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EXCITON STATES IN SPHERICAL
NON-CONCENTRIC CORE–SHELL QUANTUM DOTS

The electronic and excitonic structure of non-concentric CdSe/CdS core-shell spherical quan-
tum dots is investigated theoretically, with the core rigidly displaced from the shell center. Hole
states are computed within the four-band Luttinger–Kohn model expanded in a plane-wave
basis, with the displaced-core confining potential treated exactly, and exciton states are ob-
tained by configuration interaction including the direct electron-hole Coulomb attraction and
the short-range exchange interaction. The displacement reduces the confining symmetry from
spherical to axial and lifts the degeneracy of the band-edge hole multiplet, yielding a fine-
structure splitting that increases monotonically with the core offset. The same mechanism re-
shapes the exciton spectrum: the ground-state transition undergoes a blueshift as the core
approaches the shell boundary, while the exchange-induced dark–bright splitting grows steadily
with displacement. The calculated absorption edge is in quantitative agreement with the exper-
imentally measured value. This agreement is obtained only when excitonic effects are included,
with the electron-hole Coulomb attraction supplying the redshift required to reconcile theory
and experiment. The results identify the core displacement as an effective structural degree of
freedom for tuning both the emission energy and the exciton fine structure of colloidal core-shell
nanocrystals.
K e yw o r d s: core–shell quantum dot, non-concentric nanostructure, CdSe/CdS, exciton fine
structure, dark-bright splitting, electron-hole exchange interaction, Luttinger–Kohn Hamilto-
nian, plane-wave expansion method.

1. Introduction
Semiconductor quantum dots (QDs) have become an
integral component of modern nanophotonics and op-
toelectronics due to their unique, size-tunable opti-
cal and electronic properties. Among the variety of
nanoscale systems, core-shell heterostructures occupy
a special place. The ability to select core and shell ma-
terials with different band gaps and band alignments
allows such QDs to effectively control the spatial lo-
calization of charge carriers and the probability of ra-
diative transitions [1–4]. This makes them critically
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important for the development of advanced optoelec-
tronic devices. In particular, the core-shell architec-
ture is key to the design of highly efficient luminescent
solar concentrators [1, 5, 6], as it enables a significant
Stokes shift [6], thereby minimizing self-absorption
losses. Furthermore, the controlled spatial separation
of the electron-hole pair and the consequent suppres-
sion of non-radiative Auger recombination have paved
the way for the creation of highly stable, so-called
non-blinking light-emitting diodes and reliable single-
photon sources [7].

Among the various fabrication techniques devel-
oped to date, colloidal synthesis remains one of the
most versatile and widely adopted methods for pro-
ducing core-shell QDs. This chemical approach, par-
ticularly in the organic phase, has been success-
fully employed to realize the aforementioned non-
blinking nanostructures [8, 9]. For instance, by pre-
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cisely controlling the deposition of CdS shell layers
onto pre-grown CdSe cores, researchers can system-
atically tune the overall dimensions of the resulting
samples [9]. Because these QDs are grown in colloidal
solutions, the minimization of surface tension typi-
cally drives them to adopt a quasi-spherical geom-
etry. However, despite the common theoretical as-
sumption of perfect spatial symmetry, actual colloidal
synthesis does not guarantee concentricity of the core
and shell. In real experimental samples, factors such
as nonuniform shell growth rates, localized lattice
mismatch strains, or kinetic fluctuations during the
chemical deposition process frequently cause the core
to be displaced from the geometric center of the
shell. Consequently, the actual morphology of these
synthesized nanoparticles often corresponds to a non-
concentric spherical core-shell QD (NCSCSQD) [10].

To date, a substantial body of theoretical work has
been dedicated to studying NCSCSQDs. Various the-
oretical approaches, including the plane wave expan-
sion method and other numerical techniques, have
been successfully applied to model these systems [10–
14]. These studies have extensively explored the en-
ergy spectra of charge carriers under the influence
of external electric and magnetic fields, and have
investigated the electron-hole exchange interaction
[15]. However, a major limitation of these previous
investigations is their simplified treatment of the hole
states. They predominantly relied on a simple single-
band effective mass model, thereby completely ne-
glecting the complex structure of the valence band
and the inherent mixing between heavy and light hole
states. This crucial theoretical gap can be closed by
utilizing the Luttinger Hamiltonian [16–18], specifi-
cally within the Baldereschi–Lipari spherical approx-
imation [19], which accurately captures the complex
valence band dynamics.

Furthermore, although earlier works have calcu-
lated various optical parameters and transition prob-
abilities in NCSCSQDs [12], they largely overlooked
excitonic effects. In strongly confined nanoscale sys-
tems, the Coulomb interaction between the electron
and the hole is highly pronounced. Neglecting exci-
ton formation results in an incomplete description of
the optical response and leads to inaccurate predic-
tions of the binding energies and absorption spectra
of realistic nanostructures.

Consequently, the primary aim of the present work
is to develop a rigorous theoretical framework for hole

states in NCSCSQDs using the Luttinger model. Ba-
sed on this framework, we aim to calculate the exci-
ton energies (accounting for both Coulomb and stan-
dard exchange interactions). Ultimately, this study
determines the specific impact of the core’s spa-
tial non-concentricity on these fundamental electronic
and optical parameters, providing a more realis-
tic and comprehensive picture of these asymmetric
nanostructures.

2. Theoretical Model of Hole States

2.1. Geometry of the nanostructure
and the shape functions

We consider an NCSCSQD consisting of a core with
radius 𝑟0 surrounded by a shell with an outer radius
𝑟1. The entire core-shell heterostructure is embedded
in an infinite bulk matrix. We also assume that the
geometric center of the core is shifted from the center
of the spherical shell by a distance 𝐷 along the 𝑧-
direction (Fig. 1). We set the origin of our Cartesian
coordinate system at the geometric center of the outer
shell. Consequently, the displacement vector of the
core is defined as D = (0, 0, 𝐷), where the physical
condition for the core to remain entirely within the
shell is 𝐷 ≤ 𝑟1 − 𝑟0.

The nanostructure therefore partitions the space
into three regions with different material pa-
rameters: the core Ω𝑐 = {r : |r−D| ≤ 𝑟0}; the
shell Ω𝑠 = {r : |r| ≤ 𝑟1} ∖ Ω𝑐, and the outer matrix
Ω𝑚 = R3 ∖ {r : |r| ≤ 𝑟1}. It is convenient to describe
this partition by two spatial shape functions, each of
which equals unity inside the corresponding sphere
and zero outside:

𝜒1(r) = Θ(𝑟1 − |r|), (1)

𝜒𝑐(r) = Θ(𝑟0 − |r−D|), (2)

where Θ(𝑥) is the Heaviside step function. Because
the core lies entirely inside the shell, the two shape
functions are nested, 𝜒𝑐(r)𝜒1(r) = 𝜒𝑐(r). This nest-
ing is precisely what allows an arbitrary piecewise-
constant material parameter 𝑓(r), which takes the
values 𝑓𝑐, 𝑓𝑠, and 𝑓𝑚 in the core, in the shell, and
in the matrix, respectively, to be written as a strictly
linear superposition of the two shape functions:

𝑓(r) = 𝑓𝑚 + (𝑓𝑠 − 𝑓𝑚)𝜒1(r) + (𝑓𝑐 − 𝑓𝑠)𝜒𝑐(r). (3)
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a b c
Fig. 1. Nonconcentric spherical core-shell quantum dot: cross-section in the 𝑋𝑍 plane (a); confinement potential 𝑈(0, 0, 𝑧) (b);
three-dimensional view with one quarter removed (c)

