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NEW POSSIBILITIES PROVIDED
BY THE ANALYSIS OF THE MOLECULAR VELOCITY
AUTOCORRELATION FUNCTION IN LIQUIDS

Long-time tails of the molecular velocity autocorrelation function (VACF) in liquid argon at
temperatures higher and lower than the spinodal temperature have been analyzed. By consider-
ing the time dependence of the VACF, the self-diffusion and shear viscosity coefficients, and the
Maxwell relaxation time are determined, as well as their changes when crossing the spinodal. It
is shown that the characteristic changes in the temperature dependences of the indicated kinetic
coefficients allow the spinodal position to be determined with a high accuracy. A possibility to
apply the proposed method to other low-molecular liquids is considered. As an example, nitro-
gen and oxygen are used, for which the averaged potential of intermolecular interaction has
the Lennard-Jones form.
K e yw o r d s: self-diffusion coefficient, kinematic shear viscosity coefficient, Maxwell relax-
ation time, argon spinodal, averaged potential of molecular interaction.

1. Introduction

The velocity autocorrelation function (VACF) of
molecules is a well-known research subject in molec-
ular physics. Already as in works [1, 2], it was shown
that the VACF behavior differs essentially from the
exponential one typical of Markov processes. Of spe-
cial interest was the discovery of universal long-time
tails of VACF [1]. The physical nature of these tails
was described in many works [3–14]. The special at-
tention should be paid to work [12], where I.Z. Fisher
introduced the concept of collective motion molecules
in liquid and fulfilled the first estimation of the col-
lective component 𝐷𝑐 of the self-diffusion coefficient
𝐷𝑠. Unfortunately, this approach obtained no further
development because of the lack of reliable informa-
tion in the literature at that time on the magnitude
of the Maxwell relaxation time (MRT) 𝜏M for viscous
stresses.

A basis for overcoming this difficulty was formed in
work [12]. In that work, an asymptotic long-time ex-
pression for the molecular VACF was obtained, which
included the MRT as a parameter. However, at the
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time when work [12] was published, the computa-
tional capabilities were very limited and insufficient
to reproduce the behavior of the VACF of a molecule
in liquid during the required time intervals and in
a wide temperature range. Therefore, the results ob-
tained in work [12] attracted no proper attention.

Below, we will demonstrate that, by applying the
Lagrange theory of thermal hydrodynamic fluctua-
tions [12, 15–17] to analyze the behavior of VACF at
large times, the values of both the kinematic shear
viscosity coefficient and the MRT can be obtained.
Following this way, besides the determination of the
ordinary self-diffusion coefficient, the determination
of its collective component 𝐷𝑐 became possible.

The method developed in this work makes it possi-
ble to calculate all main kinetic coefficients for argon-
like liquids [18, 19], in which the averaged poten-
tials of molecular interaction have the Lennard-Jones
form, by studying only the long-time asymptotics of
the molecular VACF. The corresponding kinetic coef-
ficients can be obtained by comparing the theoretical
asymptotic expressions with the results of computer
simulations. In such a way, the excessive calculations
using the exact Kubo formulas [20] or some approxi-
mate methods can be avoided.
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In this work, the following kinetic coefficients are
determined: 1) the self-diffusion coefficient and its
collective component, 2) the kinematic shear viscos-
ity 𝜈, and 3) the Maxwell relaxation time 𝜏M. The
values of all indicated quantitieswere found by an-
alyzing the long-time tails of the molecular VACF
obtained for a number of isochores in a wide tem-
perature range. As a result, it became possible to
study the behavior of the indicated kinetic coefficients
near the spinodal of argon. Proceeding from the ob-
tained temperature dependences at isochores, a new
method of determination of the spinodal position is
proposed.

