> (st — (0)?) 2. (19)

dip
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where 7 is the average time between the particle
transformations at the upper transition point. The
multiplier 2P takes into account that, every time
when the particle transforms into a locally trapped
one with the probability P, two transitions take place
between locally passing and locally trapped states.
Using an estimate for 7 from work [3], we obtain

2 -1 2
oo (2) (- 2) 0
where )
D(O) _ 7T3R2QJB/7?6 671*62 1)
3N2a4r3 "\ 9w €h€m + Epmer + 0/01

is the coeflicient of stochastic diffusion, which is given
in work [3, formula(36)]. The corresponding expres-
sion can be obtained by substituting Eq. (15) rather
than Eq. (16) into Eq. (17).

Expression (20) obtained for the stochastic diffu-
sion coefficient makes allowance only for the contri-
butions of transitions between locally trapped and
locally passing states. It neglects a possible contribu-
tion to the stochastic diffusion from the transforma-
tion of particles between two locally passing states,
i.e. from the change of the drift direction of locally
passing particles to the opposite one. The latter con-
tribution is given by the expression

dr\ 2
Di= () (00— ) 2
where the mean-square step of the adiabatic invariant
is given by Eq. (28). This contribution is not taken
into consideration, because it is unclear whether the
transition parameter can be regarded as a uniformly
distributed random variable at every next transi-
tion. Furthermore, D4 has the same order of mag-
nitude as D) has; therefore, it can hardly affect any
conclusions concerning the influence of the stochastic
diffusion in our case.

In order to compare D and D let us calcu-
late the numerical values of both coefficients for the
same magnetic configuration and particle parame-
ters as in work [3]. Namely, these are thermonuclear
a-particles in a Helias reactor with (8) = 4.7%,
B = 4.75T, and a/p; = 30. The results of calcula-
tions are depicted in Figs. 3 and 4. The general be-
havior of the D-dependences on r and « remains the
same, but the values calculated in accordance with
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Fig. 3. Dependences of the diffusion coefficients D (bold
curves) and D(©) (thin curves) on the pitch-angle parameter
a = E&/uB — 1 for various r/a-ratios
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Fig. 4. Dependences of the diffusion coefficients D (bold
curve) and D) (thin curve) on the radius at o = (oumin +
+ amax)/2. The dashed curve is the dependence of the aver-
age a on the radius

formula (20) exceed the previous estimates by several
times, especially near a4z, i-e. for weakly transition-
ing particles.

The expression for D gives qualitatively cor-
rect results, because the jumps of the adiabatic in-
variant are the product of the phase flux of parti-
cles across the separatrix and a dimensionless mul-
tiplier that involves both the intervals, in which the
transition parameters are distributed, and the phase
space structure near the separatrix (in particular, the
number and the order of the particle trajectory ap-
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proaches to the hyperbolic points). The phase fluxes
between the states depend on neither the transition
parameters for separate particles nor the phase space
structure near the separatrix, being determined di-
rectly from the expressions for adiabatic invariants
(12). The probabilities of transitions also depend only
on those fluxes. Therefore, our expression obtained
for the probability of the transition coincides with
that calculated in work [3].

6. Conclusions

To summarize, an expression has been derived for
the coeflicient of stochastic diffusion of transitioning
particles in stellarators of the Wendelstein type. The
formula is based on the expression for the jumps of
the adiabatic invariant in the magnetic field of a stel-
larator and considers the asymmetry between locally
passing particles with opposite signs of v created
by the magnetic field. It is shown that the conclu-
sions of work [3] remain qualitatively correct, despite
that the expression was used for the particle adia-
batic invariant jumps in a harmonic electric potential
slowly varying in time [4-6]. Nevertheless, the diffu-
sion coeflicient calculated according to the new for-
mula turns out several times higher than the previous
estimates. The discrepancy is especially noticeable for
weakly transitioning particles.

The author is grateful to Ya.l. Kolesnichenko
and V.S. Marchenko for wvaluable discussions and
comments.

APPENDIX. Separatrix crossing
in the case of “shifted” nonlinear pendulum

In this Appendix, using the method described in work [6], ex-
pressions are derived for the change of adiabatic invariants at a
slow crossing of the separatrix in a Hamiltonian system, whose
phase portrait is depicted in Fig. 1 and whose Hamiltonian
H(p,q,¢et) slowly depends on the time. For convenience, the
Hamiltonian H(p, g,et) is assumed to be zero at the separa-
trix and negative in the “trapped” region, as it takes place for
an ordinary nonlinear pendulum. Similarly to the main text,
the phase volumes of the states are denoted as S;, and the
corresponding phase fluxes as ©; = S;.