The first term (3) sets the background value of the
matrix everywhere. The second term raises the pa-
rameter to its shell value over the whole volume of the
outer sphere. The third term corrects the core region,
where the parameter differs from that of the shell. Di-
rect substitution confirms that (3) reproduces 𝑓𝑚 for
r ∈ Ω𝑚 (𝜒1 = 𝜒𝑐 = 0), 𝑓𝑠 for r ∈ Ω𝑠 (𝜒1 = 1, 𝜒𝑐 = 0),
and 𝑓𝑐 for r ∈ Ω𝑐 (𝜒1 = 𝜒𝑐 = 1). Therefore, the com-
plete geometrical information about the nanostruc-
ture, including its non-concentricity, is carried by the
pair of shape functions 𝜒1 and 𝜒𝑐, whereas the ma-
terial parameters are carried by the three numbers
𝑓𝑐, 𝑓𝑠, 𝑓𝑚. Every position-dependent quantity of the
model obeys this single rule. In particular, the Lut-
tinger parameters are

𝛾1(r) = 𝛾𝑚1 + (𝛾𝑠1 − 𝛾𝑚1 )𝜒1(r) + (𝛾𝑐1 − 𝛾𝑠1)𝜒𝑐(r), (4)

𝛾(r) = 𝛾𝑚 + (𝛾𝑠 − 𝛾𝑚)𝜒1(r) + (𝛾𝑐 − 𝛾𝑠)𝜒𝑐(r), (5)

and the band offsets at the two heterointerfaces form
the three-dimensional confining potential of the hole:

𝑈(r) = 𝑈𝑚 + (𝑈𝑠 − 𝑈𝑚)𝜒1(r) + (𝑈𝑐 − 𝑈𝑠)𝜒𝑐(r). (6)

Here the top of the valence band of the core material
is chosen as the reference level, 𝑈𝑐 = 0; 𝑈𝑠 is the
valence-band offset at the core-shell interface and 𝑈𝑚

is the barrier at the shell-matrix interface, with 0 <
< 𝑈𝑠 < 𝑈𝑚. Hole energies are counted as positive into
the valence band.

2.2. The hole Hamiltonian

In semiconductors with the zinc-blende structure
the valence band is fourfold degenerate at the Γ

point. The spin-orbit interaction splits the sixfold 𝑝-
type manifold into the upper fourfold Γ8 multiplet
with the total angular momentum 𝑗 = 3/2 and
the lower twofold split-off Γ7 band, separated by
Δ𝑠𝑜. Since Δ𝑠𝑜 considerably exceeds the confinement
energies of the states considered below, the split-off
band is neglected and the hole is described within the
four-band Luttinger–Kohn model [16–18].

We neglect the corrugation of isoenergetic sur-
faces in 𝑘-space, i.e. we use the spherical Baldereschi–
Lipari approximation [19] and replace the Luttinger
parameters 𝛾2 and 𝛾3 with one effective spherical pa-
rameter, defined separately in each domain:

𝛾(r) =
2𝛾2(r) + 3𝛾3(r)

5
. (7)

In this approximation, the kinetic energy operator
commutes with the total angular momentum opera-
tor. Therefore, all spectral symmetry breaking arises
solely from the geometry of the nanosystem.

For a spatially homogeneous material, the spherical
Luttinger Hamiltonian has the compact Baldereschi–
Lipari form:

𝐻̂𝐿 =
~2

2𝑚0

[︂(︂
𝛾1 +

5

2
𝛾

)︂
𝑘2 − 2𝛾

(︁
k · Ĵ

)︁2]︂
, (8)

where 𝑚0 is the free-electron mass, 𝑘𝛼 = −𝑖 𝜕/𝜕𝑥𝛼
and 𝐽𝛼 (𝛼 ∈ {𝑥, 𝑦, 𝑧}) are the 4 × 4 angular-
momentum matrices for 3/2. In our heterostructure,
however, 𝛾1 and 𝛾 are position-dependent and do not
commute with k̂. The naive product 𝛾(r)(k̂·Ĵ)2 is not
Hermitian and does not conserve probability current
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across the heterointerfaces. The operator must there-
fore be symmetrized, which is the multiband general-
ization of the BenDaniel–Duke prescription:

𝐻̂ℎ =
~2

2𝑚0

∑︁
𝛼,𝛽

𝑘𝛼𝐾̂𝛼𝛽(r)𝑘𝛽 + 𝑈(r)𝐼4×4, (9)

with the 4× 4 kernel:

𝐾̂𝛼𝛽(r) =

[︂
𝛾1(r) +

5

2
𝛾(r)

]︂
𝛿𝛼𝛽 − 𝛾(r){𝐽𝛼, 𝐽𝛽}, (10)

where {𝐴, 𝐵̂} = 𝐴𝐵̂ + 𝐵̂𝐴 is the anticommutator
and 𝐼4×4 is the identity matrix. The kernel is sym-
metric, 𝐾̂𝛼𝛽 = 𝐾̂𝛽𝛼, and Hermitian for every r. Con-
sequently, 𝐻̂ℎ is Hermitian for arbitrary profiles
𝛾1(r), 𝛾(r). For constant parameters, (9) reduces ex-
actly to (8), because

∑︀
𝛼𝛽 𝑘𝛼𝑘𝛽{𝐽𝛼, 𝐽𝛽} = 2𝛾(k̂ · Ĵ)2.

Integrating (9) across a heterointerface reproduces
the correct matching conditions, namely the conti-
nuity of the four-component envelope Ψ and of the
generalized current

∑︀
𝛽 𝐾̂𝛼𝛽(r)𝑘𝛽Ψ.

In the basis of the eigenstates |3/2,𝑚𝑗⟩ of 𝐽𝑧, or-
dered as 𝑚𝑗 = 3/2, 1/2,−1/2,−3/2, the Hamiltonian
(9) takes the familiar Luttinger form:

𝐻̂ℎ =

⎛⎜⎜⎝
𝑃 + 𝑄̂ −𝑆 𝑅̂ 0

−𝑆+ 𝑃 − 𝑄̂ 0 𝑅̂

𝑅̂+ 0 𝑃 − 𝑄̂ 𝑆

0 𝑅̂+ 𝑆+ 𝑃 + 𝑄̂

⎞⎟⎟⎠+ 𝑈(r)𝐼4×4,

(11)
where
𝑃 =

~2

2𝑚0

∑︁
𝛼

𝑘𝛼𝛾1(r)𝑘𝛼,

𝑄̂ =
~2

2𝑚0

[︁
𝑘𝑥𝛾(r)𝑘𝑥 + 𝑘𝑦𝛾(r)𝑘𝑦 − 2𝑘𝑧𝛾(r)𝑘𝑧

]︁
,

𝑅̂ = − ~2

2𝑚0

√
3 𝑘−𝛾(r)𝑘−,

𝑆 =
~2

2𝑚0

√
3
[︁
𝑘𝑧𝛾(r)𝑘− + 𝑘−𝛾(r)𝑘𝑧

]︁
,

(12)

where 𝑘± = 𝑘𝑥 ± 𝑖𝑘𝑦. The operators 𝑃 and 𝑄̂ are
self-adjoint, whereas 𝑅̂ and 𝑆 are not, and the lower
triangular part of (11) contains their adjoints, which
must be written out explicitly:

𝑅̂+ = − ~2

2𝑚0

√
3 𝑘+𝛾(r)𝑘+,

𝑆+ =
~2

2𝑚0

√
3
[︁
𝑘𝑧𝛾(r)𝑘+ + 𝑘+𝛾(r)𝑘𝑧

]︁
.

(13)

Eqs (12) and (13) follow from (10) by direct evalu-
ation of the anticommutators {𝐽𝛼, 𝐽𝛽}𝑚𝑗𝑚′

𝑗
. The ad-

joints are obtained from the elementary rules 𝑘+𝛼 =

= 𝑘𝛼, 𝑘+± = 𝑘∓, together with the fact that 𝛾(r) is
real, so that (𝑘𝜇𝛾𝑘𝜈)

+ = 𝑘+𝜈 𝛾𝑘
+
𝜇 .