It should be emphasized that the results obtained
are applicable both to argon and other low-molecular
liquids with a nonspherical molecular symmetry.
The extension of this approach to the case of low-
molecular liquids is possible owing to the permanent
rotation of molecules, so that a lot of kinetic and
thermodynamic parameters of the liquid can be de-
termined with the help of averaged potentials. On
the other hand, all the aforementioned kinetic coeffi-
cients are determined from the long-time VACF tails,
whose shapes weakly depend on fine features of the
interaction between molecules. Those features mani-
fest themselves only within rather short time inter-
vals. Since the averaged potentials for low-molecular
liquids turn out similar to the Lennard-Jones poten-
tial and describe long-time processes in low-molecular
liquids with a sufficient accuracy, liquid argon can
serve as a reference system when determining the ki-
netic properties of more complicated liquids. Thus, all
of the indicated kinetic coefficients of low-molecular
liquids can be related to their counterparts for liq-
uid argon by similarity relationships. This fact ex-
plains the particular attention that is paid to the
computer-assisted simulation of long-time VACF tails
for molecules of liquid argon.

2. Some Features
of Computer-Assisted Simulation

In order to determine the VACF for molecules of liq-
uid argon, krypton, and xenon, we simulated the dy-
namics of an ensemble of 𝑁 = 503 particles arranged
in a cubic cell with imposed periodic boundary condi-
tions. The simulation was carried out using the soft-
ware package Gromacs 5.03 [21]. The interaction be-
tween the molecules was described with the help of

the effective Lennard-Jones pair potential

𝑈(𝑟) = 4𝜀

[︂(︁𝜎
𝑟

)︁12
−
(︁𝜎
𝑟

)︁6]︂
(1)

with the parameters taken from works [22, 23].
The applied model satisfied the following require-

ments:
∙ the linear size of the cell, 𝑙1, should be much

larger than the displacement radius 𝑟𝑐 of the inter-
action potential, 𝑙1 > 𝑟𝑐 ≈ 7.5𝜎;

∙ the characteristic time of the sound propagation
𝜏𝑐 = 𝑙1/𝑐 ∼ 10−10 s, where 𝑐 is the longitudinal sound
velocity at the given density and temperature, should
be much larger than the time interval of the formation
of all fine features in the VACF (about 10−11 s);

∙ the pressure values calculated making use of the
indicated 𝑟𝑐-value at the given temperature and den-
sity should be close to experimental ones [24].

The fulfillment of all mentioned requirements en-
sured the adequacy of the model to the analyzed
molecular system. Using this model, the behavior of
long-time VACF tails can be reproduced within time
intervals that are required to determine the shear vis-
cosity and the Maxwell relaxation time.

At the beginning of calculations, the molecules
were arranged over the cell as a periodic structure
with an interparticle distance corresponding to the
considered density. The velocity field was generated
according to the Maxwell distribution at the given
temperature. At the initial simulation stage, the sys-
tem relaxed to its equilibrium state during rather
a long time, until the velocity and spatial distribu-
tions of molecules came to a mutual equilibrium. The
resulting temperature of the system deviated from
the initial value at that. In the course of the next
stage, the temperature of the system was slowly (dur-
ing 30–50 ps) returned back to a required value by
means of the “soft temperature binding” (the Nosé–
Hoover thermostat [25, 26] with a large thermal iner-
tia). Since this process was slow, the spatial and ve-
locity distributions of molecules remained mutually
consistent, so that there arose no significant fluctua-
tions in the potential energy of the system. The last
simulation stage was used to reproduce the time de-
pendence of the VACF for liquid argon molecules. It
was a simulation of the molecular dynamics in the
NVE ensemble under equilibrium conditions and pro-
viding the required temperature and density.
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For the numerical solution of the dynamic equa-
tions, the Verlet algorithm with an integration step
not exceeding 0.1 fs was applied. All the results pre-
sented below correspond to the averaging over a set
of 20 different initial configurations.

In the context of the simulation problem and the
interpretation of the data obtained, it should be noted
that, in order to achieve the formulated tasks, the be-
havior of the VACF has to be studied on the times
𝑡 > 10 ps. However, the dynamic memory time [27]
for the applied model is 𝜏𝑚 ≈ 8 ps. The interval
(0, 𝜏𝑚) covers the region of the VACF fine structure,
so that only the region of long-time tails turns out to
be located beyond the indicated time interval.