We assume that ©10_ < 0 and, without loss of generality,
put ©4 > 0. Then the following transitions among three states
take place:

S () (@),
@t<“'{<t>a (-) (),
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()= (=) (9,
()= @) (@
The difference between transitions (a) and (c) consists in that
all (+) passing trajectories transform into (—) passing ones in
case (a), and some (+) passing trajectories become trapped
ones in case (c).

Let us determine the coefficients a;, b;, and S; in the expan-
sion of the adiabatic invariants I; near the separatrix:

®t>01{

orl; = fpdq = S; —a;hIn |h| + (b; +a;)h+ O(R% 1n|h]), (21)

where h is the energy of the system at the trajectory. Accord-
ingly,
oOH aI;

——dt = —2r—
ot ot

= —0; + O(hln|hl). (22)
H=h

The period of the particle motion along a trajectory near the
separatrix is given by the expression

T, =27 (Bh
ol

i

—1
) =b; —a;In|h| + O(hln |hl).

If H # 0, the adiabatic invariants are not constant, and their
deviations from the average value over the period are of the
O(e)-th order. Neishtadt [6] uses smoothed adiabatic invariants
Ji = I; + u;, where

T; 5

1 T;

U; = — (72 — ) 7Hdt,
27 2 ot

which deviate from the average value over the period by an or-
der of O(e?). The behavior of the corrections u; near the sep-
aratrix depends on how many times the trajectory approaches
the hyperbolic points during the period. In our case, as well
as in the case considered in work [6], the “passing” trajecto-
ries approach a single hyperbolic point one time per period,
and 27uy = d+ + O(VhIn|h|), where di are constants. At
the same time, for “trapped” trajectories, which approach the
single hyperbolic point twice per period,

2nur = (T4 O_ —T_04)/2+dt + O(VhIn|h|),

where d; = d+ + d—. Below, the evaluations of rejected terms,
which are analogous to those made in work [6], are omitted.
At first, let us consider transition (a). As long as the system
is far from the separatrix, I+ = 1o and J4+ = Jioo remain
almost unchanged. We can determine the time of the pseu-
docrossing 7« [7] as a root of the equation Sy (7«) = 27 J4 0.
This is the time that would be required for the trajectory to
cross the separatrix, if the adiabatic invariant remained un-
changed until the very intersection. We can also determine the
pseudofinal value of J_ after the transition: 27J_, = S_ (7).
From Eq. (22), one can see that, after every period, the
system energy decreases by ©4, i.e. hy, = ho + nO4, where
the sequential points of the maximum trajectory approach to
the hyperbolic point are enumerated from the last approach
before the crossing. The corresponding time moments of the
maximum approaches are connected by the equality

1
Tiin—1 = Tyjn + 5 (T4 (hn) + Ty (hn-1)),
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because every interval between the sequential approaches con-
sists of a slow movement away from the hyperbolic point, when
the system energy is close to hy,, and a slow movement toward
it, when the system energy is close to h,—1. The time required
for the trajectory to pass past the hyperbolic point at an al-
most constant energy value A dominates in the motion period
Ti(h). According to the definition of the maximum approach
before the separatrix crossing, this energy 0 < hg < ©4.

Let us define the dimensionless transition parameter {4 =
= ho/©4. When the trajectory crosses the separatrix and en-
ters the (—) region, it is close at first to the separatrix
branch that separates the (+) and (¢) regions. Afterward, it ap-
proaches the hyperbolic point and moves away from it along the
separatrix branch that separates the (¢) and (—) regions. Ac-
cordingly, the system energy near the hyperbolic point is equal
to g« = ho — ©4 at the moment, when the trajectory ap-
proaches it from the (¢) region, and to go = g« —©_ = hg— Oy,
if it approaches the hyperbolic point from the (—) region. The
value of go is positive (as it should be in the (—) “passing”
state), because ©; < 0. The transition parameter in the (—)
region, £_ = —go/O_, is related to £+ by the obvious relation
O1(1-¢1)=-6-(1-¢-).

Note that, although 0 < {4+ < 1, an analogous inequality
for £_ is, generally speaking, is invalid: some fraction of the
phase flux into the (—) region is composed of trajectories that
transit into this region from a “trapped” state. By adding the
contributions to the time that is required for the trajectory
to get from hg to go and recalling that, in the (¢) state, the
trajectory approaches the hyperbolic point twice per period,
we obtain

1 1 1
T_lo =T4jo + 5T+(h0) + iTt(g*) +5T- (90)-

Between the next moments of the maximum approach to the
hyperbolic point by the trajectory that now moves away from
the separatrix, the system energy increases by ©_ per period,
i.e. gn = go —nO_. Similar considerations show that the times
of the sequential moments of the maximum approach to the
hyperbolic point in the (—) region are connected by the relation

T_|n = T—|n—1 T % (T—(gn—1) +T-(gn))-

By substituting the approximate expressions for T; and I; near
the separatrix and transfroming the recurrent relations into
sums, it is easy to obtain

TH0 & T +1(by —ayIn©4) —

1 T
_,a+1n£++n —mJnM
2 &t '(é+)

and, according to Eq. (21),

21(J10 — J4n) R Oy (Tyj0 — Tojn) — (a4 + by )nO4 —
—a4(holnho — hpInhy).