2.3. The plane-wave
expansion and the matrix elements

According to the plane wave expansion method, we
assume that the NCSCSQD is placed inside a large
cubic supercell of volume Ω = 𝐿3 and periodic Born–
von Karman boundary conditions are imposed. The
edge 𝐿 > 2.5 𝑟1 + 𝑎*𝑏 [20, 21] (where 𝑎*𝑏 is the effec-
tive Bohr radius) is chosen large enough for the ex-
ponential tail of the hole wave function penetrating
into the matrix to decay completely within the su-
percell, so that the spurious interaction between ad-
jacent periodic images and the artificial confinement
by the supercell boundary are both negligible. The
four-component hole envelope is then expanded in an
orthonormal plane-wave basis:

Ψ(r) =
∑︁
G,𝑚𝑗

𝐶G,𝑚𝑗
|G,𝑚𝑗⟩,

|G,𝑚𝑗⟩ =
1√
Ω
𝑒𝑖G·r|𝑚𝑗⟩,

(14)

where 𝑚𝑗 ∈ {3/2, 1/2,−1/2,−3/2}. 𝐶G,𝑚𝑗
are un-

known coefficients, and the reciprocal lattice vectors
of the supercell are

G =
2𝜋

𝐿
(𝑛𝑥, 𝑛𝑦, 𝑛𝑧), 𝑛𝑖 ∈ Z. (15)

During the calculation, the basis is truncated by re-
taining only those G that satisfy the isotropic condi-
tion:

𝑛2𝑥 + 𝑛2𝑦 + 𝑛2𝑧 ≤ 𝑁2
cut, (16)

where 𝑁cut is a convergence parameter. The main
advantage of this representation is that the bound-
ary conditions at both heterointerfaces need not be
imposed by hand. They are automatically accounted
for through the Fourier transforms of the material
parameters.

The whole construction rests on a single iden-
tity. For an arbitrary function 𝑓(r) that is periodic
over the supercell, the matrix element of the sym-
metrized operator 𝑘𝛼𝑓(r)𝑘𝛽 is

⟨G|𝑘𝛼𝑓(r)𝑘𝛽 |G′⟩ = 𝐺𝛼𝐺
′
𝛽𝑓(q), q = G−G′, (17)

766 ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 9



Exciton States in Non-Concentric Core–Shell Quantum Dots

where the Fourier transform is defined as

𝑓(q) =
1

Ω

∫︁
Ω

𝑓(r)𝑒−𝑖q·r 𝑑3𝑟. (18)

To obtain (17) it suffices to note that 𝑘𝛽 acting to
the right on 𝑒𝑖G

′ · r produces the factor 𝐺′
𝛽 , while 𝑘𝛼

is transferred onto the left exponential by integration
by parts, with the surface term vanishing by virtue
of the periodic boundary conditions, thereby pro-
ducing the factor 𝐺𝛼. Thus the non-commutativity
of k̂ and 𝑓(r) is resolved exactly, without any ap-
proximation, and no derivative of the discontinu-
ous parameters ever needs to be evaluated. Since 𝑘±
are mere linear combinations of 𝑘𝑥 and 𝑘𝑦, the rule
(18) extends to the entries (12) of the Luttinger ma-
trix. For instance, ⟨G|𝑘−𝛾(r)𝑘−|G′⟩ = 𝐺−𝐺

′
−𝛾(q)

with 𝐺± = 𝐺𝑥 ± 𝑖𝐺𝑦. Every operator in (12)–(13)
thus turns into an algebraic bilinear form in the pair
(G,G′), which is what makes the whole Hamiltonian
matrix analytic.

Substituting the expansion (14) into the Schrödin-
ger equation 𝐻̂ℎΨ = 𝐸Ψ, projecting onto the basis,
and applying (17) to the kernel (10), we arrive at the
algebraic eigenvalue problem:∑︁
G′,𝑚′

𝑗

𝐻𝑚𝑗𝑚′
𝑗
(G,G′)𝐶G′,𝑚′

𝑗
= 𝐸𝐶G,𝑚𝑗

(19)

with the matrix elements

𝐻𝑚𝑗𝑚′
𝑗
(G,G′) =

~2

2𝑚0

(︂
𝛾1(q) +

5

2
𝛾(q)

)︂
×

× (G ·G′)𝛿𝑚𝑗𝑚′
𝑗
− ~2

2𝑚0
𝛾(q)×

×
⟨︀
𝑚𝑗

⃒⃒{︀
(G · Ĵ), (G′ · Ĵ)

}︀⃒⃒
𝑚′

𝑗

⟩︀
+ 𝑈̃(q)𝛿𝑚𝑗𝑚′

𝑗
, (20)

where q = G−G′ and 𝛾1(q), 𝛾(q), 𝑈̃(q) denote the
Fourier transforms (18) of the corresponding position-
dependent quantities. Eq. (20) is the exact plane-
wave image of the Hamiltonian (9). Its Hermiticity
is manifest: G ·G′ is symmetric under G ↔ G′, the
anticommutator obeys {𝐴, 𝐵̂} = {𝐵̂, 𝐴} and is Her-
mitian for real G, and, since 𝛾(r) and 𝑈(r) are real,
𝛾(−q) = 𝛾*(q) and 𝑈̃(−q) = 𝑈̃*(q). Taken together,
these give 𝐻𝑚𝑗𝑚′

𝑗
(G,G′) = [𝐻𝑚′

𝑗𝑚𝑗
(G′,G)]*.

Written out explicitly, (20) preserves the block
structure,

𝐻̂(G,G′) =

⎛⎜⎝𝑃 +𝑄 −𝑆 𝑅 0
−𝑆 𝑃 −𝑄 0 𝑅
𝑅̄ 0 𝑃 −𝑄 𝑆
0 𝑅̄ 𝑆 𝑃 +𝑄

⎞⎟⎠+

+ 𝑈̃(q)𝐼4×4, (21)

where each entry is the plane-wave matrix element of
the corresponding operator in (12)–(13),

𝑃 = ⟨G|𝑃 |G′⟩, 𝑄 = ⟨G|𝑄̂|G′⟩,

𝑅 = ⟨G|𝑅̂|G′⟩, 𝑅̄ = ⟨G|𝑅̂†|G′⟩,

𝑆 = ⟨G|𝑆|G′⟩, 𝑆 = ⟨G|𝑆†|G′⟩,

(22)

so that the barred symbols are a shorthand for
the adjoint operators and not for complex conjuga-
tion. Applying the identity (17) term by term, these
bilinear forms are obtained in closed form:

𝑃 (G,G′) =
~2

2𝑚0
𝛾1(q)(G ·G′),

𝑄(G,G′) =
~2

2𝑚0
𝛾(q)(𝐺𝑥𝐺

′
𝑥 +𝐺𝑦𝐺

′
𝑦 − 2𝐺𝑧𝐺

′
𝑧),

𝑅(G,G′) = − ~2

2𝑚0

√
3 𝛾(q)𝐺−𝐺

′
−,

𝑅̄(G,G′) = − ~2

2𝑚0

√
3 𝛾(q)𝐺+𝐺

′
+,

𝑆(G,G′) =
~2

2𝑚0

√
3 𝛾(q)(𝐺𝑧𝐺

′
− +𝐺′

𝑧𝐺−),

𝑆(G,G′) =
~2

2𝑚0

√
3 𝛾(q)(𝐺𝑧𝐺

′
+ +𝐺′

𝑧𝐺+).

(23)

Eqs (23) make the Hermitian structure fully explicit.
The barred quantities obey

𝑅̄(G,G′) = [𝑅(G′,G)]*,

𝑆(G,G′) = [𝑆(G′,G)]*,
(24)

that is, the arguments have to be interchanged to-
gether with the complex conjugation, which is the
plane-wave image of the operator adjoints (13).