Below, we will also demonstrate that there is a the-
oretical time limit for the applicability of the results of
computer simulation to the description of the molec-
ular VACF:

𝑡𝑙 ∼
2𝜈𝜏M
3𝐷𝑠

∼ 100 ps. (2)

Here, 𝜈 is the kinematic shear viscosity coefficient, 𝜏M
the Maxwell relaxation time, and𝐷𝑠 the self-diffusion
coefficient. This threshold has the same order of mag-
nitude as the threshold associated with the accumula-
tion of calculation errors. The time 𝑡𝑙 can be shorter
than the time accessible for a computer simulation.

3. Determination of the Self-Diffusion
Coefficient, Kinematic Shear Viscosity,
and Maxwell Relaxation Time

The self-diffusion coefficient 𝐷𝑠 was determined using
the standard relations:

𝐷𝑠 =
1

3

∞∫︁
0

𝜑V(𝑡)𝑑𝑡, (3)

where 𝜑V(𝑡) is the molecular VACF, and

𝐷𝑠 = lim
𝑡→∞

Γ(𝑡)

6𝑡
, (4)

where Γ(𝑡) is the mean square displacement of the
molecule. The closeness of the values obtained on the
basis of expressions (3) and (4) is one of the criteria
that the computer model is proper [24].

In order to determine the kinematic shear viscos-
ity and the Maxwel relaxation time, let us use the
long-time asymptotic behavior of the VACF. Here, we

will briefly summarize the results of works [12,13,15–
17]. According to work [12], the asymptotic behavior
of VACF is determined by the corresponding corre-
lation function 𝜓u (𝑡) for the hydrodynamic velocity
field u (r, 𝑡):

𝜑V(𝑡) → 𝜓u(𝑡), 𝜓u(𝑡) = ⟨u(r, t)u(r,0)⟩. (5)

It is well known that 𝜓u (𝑡) is connected with the cor-
relation function for the spatial Fourier components
of u(k, 𝑡) by the formula

𝜓u(𝑡) =
1

(2𝜋)
3

∞∫︁
0

⟨u*(k, t)u(k,0)⟩4𝜋k2dk. (6)

According to the results of works [15–17], the long-
time tails of VACF are formed due to the transverse
component of the hydrodynamic velocity field (below,
the notation u will be used for it). In order to deter-
mine the Fourier components of the transverse field
of hydrodynamic velocities, let us use the equation
[28]

𝜕u

𝜕𝑡
+ 𝜏M

𝜕2u

𝜕𝑡2
= −𝜈𝑘2u. (7)

It is a consequence of the Maxwell model for the re-
laxing kinematic shear viscosity:

𝜈(𝜔) =
𝜈(0)

1 + 𝑖𝜔𝜏M
.

A further modification of Eq. (7) is associated with
the application of a more general approach to the
problem (see works [29–34]). From Eq. (7), it follows
that

u(k, t) = u(k,0)×

× exp

(︂
− 𝑡

2𝜏M

(︁
1−

√︀
1− 4𝜈𝜏Mk2

)︁)︂
. (8)

Substituting Eq. (8) into Eq. (6) and using the stan-
dard methods of statistical mechanics to calculate
equilibrium correlation functions [28], we obtain

𝜓u(𝑡) =
𝑘B𝑇

𝜋2𝜌
×

×
∞∫︁
0

exp

(︂
− 𝑡

2𝜏M

(︁
1−

√︀
1− 4𝜈𝜏Mk2

)︁)︂
𝑘2𝑑𝑘, (9)
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Table 1. Experimental [40–42] and molecular
dynamics values of 𝐷𝑠 and 𝜈 on the coexistence curve of argon