Let us consider a moment, when the trajectory is rather far
from the separatrix, i.e. n > 1. Applying the Stirling formula

Mo 00) /22 )
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to I'-functions, whose argument contains n, and passing to
the limit n — oo, 4 we obtain the following expression for the
change of J4 when approaching the separatrix:

27 (J40 — J4oo) =

V2
~—apO4 [fynégy — & +In———— (23)

VET(ED |

The approach to the separatrix and the movement away from
it are symmetric in the case of (+) — (—) transition. The-
refore, Eq. (23), in which the subscripts + are substituted by
the subscripts —, is valid for J_. Hence, the value of J_ at a
later time moment, when the trajectory is rather far from the
separatrix, satisfies the equality

2m(J 0o — J—0) =

E-Iné_ —¢_ +1n o vem (24)

VET(E)

Now, we should match the processes of approaching the sep-
aratrix and moving away from it. We do not know the exact
transition time 74 9. However, we can calculate the difference
T_jo — T4|o and express T_|g in terms of the final value for J_,
which this parameter acquires after the trajectory has moved
sufficiently far from the separatrix. Using the pseudocrossing
time 74 as the known reference point, which is independent of
&i, we exclude 749 from the approximate equations

~—a_0O_

S+(T+|O) ~ S () + ®+(T+|O — %),
S*(T—|O) ~ S*(T*) + 97(7'_‘0 — T*)

and obtain

S_(1_10) = S—(1) B O_(T_jg — Tyj0) +

8 (S+(rp0) = S(r)). (29)
+

The expressions for the phase volumes S;(7;)9) can be obtained
from J;0 and from the expansions of I; and u; near the sepa-
ratrix. In their turn, J;o and J;~, are related to each other by
Egs. (23) and (24), which ultimately match the states of the
system before the approach to the separatrix and after mov-
ing away from it. By combining those considerations with the
definition of J_., we arrive at the expression

2164 =2m(J—oo — J—x) = 27(J—0o — J—0) +
+@rd—0 = S—(7_j0)) + ©O—(T_j0 — T1j0) —
o_ o_
— = (2nJ10 = 84 (7410)) + Z—2m(J1+0 = Jioo)- (26)
(S (S
It connects the non-adiabatic change of J_ with the value of
J4. Furthermore, with the corresponding substitution of sub-

scripts, it is applicable to any transition between the states
concerned.

4 Actually, the approach to the separatrix does not take infi-
nite time, but the error of the Stirling approximation is less
than 5% already at z = 2.
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For the non-linear pendulum, we have a4 = a— = a and
at = 2a. By substituting Eqgs. (23), (24), and (25), as well as
the expansion series for J;, into Eq. (26) and performing a
number of simplifications, we obtain

2m(1—&4)
2m0Jy 5 = —aO_In ——————+ +

L(E-)T(&+)
+(1 - §+)bf+ © _} + &-independent terms, (27)
where b, = b; — a;In|©;], and the notation T Y §) = TiYj —

— x;%; is used for compactness. The terms that do not contain
&; are not indicated, because they are irrelevant when calcu-
lating the mean-square deviation °.

Transition (c) can be considered as a time-inversed version
of transition (a), for which 0 < £_ < 1. By introducing P, as
was done in the main text and putting P < 1, we obtain

InL(¢-) =InT(64) — P(1 - &) Inés + o P).
From Eq. (27), keeping the leading-order terms in P, we obtain

2 (1 —
96Ty = —a0_ In L&) L

I(¢4)?
+(1- ﬁ_,_)bf+ © _; + {1 -independent terms.