Applying the definition (18) to the decomposition
(3), we obtain, for any parameter of the model:

𝑓(q) = 𝑓𝑚𝛿q,0+(𝑓𝑠−𝑓𝑚)𝜒̃1(q)+(𝑓𝑐−𝑓𝑠)𝜒̃𝑐(q). (25)

Consequently, the whole problem reduces to the eval-
uation of the two Fourier transforms 𝜒̃1(q) and 𝜒̃𝑐(q),
both of which are obtained analytically.
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Consider first a sphere of radius 𝑅 centered at the
origin. Since its shape function depends only on |r|,
we may align q with the polar axis without loss of gen-
erality, so that q ·r = 𝑞𝑟 cos 𝜃 with 𝑞 = |q|. Switching
to spherical coordinates,

∫︁
|r|≤𝑅

𝑒−𝑖q·r𝑑3𝑟 =

𝑅∫︁
0

𝑟2𝑑𝑟

2𝜋∫︁
0

𝑑𝜑

𝜋∫︁
0

𝑒−𝑖𝑞𝑟 cos 𝜃 sin 𝜃 𝑑𝜃. (26)

The angular integration gives
∫︀ 𝜋

0
𝑒−𝑖𝑞𝑟 cos 𝜃 sin 𝜃 𝑑𝜃 =

= 2 sin(𝑞𝑟)/(𝑞𝑟), and the remaining radial integral
(4𝜋/𝑞)

∫︀ 𝑅

0
𝑟 sin(𝑞𝑟) 𝑑𝑟 is elementary. Hence

𝐹 (𝑞,𝑅) =

∫︁
|r|≤𝑅

𝑒−𝑖q·r𝑑3𝑟 =

=

⎧⎪⎨⎪⎩
4𝜋

𝑞3
[︀
sin(𝑞𝑅)− 𝑞𝑅 cos(𝑞𝑅)

]︀
, 𝑞 ̸= 0,

4𝜋𝑅3

3
, 𝑞 = 0,

(27)

the second line following from the limit 𝑞 → 0 of the
first and coinciding, as it must, with the volume of
the sphere. The function 𝐹 (𝑞,𝑅) is real and depends
only on |q|.

The shell sphere is centered at the origin; therefore,

𝜒̃1(q) =
1

Ω
𝐹 (𝑞, 𝑟1). (28)

The core sphere, by contrast, is centered at D =
= (0, 0, 𝐷). Performing the substitution r = r′ + D
in (18) and using the shift theorem, we get

𝜒̃𝑐(q) =
1

Ω

∫︁
|r−D|≤𝑟0

𝑒−𝑖q·r𝑑3𝑟 =

=
1

Ω
𝑒−𝑖q·D

∫︁
|r′|≤𝑟0

𝑒−𝑖q·r′𝑑3𝑟′ =
1

Ω
𝑒−𝑖𝑞𝑧𝐷𝐹 (𝑞, 𝑟0). (29)

Eqs (28)–(29) constitute the central analytic result of
the model. The displacement of the core enters the
entire formalism exclusively through the phase factor
exp(−𝑖𝑞𝑧𝐷). The moduli of the Fourier harmonics are
independent of 𝐷. Therefore, the whole physics of the
non-concentricity is encoded in the relative phases
between the harmonics, which is precisely what de-
stroys the spherical symmetry of the confining po-
tential and of the effective-mass profile while leaving

their magnitudes intact. For 𝐷 = 0 all Fourier co-
efficients become real and even functions of q, and
the concentric core-shell QD is recovered as a spe-
cial case of the same formulae. The limit 𝑟0 → 0, or
𝛾𝑐 = 𝛾𝑠, 𝛾𝑐1 = 𝛾𝑠1 , 𝑈𝑠 = 0, yields a homogeneous
spherical QD. Both limits provide a convenient test
of the numerical implementation.

Collecting (25)–(29), the Fourier transforms that
enter the matrix elements (20) are given analytically
by

𝛾1(q) = 𝛾𝑚1 𝛿q,0 +
1

Ω

[︁
(𝛾𝑠1 − 𝛾𝑚1 )𝐹 (𝑞, 𝑟1)+

+ (𝛾𝑐1 − 𝛾𝑠1)𝑒
−𝑖𝑞𝑧𝐷𝐹 (𝑞, 𝑟0)

]︁
, (30)

𝛾(q) = 𝛾𝑚𝛿q,0 +
1

Ω

[︁
(𝛾𝑠 − 𝛾𝑚)𝐹 (𝑞, 𝑟1)+

+ (𝛾𝑐 − 𝛾𝑠)𝑒−𝑖𝑞𝑧𝐷𝐹 (𝑞, 𝑟0)
]︁
, (31)

𝑈̃(q) = 𝑈𝑚𝛿q,0 +
1

Ω

[︁
(𝑈𝑠 − 𝑈𝑚)𝐹 (𝑞, 𝑟1)−

−𝑈𝑠𝑒
−𝑖𝑞𝑧𝐷𝐹 (𝑞, 𝑟0)

]︁
, (32)

where the last equality accounts for the chosen refer-
ence level 𝑈𝑐 = 0. For q = 0, the Kronecker symbol
contributes, and (29) yields the volumes of the two
spheres, 𝐹 (0, 𝑟1) = 𝑉1 = 4𝜋𝑟31/3 and 𝐹 (0, 𝑟0) = 𝑉𝑐 =
= 4𝜋𝑟30/3, so that the diagonal harmonics reduce to
the volume-averaged parameters of the supercell, for
example,

𝛾1(0) = 𝛾𝑚1 + (𝛾𝑠1 − 𝛾𝑚1 )
𝑉1
Ω

+ (𝛾𝑐1 − 𝛾𝑠1)
𝑉𝑐
Ω
, (33)

which resolves the apparent divergence of (29) at
𝑞 → 0 and provides an additional consistency check
of the construction.

A remark on the Luttinger parameters of the ma-
trix is in order. The wide-gap host has no valence
band structure that could be described by the same
Γ8 manifold, and its Luttinger parameters are, strict-
ly speaking, not defined. We therefore set 𝛾𝑚1 = 1 and
𝛾𝑚 = 0, which reduces the kernel (10) in the matrix
to 𝐾̂𝛼𝛽 = 𝛿𝛼𝛽𝐼4×4, i.e., to a free particle of mass 𝑚0

moving in the barrier 𝑈𝑚. This choice is physically
justified because the high barrier confines the hole al-
most entirely within the heterostructure, so that the
details of the dispersion in the matrix are irrelevant,
while the four components of the envelope decouple in
the barrier and decay as exp

(︀
−
√︀
2𝑚0(𝑈𝑚 − 𝐸) 𝑟/~

)︀
,

as expected.

768 ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 9



Exciton States in Non-Concentric Core–Shell Quantum Dots

3. Theoretical Model of Electron States

The description of the exciton requires the electron
states as well. The conduction band of the materi-
als considered is nondegenerate and isotropic near
the Γ point, so that the electron is adequately de-
scribed by the single-band effective-mass approxima-
tion with the Hamiltonian written in the BenDaniel–
Duke form,

𝐻̂𝑒 = −~2

2
∇ ·

[︂
1

𝑚*
𝑒(r)

∇
]︂
+ 𝑈𝑒(r) =

=
~2

2

∑︁
𝛼

𝑘𝛼
1

𝑚*
𝑒(r)

𝑘𝛼 + 𝑈𝑒(r). (34)

Both the inverse effective mass 1/𝑚*
𝑒(r) and the elec-

tron confining potential 𝑈𝑒(r) are piecewise-constant
and therefore obey the same decomposition (3). Ex-
panding the electron envelope over the scalar plane-
wave basis, 𝜓(r) = Ω−1/2

∑︀
G𝐴G𝑒

𝑖G·r, and applying
the same identity (18), we obtain the matrix elements
in closed form,

𝐻𝑒(G,G
′) =

~2

2
(G ·G′)𝜂(q) + 𝑈̃𝑒(q), (35)

where 𝜂(q) and 𝑈̃𝑒(q) are given by (25) with the same
functions (29) and (30). Thus the electron and the
hole problems are treated on exactly the same footing
and share the same analytic Fourier transforms. Elec-
tron states in the NCSCSQD have been calculated
and analyzed in detail in [11, 12]. The only difference
is the scalar rather than four-component structure
of the basis. The electron levels 𝐸(𝑒)

𝜇 and the coeffi-
cients 𝐴(𝜇)

G obtained from (35) serve, together with
the hole states, as the single-particle basis for the ex-
citon problem considered below.