𝑇 , K
𝜌, 𝐷

(exp)
𝑠 × 10−5, 𝐷

(MD)
𝑠 × 10−5, 𝜈(exp) × 10−3, 𝜈(MD) × 10−3,

g/cm3 cm2/s cm2/s cm2/s cm2/s

0 1.379 2.36 2.304 1.796 1.673
100 1.314 3.52 3.59 1.401 1.389
110 1.243 4.85 4.79 1.134 1.191
120 1.163 6.02 6.065 0.936 0.921
130 1.068 7.43 7.48 0.78 0.744
140 0.944 8.82 9.01 0.648 0.621
150 0.68 – 12.45 0.519 0.597

where 𝑇 is the temperature, 𝑘B the Boltzmann con-
stant, and 𝜌 the density. It can be shown (some de-
tails of calculations can be found in works [15,35,36])
that, at long times (𝑡≫ 𝜏M), the asymptotic behavior
of 𝜓u(𝑡) looks like

𝜓u(𝑡) ⇒ 𝐴

𝑡3/2

[︂
1− 15

4

𝜏M
𝑡

+ ...

]︂
, 𝐴 =

2𝑘B𝑇

(4𝜋𝜈)
3/2
𝜌
.

(10)

From whence, it follows that the kinematic shear vis-
cosity coefficient and the Maxwell relaxation time are
determined by the expressions

𝜈 =
1

4𝜋

(︂
2𝑘B𝑇

𝐵𝜌

)︂2/3
, 𝐵 = lim

𝑡→∞
𝜑V(𝑡)𝑡3/2, (11)

𝜏M =
4

15
lim

lim 𝑡→∞
𝑡

(︂
1− 𝜑V(𝑡)𝑡3/2

𝐵

)︂
. (12)

Hence, making use of only the VACF 𝜑V(𝑡), whose
profile is restored by a computer simulation [21, 24,
37, 38], one can obtain two important parameters of
the liquid. The obtained relations were derived using
the hydrodynamic theory of fluctuations. Therefore,
they have a universal character and can be applied to
various low-molecular liquids.

4. Results Obtained
by Computer Simulations

In this section, the values calculatedfor the self-
diffusion coefficient of argon, its kinematic shear vis-
cosity coefficient, and the Maxwell relaxation time,
as well as the same results obtained for krypton and
xenon using the similarity principle, are presented.

4.1. Self-diffusion and kinematic
shear viscosity coefficients

The values for the self-diffusion and kinematic shear
viscosity coefficients of liquid argon calculated by
Eqs. (3) and (11) for the corresponding states on
the coexistence curve are quoted in Table 1 1. As fol-
lows from the table, the experimental and calcu-
lated values of 𝐷𝑠 and 𝜈 are in good agreement with
each other. This circumstance testifies to the hydro-
dynamic origin of the long-time VACF tails. In other
words, expression (10) is proper both from the qual-
itative and quantitative viewpoints.

4.2. Isochoric kinematic
shear viscosity of argon

In this section, the values of the kinematic shear vis-
cosity coefficient of argon calculated for several iso-
chores are presented (see Fig. 1). As follows from the
figure, the experimental and calculated values are
close to each other, although this agreement is vio-
lated, when approaching the density corresponding
to the triple point. For such densities, the VACF de-
creases more rapidly, and the relative determination
error for 𝜈 (𝑇 ) grows [24].

4.3. Maxwell relaxation time for argon

In this section, we consider the behavior of the
Maxwell relaxation time for argon on the liquid-gas
coexistence curve. The values obtained for 𝜏M on the
basis of Eq. ([10]) are presented in Table 2. As one
can see, a quite satisfactory correspondence takes

1 In this and other tables, the subscripts exp and MD denote
the experimental data and the results obtained by a molec-
ular dynamics simulation, respectively.
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Table 2. Comparison of the Maxwell relaxation times 𝜏
(VACF)
M for liquid

argon on its liquid-gas coexistence curve obtained from the VACF with the results of other works