At sequential transitions across the separatrix, the transition
parameters can be considered as uniformly distributed random
quantities. The average changes of the adiabatic invariant at
transitions (a) and (c) have the opposite signs and mutually
compensate each other. However, J+, as well as I+, undergoes
a random fluctuation with the mean-square step

<(27r(6J+ﬁ, - <5J+ﬁ7>))2> =

1
= Mi(a©-)* + M3a® b, © | + (b, © ), (28)

where

1
11—z
= deln —— = —1 — In 2m.
Y2 /mnl_‘(x)2 n2m
0

Now, let us consider transition (d) and the movement away
from the separatrix in the (¢) region. Similarly to what was
considered above, the system energy at the sequential moments
of the maximum approach to the hyperbolic point equal f,, =
= fo—nO4, and the corresponding time moments are connected
by the equality

1 1 1
Ttln+1 = Tejn + ZTt(fn) + §Tt(fn —04)+ ZTt(fn-‘rl):

5 Equation (27) corresponds to Eq. (9) in work [6].
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because the slow sections of the n-th trajectory loop correspond
to the movement away from the hyperbolic point at the energy
fn, the passage past the hyperbolic point at the energy f, —©+
(at the trajectory middlepoint that is close to the separatrix
branch between the (t) and (4) regions, the energy of the sys-
tem decreases by ©4), and the approach to it at the energy
frn+1. The energy at the moment of the first maximum ap-
proach in the (t) region equals fo = g« —©_ = ho — ©¢. Howe-
ver, the trajectory coming from the (4) region can be trapped,
only if its energy at the last maximum approach in the (+)
region was sufficiently small, i.e. if hg < ©O:; otherwise, the
trajectory will transit to the (—) region. Since hg = £+ O,
the transition parameter £ = — fo/©; is related to the param-
eter of the trajectory transition into the (+) region by means of
the equality ©¢(1—&;) = ©4+&4+, and the transition takes place
provided that the condition 0 < £ < ©¢/© is satisfied. The
time required for the trajectory to cross the separatrix equals

1 1 1
Ttjo = T4jo + §T+(h0) + ETt(g*) + ZTt(f0)7

because the trajectory moves away from the hyperbolic point
in the (4) region at the energy ho, passes past it in the (¢)
region at the energy g, and, if this energy is insufficient for
the trajectory to reach the (—) region, the latter approaches
the hyperbolic point again at the energy fo. Analogously to
the previously considered case, we obtain ¢

o
1. TE)T (& + 5

27T(Jt0 — Jtoo) - atG)t |:§ IHM

s

- (e - =52 mieal| (29)

By combining Egs. (23), (29), and (26), and making the
corresponding subscript substitutions, we obtain
(S]
L(E)T (& + 5o)0(E+)
3
@m? e -1+ 3

+&—

27T5J+_>t = a@)t In

©
n eii 14 © &t + &i-independent terms. (30)

Again, putting P < 1, we find that the transition parame-
ter after crossing the separatrix {4 = O(ﬁ)7 and we may ex-
pand I'(€4) in a series I'(§4) = E;l -+ O(1). Furthermore, since
©, /6 = O(P~1), the following expansion is valid:

InD(E + 6.4 /0r) =

=1In F(®+/@t) =+ £t 11’1(@+/@t) =+ O(P)

Then, from Eq. (30), keeping the leading-order terms in ]5, we
arrive at

I'(&t) Oy
2méJ. =aO; (1 In —
e at(n1—§t+§tn9t N
+&b' O &t + &;-independent terms

CH e P '

6 This equation corresponds to Eq. (4) in work [6].
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In this case, the mean-square step equals

(27 (84—t — (6T4—2)))?) =

S} (C]
— 2 + t
= M>2(a®©¢)® + M1aO; (a@t ln@—t + e, {+®t]) +
1 S O 2
+1—(a9tln®—+—[+®]), (31)

where

/lda:( l_m) —71)( —%) ~ 0.001,
0

and

1
:/d:):ln
0
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Translated from Ukrainian by O.I. Voitenko

A.B. Tuxut

CTOXACTUYHA JTUOY3Il EHEPTTMTHUX
MOHIB ¥V CTEJIAPATOPAX TUITY WENDELSTEIN

Peszmowme

PosrisiHyTo 6Ge33ITKHEHHEBY CTOXaCTHUUIHY audy3io eHepriii-
HUX OHIB B onTumizoBaHux crejiaparopax tuity Wendelstein,
iCHyBaHHS $IKOI B ITUX IIPUCTPOsIX OyJIO IepegbadeHo paHiiie 3a
JOIIOMOTOIO CIIPOIIIEHOI Teopil Iepexo/ly ioHiB yepe3 cenmaparpu-
cy. Obuunciieno cTpubku agiadbaTUvHOro iHBapiaHTa y crejiapa-
TOPHUX MarHITHUX KOH®Irypalisx. AHaJi3 OTpUMaHUX BUpa-
3iB miaATBEpAKYE BarkauBicTh croxacTuuHol qudy3il Ta gemon-
cTpye, 1o koedinieHT nudysii MOoXKe 3HAYHO IEPEBUIILYBATH
Biomi OIiHKH.
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