4. Theoretical Model of Exciton States

4.1. The exciton Hamiltonian

The single-particle spectra of Secs. 2 and 3 describe
an electron and a hole that do not feel each other. In a
strongly confined nanocrystal, however, the Coulomb
attraction between the photocreated carriers is com-
parable to the confinement energies and cannot be
treated as a weak perturbation, while the short-range
electron-hole exchange interaction, although much
smaller in magnitude, is the only term that removes

the spin degeneracy of the pair and therefore deter-
mines which of the exciton levels are optically ac-
tive. Both terms must be included, and both are
added to the sum of the single-particle Hamiltonians:

𝐻̂ex = 𝐻̂𝑒 + 𝐻̂ℎ + 𝑉C(r𝑒, rℎ) + 𝐻̂exch, (36)

where 𝐻̂𝑒 is given by Eq. (34) and 𝐻̂ℎ by Eq. (9). The
direct Coulomb term is

𝑉C(r𝑒, rℎ) = − 𝑒2

4𝜋𝜀0𝜀|r𝑒 − rℎ|
, (37)

in which 𝜀 is the effective static dielectric constant
of the heterostructure. Since the core and the shell
are made of different materials, we take 𝜀 to be the
volume-weighted average over the two regions,

𝜀 =
𝜀𝑐𝑉𝑐 + 𝜀𝑠(𝑉1 − 𝑉𝑐)

𝑉1
,

𝑉𝑐 =
4𝜋𝑟30
3

, 𝑉1 =
4𝜋𝑟31
3

,

(38)

which uses the same two volumes that already ap-
peared in the q = 0 limit (33) of the Fourier trans-
forms. This simplification is justified because a fully
consistent treatment of a position-dependent 𝜀(r)
would require the solution of the Poisson equation
with the polarization charges induced at both het-
erointerfaces, which lies beyond the scope of the
present work. In addition, we consider QDs for which
the difference in dielectric constants is small.

The exchange term requires more care than in the
single-band description. Because the hole is described
by the four-band Luttinger model, it carries the an-
gular momentum 𝑗 = 3/2 rather than a spin 1/2, and
the electron-hole exchange is not of the (𝜎̂𝑒 × 𝜎̂ℎ)
singlet-triplet type. The short-range exchange inter-
action between a Γ6 electron and a Γ8 hole is instead
the standard contact operator [22]:

𝐻̂exch = −2

3
𝜀exch(r𝑒) 𝑎

3
0 𝛿(r𝑒 − rℎ)

(︁
𝜎̂ × Ĵ

)︁
, (39)

where 𝜎̂ are the Pauli matrices acting on the electron
spin, Ĵ are the same 4 × 4 angular-momentum ma-
trices for 3/2 that enter the Luttinger kernel (10), 𝑎0
is the lattice constant, and 𝜀exch is the bulk exciton
exchange constant. The 𝛿-function expresses the fact
that the exchange is a short-range interaction acting
on the scale of the unit cell. Since 𝜀exch differs appre-
ciably between the core and the shell materials, we
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keep it position-dependent; being piecewise-constant,
it obeys the same decomposition (3) as every other
parameter of the model,

𝜀exch(r) = 𝜀𝑚exch + (𝜀𝑠exch − 𝜀𝑚exch)𝜒1(r)+

+ (𝜀𝑐exch − 𝜀𝑠exch)𝜒𝑐(r), (40)

so that its Fourier transform is again given analyti-
cally by (25), (28) and (29).

4.2. The exciton basis and the wave function

The single-particle Hamiltonian (34) of the electron
contains no spin-orbit coupling, so each electron level
𝐸

(𝑒)
𝜇 with the envelope 𝜓𝜇(r𝑒) is twofold degenerate

with respect to the spin projection 𝑠𝑧 = ±1/2, and
the spatial and spin variables of the electron factor-
ize. The hole, by contrast, is not a product of an enve-
lope and a spinor, because the state 𝜈 obtained by di-
agonalization of (20) is an irreducible four-component
object

Ψ𝜈(rℎ) =
∑︀

𝑚𝑗
Ψ𝜈,𝑚𝑗 (rℎ)|3/2,𝑚𝑗),

Ψ𝜈,𝑚𝑗 (rℎ) =
1√
Ω

∑︁
G

𝐶
(𝜈)
G,𝑚𝑗

𝑒𝑖G·rℎ ,
(41)

in which the Bloch index 𝑚𝑗 is inseparably entangled
with the spatial dependence through the plane-wave
coefficients 𝐶(𝜈)

G,𝑚𝑗
. This is the essential structural dif-

ference from the single-band description, and it car-
ries over to every subsequent step.

The non-interacting electron-hole configurations
|𝜇𝑠𝑧)⊗ |𝜈) therefore form the natural basis of the ex-
citon problem, and the exciton wave function is the
full configuration interaction expansion

Ψ(𝑛)
ex (r𝑒, 𝜎𝑒; rℎ) =

∑︁
𝜇,𝜈

∑︁
𝑠𝑧

𝐶(𝑛)
𝜇𝑠𝑧,𝜈 ×

×𝜓𝜇(r𝑒)|𝑠𝑧)⊗Ψ𝜈(rℎ), (42)
or

Ψ(𝑛)
ex =

∑︁
𝜇,𝜈

∑︁
𝑠𝑧,𝑚𝑗

𝐶(𝑛)
𝜇𝑠𝑧,𝜈𝜓𝜇(r𝑒)×

×Ψ𝜈,𝑚𝑗 (rℎ)|𝑠𝑧)|3/2,𝑚𝑗). (43)

The coefficients 𝐶(𝑛)
𝜇𝑠𝑧,𝜈 carry no 𝑚𝑗 index: the dis-

tribution of the hole over the four Bloch components
is already fixed by the single-particle state 𝜈. If 𝑁𝑒

electron and 𝑁ℎ hole levels are retained, the exciton
matrix has dimensions 2𝑁𝑒𝑁ℎ × 2𝑁𝑒𝑁ℎ.

Projecting (36) onto this basis gives the secular
problem∑︁
𝜇′𝑠′𝑧𝜈

′

𝐻ex
𝜇𝑠𝑧𝜈,𝜇′𝑠′𝑧𝜈

′𝐶
(𝑛)
𝜇′𝑠′𝑧,𝜈

′ = 𝐸𝑛𝐶
(𝑛)
𝜇𝑠𝑧,𝜈 , (44)

with

𝐻ex
𝜇𝑠𝑧𝜈,𝜇′𝑠′𝑧𝜈

′ =
(︀
𝐸(𝑒)

𝜇 + 𝐸(ℎ)
𝜈

)︀
𝛿𝜇𝜇′𝛿𝜈𝜈′𝛿𝑠𝑧𝑠′𝑧 +

+𝑊𝜇𝜈,𝜇′𝜈′𝛿𝑠𝑧𝑠′𝑧 +𝐾exch
𝜇𝑠𝑧𝜈,𝜇′𝑠′𝑧𝜈

′ . (45)

The first term is diagonal and contains the single-
particle spectra of Secs. 2 and 3. The second term, the
Coulomb interaction, acts only on the spatial coordi-
nates and is therefore diagonal in the electron spin,
but it couples different configurations (𝜇, 𝜈). The
third term is the only one that mixes the spin chan-
nels. The two remaining subsections reduce 𝑊 and
𝐾exch to closed-form expressions in the plane-wave
coefficients.