𝑇 , K 90 100 110 120 130 140 150

𝜏
(VACF)
M × 10−13, s 1.74± 0.16 1.67± 0.14 1.64± 0.09 1.62± 0.11 1.653± 0.09 1.771± 0.08 1.905± 0.06

𝜏M × 10−13, s [43] 1.68 – 1.58 1.57 1.66 1.73 –

𝜏M × 10−13, s [14] ≈2.28 – – – – – –

𝜏M × 10−12, s [44] – – ≈2.1 ≈2.2 – – –

place between the MRT values obtained in work [43]
and the results obtained from relation (12). In work
[43], the MRT was determined by analyzing the auto-
correlation function for transverse stresses. However,
the ensemble of 4000 particles, which was used in
the cited work, was not sufficiently complete to ade-
quately describe the molecular interaction.

In early publications [14, 44], the standard defini-
tion of the Maxwell relaxation time, 𝜏M = 𝜂/𝐺∞, was
used as a rule; and the main attention was paid to the
study of the high-frequency shear modulus 𝐺∞. In
particular, in work [44], on the basis of a heuristic con-
sideration, an equality was established between 𝐺∞
and the bulk elastic modulus 𝑝th/(𝑇𝛾𝑝(𝑇 )) at high
densities (here, 𝑝th is the so-called thermal pressure,
i.e. the sum of the external and internal pressures in
the system, and 𝛾𝑝(𝑇 ) is the thermal expansion coeffi-
cient). Using the experimentally determined values of
𝛾𝑝(𝑇 ), the authors of work [44] evaluated the Maxwell
relaxation time.

Finally, let us discuss the temperature dependence
of the MRT on the isochore 𝜌 = 0.837 g/cm3 (see Ta-
ble 3). It is of interest that the MRT varies insignif-
icantly on both the coexistence curve and the iso-
chore. At the same time, the shear viscosity changes
by almost an order of magnitude in the former case,
but remains almost constant in the latter case.

4.4. 𝐷𝑠-, 𝜈-, and 𝜏M-values
for argon-like liquids

The values of 𝐷𝑠 and 𝜈 for krypton on the coexistence
curve are presented in Table 4. They were obtained
from their counterparts for argon on the basis of the
similarity principle:

𝐷𝑖 (𝑇𝑖) =
𝜎𝑖
𝜎Ar

(︂
𝜀𝑖
𝜀Ar

𝑚Ar

𝑚𝑖

)︂1/2
𝐷Ar(𝑇Ar),

Table 3. Maxwell relaxation times
of liquid argon on the isochore 𝜌 = 0.837 g/cm3

𝑇 , K 138 140 147

𝜏M × 10−13, s 2.26± 0.09 2.11± 0.07 2.14± 0.11

Fig. 1. Temperature dependences of the kinematic shear vis-
cosity coefficient of argon along some isochores. Circles corre-
spond to the results of a molecular dynamics simulation; stars
correspond to experimental values [45]

𝜈𝑖 (𝑇𝑖) =
𝜎𝑖
𝜎Ar

(︂
𝜀𝑖
𝜀Ar

𝑚Ar

𝑚𝑖

)︂1/2
𝜈Ar(𝑇Ar),

𝜏𝑖 (𝑇𝑖) =
𝜎𝑖
𝜎Ar

(︂
𝜀Ar

𝜀𝑖

𝑚𝑖

𝑚Ar

)︂1/2
𝜏Ar(𝑇Ar),

𝑇𝑖 =
𝜀𝑖
𝜀Ar

𝑇Ar. (13)

Here, 𝜀𝑖 and 𝜎𝑖 are the relevant parameters of the
Lennard-Jones potential; 𝑖 = Kr, Xe, ...; and 𝑚𝑖 is
the molecular mass.
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Fig. 2. Distribution of molecules over the volume of the el-
ementary model cell. The density 𝜌 = 0.837 g/cm3, and the
temperature 𝑇 = 90 K

0 0.42 0.84 1.26 3
r, g/cm

30

60

90

120

T, K

150

Fig. 3. Spinodal of argon. Hollow circles correspond to work
[50], colored circles were obtained by analyzing the temperature
dependences of the kinematic shear viscosity

The similarity relations for xenon can be calculated
analogously.