4.3. Matrix elements
of the Coulomb interaction

Since the supercell is periodic, the Coulomb kernel is
expanded in the same discrete Fourier series as every
other quantity of the model,

1

|r𝑒 − rℎ|
=

1

Ω

∑︁
p

4𝜋

𝑝2
𝑒𝑖p·(r𝑒−pℎ),

𝑉C = − 𝑒2

𝜀0𝜀Ω

∑︁
p̸=0

1

𝑝2
𝑒𝑖p·(p𝑒−pℎ),

(46)

where p runs over the reciprocal lattice of the super-
cell and 𝑝 = |p|. The term p = 0 is excluded because
it describes the interaction of the two uniform charge
densities and is exactly cancelled by the neutraliz-
ing background, as it must be for a charge-neutral
electron-hole pair.

The structure of (46) shows that the only quanti-
ties needed are the matrix elements of 𝑒∓𝑖p·r between
single-particle states, i.e., the transition densities in
reciprocal space. For the electron and the hole, re-
spectively, they are

𝜌
(𝑒)
𝜇𝜇′(p) ≡ ⟨𝜓𝜇|𝑒−𝑖p·r|𝜓𝜇′) =

=
∑︀

G

(︀
𝐴

(𝜇)
G

)︀*
𝐴

(𝜇′)
G+p,

𝜌
(ℎ)
𝜈𝜈′(p) ≡ ⟨Ψ𝜈 |𝑒−𝑖p·r|Ψ𝜈′) =

=
∑︀

G

∑︀
𝑚𝑗

(︀
𝐶

(𝜈)
G,𝑚𝑗

)︀*
𝐶

(𝜈′)
G+p,𝑚𝑗

.

(47)
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These equations are obtained by inserting the plane-
wave expansions (14) and (41) and using the orthogo-
nality Ω−1

∫︀
Ω
𝑒𝑖(G

′−G−p)·r𝑑3𝑟 = 𝛿G′,G+p, which col-
lapses the double sum over the reciprocal lattice into
a single one. Note that the hole density in (47) is
summed over 𝑚𝑗 . The Coulomb operator is propor-
tional to the unit matrix in the Bloch subspace and
cannot change the Bloch index. Both densities obey

𝜌
(𝑖)
𝛼𝛽(−p) =

[︀
𝜌
(𝑖)
𝛽𝛼(p)

]︀*
, 𝑖 = 𝑒, ℎ, (48)

so that only one half of the p shell has to be stored.
Collecting Eqs (46)–(47) and observing that the

electron and the hole absorb opposite momenta ∓~p,
the six-dimensional integral of the direct Coulomb in-
teraction reduces to a single discrete convolution over
the reciprocal lattice

𝑊𝜇𝜈,𝜇′𝜈′ = − 𝑒2

𝜀0𝜀Ω

∑︁
p̸=0

1

𝑝2
𝜌
(𝑒)
𝜇𝜇′(p) 𝜌

(ℎ)
𝜈𝜈′(−p). (49)

Hermiticity, 𝑊𝜇𝜈,𝜇′𝜈′ = [𝑊𝜇′𝜈′,𝜇𝜈 ]
*, follows di-

rectly from Eq. (48) together with the evenness of
1/𝑝2. Thus no six-dimensional numerical integration
is ever performed. The whole Coulomb problem is
treated algebraically in the plane-wave coefficients,
exactly as the single-particle problem was.

4.4. Matrix elements
of the exchange interaction

The exchange operator (39) factorizes into a purely
spin part and a purely spatial part. Substituting
Eqs (39) and (43) and integrating the 𝛿-function,
which collapses the six-dimensional integral onto the
diagonal r𝑒 = rℎ = r, we obtain

𝐾exch
𝜇𝑠𝑧𝜈,𝜇′𝑠′𝑧𝜈

′ =−2

3
𝑎30

∑︁
𝑚𝑗 ,𝑚′

𝑗

⟨𝑠𝑧,𝑚𝑗 |𝜎̂·Ĵ|𝑠′𝑧,𝑚′
𝑗⟩ 𝐼

𝑚𝑗𝑚
′
𝑗

𝜇𝜈,𝜇′𝜈′ ,

(50)

where the four-wave-function overlap integral, weigh-
ted by the position-dependent exchange constant, is

𝐼
𝑚𝑗𝑚

′
𝑗

𝜇𝜈,𝜇′𝜈′ =

∫︁
Ω

𝜀exch(r)𝜓
*
𝜇(r)𝜓𝜇′(r)Ψ*

𝜈,𝑚𝑗
(r)×

×Ψ𝜈′,𝑚′
𝑗
(r) 𝑑3𝑟. (51)

In contrast to the Coulomb density (47), the hole
indices 𝑚𝑗 and 𝑚′

𝑗 are here not summed over. The
operator 𝜎̂ × Ĵ is off-diagonal in the Bloch subspace,

and it is exactly this off-diagonal structure that mixes
the four hole components with the two electron spin
states.

To evaluate Eq. (51), we introduce the 𝑚𝑗-resolved
hole transition density,

𝜌
(ℎ),𝑚𝑗𝑚

′
𝑗

𝜈𝜈′ (p) =
∑︀
G

(︀
𝐶

(𝜈)
G,𝑚𝑗

)︀*
𝐶

(𝜈′)
G+p,𝑚′

𝑗
,

𝜌
(ℎ)
𝜈𝜈′(p) =

∑︀
𝑚𝑗

𝜌
(ℎ),𝑚𝑗𝑚𝑗

𝜈𝜈′ (p),
(52)

where the second relation shows that the Coulomb
density (48) is simply its trace. The products of two
envelopes are then ordinary Fourier series determined
by these densities

𝜓*
𝜇(r)𝜓𝜇′(r) =

1

Ω

∑︁
p

𝜌
(𝑒)
𝜇𝜇′(p)𝑒

𝑖p·r,

Ψ*
𝜈,𝑚𝑗

(r)Ψ𝜈′,𝑚′
𝑗
(r) =

1

Ω

∑︁
p

𝜌
(ℎ),𝑚𝑗𝑚

′
𝑗

𝜈𝜈′ (p)𝑒𝑖p·r,
(53)

and, inserting these together with the inverse trans-
form 𝜀exch(r) =

∑︀
q 𝜀exch(q)𝑒

𝑖q·r into (51) and inte-
grating, we arrive at

𝐼
𝑚𝑗𝑚

′
𝑗

𝜇𝜈,𝜇′𝜈′ =
1

Ω

∑︁
q

∑︁
p

𝜀exch(q) 𝜌
(𝑒)
𝜇𝜇′(p)×

× 𝜌
(ℎ),𝑚𝑗𝑚

′
𝑗

𝜈𝜈′ (−q− p). (54)

The three factors correspond to the momentum bal-
ance q + p + (−q − p) = 0. The inhomogeneity of
the exchange constant supplies the momentum q,
while the electron and the hole exchange momentum
p. For a homogeneous exchange constant, 𝜀exch(q) =
= 𝜀exch𝛿q,0, and (54) collapses into a single convo-
lution formally identical to the Coulomb expression
(49) but with the kernel 1/𝑝2 replaced by unity and
with the term p = 0 retained,

𝐼
𝑚𝑗𝑚

′
𝑗

𝜇𝜈,𝜇′𝜈′ =
𝜀exch
Ω

∑︁
p

𝜌
(𝑒)
𝜇𝜇′(p) 𝜌

(ℎ),𝑚𝑗𝑚
′
𝑗

𝜈𝜈′ (−p). (55)

It remains to specify the spin factor of (50). In the
product basis |𝑠𝑧)|3/2,𝑚𝑗), the operator

𝜎̂ · Ĵ = 𝜎̂𝑧𝐽𝑧 +
1

2

(︀
𝜎̂+𝐽− + 𝜎̂−𝐽+

)︀
,

𝜎̂± = 𝜎̂𝑥 ± 𝑖𝜎̂𝑦, 𝐽± = 𝐽𝑥 ± 𝑖𝐽𝑦,
(56)

is an 8 × 8 matrix whose non-zero elements connect
the channels with 𝑠𝑧+𝑚𝑗 = 𝑠′𝑧+𝑚

′
𝑗 , i.e., it conserves
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a b
Fig. 2. Dependence of the two lowest hole multiplets on the core displacement 𝐷 for a CdSe/CdS NCSCSQD with a fixed shell
radius 𝑟1 = 5 nm: core radius 𝑟0 = 2 nm (a); core radius 𝑟0 = 3 nm (b). Curves 1, 2 correspond to the ground multiplet; curves
3, 4 – to the first excited one. Within each multiplet, curves 1 and 3 are the states with |𝐹𝑧 | = 3/2, curves 2 and 4 – those with
|𝐹𝑧 | = 1/2. Every curve is a Kramers doublet, so that the four curves represent eight hole states. At 𝐷 = 0, the curves of each
pair merge, recovering the fourfold degenerate multiplet of the concentric structure

the projection of the total angular momentum of the
pair. All matrix elements of (50) are pure numbers,
so that 𝐾exch is obtained from (56) by a finite 4 × 4
contraction of the overlap integrals (54) with an 8×8
numerical matrix.

5. Results

The calculations were performed for a NCSCSQD em-
bedded in an infinite matrix. The core displacement
was varied over the whole physically admissible range,
0 ≤ 𝐷 ≤ 𝑟1 − 𝑟0. The following material parame-
ters were used [23, 24]. For the core, 𝛾𝑐1 = 3.265𝑚0,
𝛾𝑐2 = 1.162𝑚0, 𝛾𝑐3 = 1.443𝑚0 [23], which by (7) yields
the spherical parameter 𝛾𝑐 = 1.331𝑚0. For the shell,
𝛾𝑠1 = 2.10𝑚0, 𝛾𝑠2 = 0.70𝑚0, 𝛾𝑠3 = 0.90𝑚0, whence
𝛾𝑠 = 0.82𝑚0. For the matrix, we set 𝛾𝑚1 = 1 and
𝛾𝑚 = 0, for the reasons discussed in Sec. 2.3. The
top of the CdSe valence band is taken as the refer-
ence level, 𝑈𝑐 = 0. The valence-band offset at the
core-shell interface is 𝑈𝑠 = 450 meV, consistent with
the bulk band-gap difference Δ𝐸𝑔 ≈ 750 meV and
a conduction-band offset of ≈ 0.3 eV reported for
CdSe/CdS heterostructures [25, 27], and the barrier
at the shell-matrix interface is 𝑈𝑚 = 4000 meV. The
static dielectric constants entering the effective value
(38) are 𝜀𝑐 = 5.8 and 𝜀𝑠 = 5.5 [24–27]. Since these
QDs are grown by colloidal synthesis, the surrounding
matrix is a non-polar organic solvent with a consid-
erably lower dielectric constant (𝜀𝑚 ≈ 2.4 for toluene

[28]). It does not enter into (38), because the exciton
is confined almost entirely within the heterostructure
by the high barrier 𝑈𝑚, and the volume averaging in
(38) is therefore restricted to the core and the shell.

First, we calculated the dependence of the hole en-
ergy on the location of the core for different core
sizes and a fixed shell radius (Fig. 2). Since in the
spherical approximation (7) the kinetic-energy oper-
ator commutes with the total angular momentum, it
is convenient to classify the hole states by the total
angular momentum operator F̂ = L̂ + Ĵ, where L̂ is
the angular momentum associated with the envelope
motion and Ĵ is the operator of spin 3/2. For a con-
centric structure (𝐷 = 0), the confining potential (6)
is spherically symmetric, both 𝐹 and its projection
𝐹𝑧 are good quantum numbers, and every level with a
given 𝐹 is (2𝐹+1)-fold degenerate. A displacement of
the core along the 𝑧-axis reduces the symmetry from
spherical to axial. 𝐹 ceases to be conserved, whereas
the projection 𝐹𝑧 = 𝑚𝑗 + 𝑚 (where 𝑚 is the az-
imuthal quantum number of the envelope component
with the Bloch index 𝑚𝑗) remains a good quantum
number for arbitrary𝐷. Since 𝐹𝑧 is half-integer, time-
reversal invariance guarantees Kramers degeneracy
𝐸(𝐹𝑧) = 𝐸(−𝐹𝑧), so that the states can be labelled
by |𝐹𝑧| and each level remains at least twofold degen-
erate for any core displacement. At 𝐷 = 0, the con-
fining potential is spherically symmetric, and, accord-
ingly, curves 1 and 2 in Fig. 2 start from a common
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energy, and curves 3 and 4 likewise merge too. The
exact coincidence of the branches in the concentric
limit is a direct consequence of the spherical symme-
try and simultaneously serves as an internal consis-
tency check of the numerical method.

Displacing the core lowers the symmetry to ax-
ial. The projection 𝐹𝑧 remains a good quantum num-
ber, but the degeneracy with respect to its modulus
is lifted, and each fourfold multiplet splits into two
Kramers doublets, |𝐹𝑧| = 3/2 and |𝐹𝑧| = 1/2. Kra-
mers degeneracy is preserved for arbitrary 𝐷.

The splitting is strongly non-linear in 𝐷. Up to
𝐷 ≈ 1.5 nm for 𝑟0 = 2 nm (and 𝐷 ≈ 1.0 nm
for 𝑟0 = 3 nm) the branches remain practically in-
distinguishable, and only when the core approaches
the shell boundary does the splitting grow rapidly,
reaching ≈ 1.2 meV for the ground multiplet and
≈1.5 meV for the excited one at the maximal displace-
ment 𝐷 = 𝑟1 − 𝑟0 = 3 nm (Fig. 2, a). This behaviour
reflects the fact that a hole localized predominantly
within the core is only weakly sensitive to the posi-
tion of a distant interface. The perturbation becomes
appreciable when the shell thickness on the side of
the displacement becomes comparable with the pen-
etration depth of the hole wave function into the bar-
rier. The excited multiplet splits more strongly than
the ground one, as its envelope extends further to-
wards the shell boundary and therefore probes the
induced anisotropy earlier.

Simultaneously, all branches shift upwards with in-
creasing 𝐷, reflecting the enhanced confinement. A
comparison of the two panels reveals the expected
quantum size dependence. Increasing the core radius
from 2 to 3 nm lowers the absolute energies by nearly
a factor of two and reduces the splitting at the maxi-
mal admissible displacement from ≈1.2 to ≈0.5 meV,
since a larger core leaves a thinner shell and hence a
smaller range of accessible displacements.

Analogous calculations can be carried out for the
electron states. Within the single-band effective-mass
approximation (34), the conduction band is non-dege-
nerate and isotropic near the Γ point, so the electron
envelope is a scalar rather than a four-component ob-
ject. Consequently, the electron levels carry no ana-
logue of the 𝐹𝑧 splitting discussed above. Each level
remains twofold degenerate with respect to the spin
projection 𝑠𝑧 = ±1/2 for an arbitrary core displace-
ment, but there is a splitting with respect to the az-
imuthal quantum number 𝑚𝑙 [11, 12], and the effect

of non-concentricity reduces to a monotonic shift of
the levels. A detailed calculation and analysis of the
electron energy spectrum in NCSCSQDs, including
its dependence on the core displacement and on the
geometrical parameters of the heterostructure, have
been performed in [11, 12], and we therefore do not
reproduce it here and use the electron levels and wave
functions obtained there.