4.5. Spinodal of argon

It should be noted that experimental data are avail-
able only for temperatures higher than the binodal
of argon at the given density. The computer simula-
tion makes it possible to calculate the parameters of
metastable states located below the spinodal line in
the phase diagram. In those states, the model system
becomes stratified (see Fig. 2), and, owing to the in-

fluence of high-density regions, the kinematic shear
viscosity increases.

In addition, the self-diffusion coefficient reveals the
opposite behavior, when crossing the spinodal. In this
context, it should be noted that regions with different
densities are not localized in the space in the model
system. Therefore, the formalism of correlation func-
tions is acceptable in this case [47]. Hence, the spin-
odal location can be determined by analyzing the
temperature dependences of the kinetic coefficients
in its vicinity.

In this work, we confine the calculation procedure
to an approximate method by determining the loca-
tion of the spinodal as the location of points corre-
sponding to the intersection of high- and low-tem-
perature asymptotics of the shear viscosity curves
(see Fig. 1). Similar methods were used when study-
ing the shear viscosity in liquids at their vitrification
[48,49]. The arrangement of those points with respect
to the spinodal curve was determined in work [50] and
can be observed in Fig. 3.

It should be noted that the research of the temper-
ature dependence of the self-diffusion coefficient gave
rise to a similar result.

4.6. 𝐷𝑠-, 𝜈-, and 𝜏M-values
for diatomic nitrogen and oxygen
on the coexistence curve

Relations (13) for 𝐷𝑠, 𝜈, and 𝜏M can be applied not
only to monatomic liquids. In particular, it can be
liquid nitrogen or oxygen as an example. In this case,
the roles of 𝜀 and 𝜎 are played by the corresponding
parameters of the averaged potential written in the

Table 4. Comparison of experimental [45, 46]
and molecular dynamics values of 𝐷𝑠, 𝜈, and 𝜏M
for krypton on its coexistence curve

𝑇 *, K 0.695 0.778 0.898 0.958

𝜌exp, g/cm3 2.445 2.336 2.166 2.071

𝐷
(exp)
𝑠 × 10−5, cm2/s 1.607 2.17 3.657 3.783

𝐷
(MD)
𝑠 × 10−5, cm2/s 1.431 1.951 3.511 4.112

𝜈(exp) × 10−3, cm2/s 1.837 1.369 0.986 0.861

𝜈(MD) × 10−3, cm2/s 1.665 1.432 0.993 0.863

𝜏M × 10−13, s 2.09 2.00 1.92 1.87
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Lennard-Jones form. According to work [51]

N2: 𝑚 = 28, 𝜀/𝑘B = 95.05 𝐾, 𝜎 = 3.698 Å,
O2: 𝑚 = 32, 𝜀/𝑘B = 117.5 𝐾, 𝜎 = 3.58 Å,

(14)

where 𝑚 is the mass of a molecule in atomic mass
units. These values were obtained by reproducing the
experimental values of the second virial coefficient
with the help of the Lennard-Jones intermolecular
potential. The 𝐷𝑠-, 𝜈-, and 𝜏M-values calculated for
liquid nitrogen according to Eqs. (13) and (14) are
presented in Table 5.

The rather good agreement with the experimen-
tal data takes place for liquid oxygen as well. Ana-
logously, by using the similarity principle, one can
determine the position of the spinodal for liquid ni-
trogen and other liquids consisting of dumbbell-like
molecules.

The deviations of the kinematic shear viscosity val-
ues from the corresponding values for argon at various
temperatures are depicted in Fig. 4. One can see that
slight deviations are observed even for monatomic liq-
uids. This circumstance is probably connected with
different role of many particle effects, in particular,
with small dimerization near the critical point [51]. In
the case of dumbbell-like molecules, the deviation is
some larger owing to the angle correlation effect. This
effect will be considered elsewhere.

5. Discussion of the Results Obtained

In this work, we showed that much useful information
can be obtained by analyzing the VACF of molecu-
les. The possibilities of the proposed method are il-
lustrated by the example of liquid argon. The asymp-
totic expression (10), which is suitable to restore the
asymptotic behavior of the VACF at large times on
the basis of the results obtained by the molecular dy-
namics methods, is used to calculate the kinematic
shear viscosity coefficient and the Maxwell relaxation
time. The results obtained are in good agreement
with the data of known experimental works (see Ta-
bles 1 to 3). The temperature dependences of the ki-
netic coefficients and the MRT for other liquefied in-
ert gases (see Table 4) are determined by applying
the similarity method. Generally speaking, this is an
expected result.

A satisfactory determination of the kinetic coeffi-
cients and the MRT was also carried out for two-
atomic liquids of the N2 type (Table 5). This re-

Fig. 4. Experimental temperature dependences of the kine-
matic shear viscosity coefficients of argon, krypton, xenon, oxy-
gen, and nitrogen [45, 46] on the corresponding coexistence
curve. 𝜈 = 𝜈/(𝜎𝜀1/2𝑚−1/2)

Fig. 5. Temperature dependence of the quantity 𝐶 = 6𝜋×
× 𝜂𝐷𝑠/𝑇 for liquid argon with 𝜌 = 1 g/cm3. 𝜂 is the dynamic
viscosity coefficient at the considered density

Table 5. Experimental [46] and molecular
dynamics values of 𝐷𝑠, 𝜈, and 𝜏M for liquid
nitrogen on its coexistence curve

𝑇 , K 71.6 79.5 87.5 95.4 103.4 111.4 119.3

𝐷
(MD)
𝑠 × 10−5,

cm2/s 2.720 4.238 5.655 7.160 8.831 10.637 14.699

𝜈(exp) × 10−3,
cm2/s 2.46 1.86 1.47 1.21 1.02 0.87 0.74

𝜈(MD) × 10−3,
cm2/s 2.12 1.65 1.34 1.11 0.92 0.77 0.61

𝜏M × 10−13, s 1.491 1.412 1.457 1.434 1.468 1.514 1.712

sult is less trivial. It means that the correspond-
ing kinetic coefficients can be determined with a
sufficient accuracy using the averaged potentials. In
fact, the averaging of the intermolecular potential be-
comes possible due to the rotational motion of the
molecules.
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Hence, the proposed method makes it possible to
determine all main kinetic coefficients for liquids, in
which the averaged potential of interaction between
the molecules has the Lennard-Jones form. It is im-
portant that the final result can be obtained by study-
ing only the long-time asymptotic behavior of the
molecular velocity autocorrelation function. The lat-
ter is one of the simplest and well-studied subjects
in molecular dynamics. The corresponding kinetic co-
efficients are determined by comparing the results
of the theoretical analysis of the VACF asymptotics
with the results of computer simulations. In such a
way, excessive calculations by the exact Kubo formu-
las can be avoided.

The applicability of the averaged intermolecular
potential to the considered two-atomic liquids can be
estimated from the dependences shown in Fig. 4. The
closer the dependences 𝜈(𝑇 ) for the examined liquid
and argon are located to each other, the more accu-
rately the averaged potential describes the interaction
between the molecules. The anisotropic part of the in-
termolecular potential is a result of the dipole-dipole,
dipole-quadrupole, and quadrupole-quadrupole in-
teractions. The former is significant near the triple
point and in supercooled states. The latter is re-
sponsible for orientational correlations and cluster-
ing effects. Finally, the dipole-quadrupole interaction
is important in a vicinity of the critical point. The
specific features of the kinetic coefficients for two-
atomic liquids are determined by the quadrupole in-
teraction. Therefore, the difference from the kinetic
coefficients of argon is insignificant: it does not ex-
ceed 15%. However, the influence of the dipole-dipole
interaction is considerable. For instance, this interac-
tion in water is much stronger and will be considered
separately.

It should be noted that, for the parameters 𝜈 and
𝜏M to be determined with a satisfactory accuracy,
the VACF evolution was calculated to times of about
20 ps. In this connection, important is the issue con-
cerning the applicability area of hydrodynamic cor-
relations to describe the VACF tails. An exhaustive
answer to this question has to be found in the frame-
work of the Lagrange theory of thermal hydrody-
namic fluctuations [12, 13, 15–17]. It is evident that
the hydrodynamic description of the long-time VACF
asymptotics is possible for times, for which the appli-
cation of the concept of a Lagrange particle involving
the given molecule into the hydrodynamic motion is

proper. By the order of magnitude, the lifetime of a
Lagrange particle can be determined from the rela-
tion

𝑡𝑙 ∼
𝑟2L
6𝐷𝑠

,

where 𝑟L is the corresponding radius of a Lagrange
particle. Assuming, in accordance with the results of
work [17], that 𝑟L = 2

√
𝜈𝜏M, we obtain

𝑡𝑙 ∼
2𝜈𝜏M
3𝐷𝑠

.

The numerical value of 𝑡𝑙 never exceeds 10−10 s.
This fact means that the application of hydrodynamic
methods, while describing the long-time VACF tails
up to 20 ps, is physically proper.

The temperature dependence of the quantity 𝐶 =
= 6𝜋𝜂𝐷𝑠/𝑇 , which was studied in work [52] in the
case of Lennard-Jones liquids, is depicted in Fig. 5
for argon with the density 𝜌 = 1 g/cm3. It is note-
worthy that the temperature 𝑇𝐵 = 130 K, which di-
vides the temperature interval into the left- and right-
hand (where 𝐶 is almost constant) sections, coincides
with the position of the binodal at the considered
density. The temperature 𝑇𝑆 = 110 K, at which a
violation of the 𝐶(𝑇 )-monotonicity is observed, cor-
responds to the spinodal. This circumstance deserves
to be studied in more details.

The value and the temperature dependence of the
collective component in the self-diffusion coefficient
near the spinodal should also be discussed sepa-
rately. The main attention will be focused to the
properties of water.

To summarize, we would like to express our sincere
gratitude to Prof. G.E. Norman for a detailed discus-
sion of the simulation methods and the results ob-
tained. This and many other related works could not
be carried out without friendly and competent inter-
est of Academician Leonid Bulavin. We express our
heartful gratitude to him and to our co-author Vitalii
Bardik.
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Translated from Ukrainian by O.I. Voitenko

М.П.Маломуж, К.С.Шакун, Г.О.Кузнєцова

НОВI МОЖЛИВОСТI АНАЛIЗУ
АВТОКОРЕЛЯЦIЙНОЇ ФУНКЦIЇ
ШВИДКОСТI МОЛЕКУЛ РIДИНИ

Р е з ю м е

Робота присвячена аналiзу довготривалих хвостiв автоко-
реляцiйної функцiї швидкостi (АКФШ) молекул рiдкого ар-
гону при температурах, вищих та нижчих за спiнодаль.
Аналiзуючи часову залежнiсть АКФШ визначено значен-
ня коефiцiєнтiв самодифузiї, зсувної в’язкостi, максвелiв-
ського часу релаксацiї, а також їх змiну при перетинаннi
спiнодалi. Показано, що характернi змiни температурних
залежностей згаданних кiнетичних коефiцiєнтiв дозволя-
ють визначити положення спiнодалi з високою точнiстю.
Розглянута можливiсть поширення запропанованого мето-
ду на iншi низькомолекулярнi рiдини на прикладi азоту та
кисню, для яких усереднений потенцiал мiжмолекулярної
взаємодiї має ленард-джонсiвську форму.

326 ISSN 2071-0194. Ukr. J. Phys. 2018. Vol. 63, No. 4