Having both single-particle spectra at our disposal,
we can now turn to the exciton problem. The elec-
tron and hole states obtained above enter the con-
figuration basis (42) of the full exciton Hamiltonian
(36). It should be emphasised that the splitting of the
hole multiplets described above does not simply carry
over to the exciton spectrum. The Coulomb interac-
tion mixes the configurations of electrons and holes,
while the exchange operator (39) additionally couples
the four hole components with the two electron spin
states, so that the resulting exciton levels are classi-
fied by the projection of the total angular momentum
of the electron-hole pair.

For the exciton calculation the geometry was fixed
at a core radius 𝑟0 = 1.3 nm and an outer shell radius
𝑟1 = 2.6 nm. These dimensions were chosen to repro-
duce the CdSe/CdS sample S5 of the experimental
study [9], so that the computed spectra can be com-
pared directly with the measured data. In the concen-
tric limit this corresponds to a shell thickness 𝑟1−𝑟0 =
= 1.3 nm, and the physically admissible range of the
core displacement is therefore 0 ≤ 𝐷 ≤ 1.3 nm. The
exciton wave function was expanded in the configu-
ration basis (42) constructed from the 𝑁𝑒 = 3 lowest
electron levels (without spin) and the 𝑁ℎ = 8 lowest
hole levels, which yields an exciton matrix of dimen-
sion 2𝑁𝑒𝑁ℎ = 48 (including both electron and hole
spins). This basis was found to be sufficiently con-
verged for the ground and first excited exciton mul-
tiplets reported here.

Figure 3 shows the dependence of the two low-
est exciton states on the core displacement 𝐷. These
are the optically inactive (dark) and the optically ac-
tive (bright, “light”) states. Both branches shift mono-
tonically to higher energy with increasing 𝐷, from
≈2123 meV (584 nm) in the concentric structure to
≈2173 meV (≈571 nm) at the maximal displacement
𝐷 = 1.3 nm, an overall blueshift of about 50 meV
(≈13 nm). This trend follows directly from the en-
hanced quantum confinement already identified for
the single-particle hole spectrum. As the core ap-

ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 9 773



R.Ya. Leshko, O.V. Leshko, I.V. Bilynskyi et al.

a b

Fig. 3. Exciton energy and
dark–light splitting in the NC-
SCSQD as functions of the
core displacement 𝐷: energy
𝐸 and wavelength 𝜆 of the
dark and light (bright) ex-
citon states (a); dark–bright
(singlet–triplet) splitting ΔST

and the corresponding wave-
length separation Δ𝜆 (b)

proaches the shell boundary, the shell thickness on
the displacement side becomes comparable with the
penetration depth of the carrier envelopes, the elec-
tron and hole wave functions are compressed, and the
single-particle confinement energies rise. Since this
single-particle blueshift exceeds the concurrent, more
modest increase in the Coulomb binding, the net ex-
citon transition energy grows with 𝐷.

The absolute position of the transition provides a
direct test against experiment. In our earlier work [12]
the optical response of the same NCSCSQD was ob-
tained from single-particle electron–hole transitions,
i.e. neglecting both the Coulomb attraction and the
electron-hole exchange. Within that approximation,
the transition energy is essentially the single-particle
gap 𝐸𝑒+𝐸ℎ, which for the present geometry lies about
100 meV above the excitonic value and hence corre-
sponds to a markedly shorter wavelength (≈560 nm),
in poorer agreement with the measured absorption of
sample S5. The direct Coulomb term, which for the
exciton ground state amounts to ≈–97 meV at 𝐷 = 0,
redshifts the transition and brings the computed ab-
sorption edge to 584 nm, in quantitative agreement
with the value reported in Ref. [9]. This demonstrates
that the inclusion of excitonic effects is not merely a
refinement but is essential for a realistic description
of the optical response, and that it substantially im-
proves the agreement with experiment relative to the
single-particle treatment of Ref. [12].

The lower branch in Fig. 3 is the dark exciton,
and the upper one is the bright exciton; their sep-
aration is the dark–bright (singlet–triplet) splitting
ΔST produced by the short-range electron–hole ex-
change interaction (39). Even in the concentric QD
(𝐷 = 0), the exchange already lifts the degeneracy of
the band-edge multiplet [22], giving a small splitting
ΔST ≈ 0.45 meV. As the core is displaced, ΔST first

passes through a shallow minimum near 𝐷 ≈ 0.3 nm
and then rises steeply, reaching ≈4.5 meV at the max-
imal displacement 𝐷 = 1.3 nm, which corresponds to
a wavelength separation Δ𝜆 of order 1 nm (Fig. 3, b).
The growth of ΔST mirrors the behaviour of the
exchange matrix elements (54)–(55). Displacing the
core toward the shell boundary squeezes both carri-
ers onto the thin-shell side and increases the electron-
hole overlap that enters the contact exchange opera-
tor (39), so that the splitting grows accordingly. The
same mechanism enhances the direct Coulomb bind-
ing, which strengthens from ≈–97 meV at 𝐷 = 0
to ≈–101 meV at 𝐷 = 1.3 nm. The exciton there-
fore becomes slightly more tightly bound as the non-
concentricity increases.

Physically, the non-concentricity thus acts on the
exciton in two distinct ways. It reduces the symme-
try of the confining potential from spherical to axial,
which (combined with the exchange interaction) is
responsible for the dark–bright splitting and its pro-
nounced enhancement at large 𝐷, while simultane-
ously enhancing the overall confinement and shift-
ing the entire spectrum to higher energy. Because the
resulting exciton levels are classified by the projec-
tion of the total angular momentum of the electron-
hole pair rather than by the hole quantum number
𝐹𝑧 alone, the hole-multiplet splitting discussed above
does not carry over unchanged. The Coulomb and
exchange couplings redistribute it among the exci-
ton configurations, and the observable dark–bright
splitting ΔST is the physically relevant fine-structure
quantity.

6. Conclusions

We have developed a consistent theoretical frame-
work for the electronic and excitonic states of non-
concentric CdSe/CdS core-shell quantum dots, treat-
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ing the valence band within the four-band Luttinger–
Kohn model and incorporating the displaced-core po-
tential exactly over the full range 0 ≤ 𝐷 ≤ 𝑟1 −
− 𝑟0. Non-concentricity acts as an effective symmet-
ry-breaking field that lifts the degeneracy of the
hole multiplet and produces a fine-structure split-
ting of the hole levels that grows monotonically with
displacement.

The exciton states, obtained by configuration in-
teraction including the direct Coulomb and short-
range exchange interactions, are strongly tunable by
the core displacement: the ground-state transition
blueshifts by ≈50 meV as𝐷 increases, while the dark–
bright splitting ΔST grows from ≈0.45 meV in the
concentric dot to ≈4.5 meV at 𝐷 = 1.3 nm. For the
geometry of sample S5 of Ref. [9], the computed ab-
sorption edge falls at 584 nm, in quantitative agree-
ment with experiment – an agreement reached only
when excitonic effects are included, since the single-
particle treatment of Ref. [12] overestimates the tran-
sition energy by ≈100 meV. Core displacement thus
provides an effective means of tuning both the emis-
sion energy and the exciton fine structure of core–
shell nanocrystals without changing their composi-
tion or size.
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ЕКСИТОННI СТАНИ У СФЕРИЧНИХ
НЕКОНЦЕНТРИЧНИХ КВАНТОВИХ ТОЧКАХ
ТИПУ ЯДРО–ОБОЛОНКА

Теоретично дослiджено електронну та екситонну структуру
неконцентричних сферичних квантових точок типу ядро–
оболонка CdSe/CdS, у яких ядро змiщене вiдносно центра
оболонки. Дiрковi стани обчислено в рамках чотиризон-
ної моделi Латинджера–Кона, розкладеної за базисом пло-
ских хвиль, причому потенцiал конфайнменту зi змiщеним

ядром враховано безпосередньо, а екситоннi стани знайде-
но методом конфiгурацiйної взаємодiї з урахуванням пря-
мої кулонiвської взаємодiї електрон–дiрка та короткодiй-
ного обмiнного доданка. Змiщення ядра знижує симетрiю
потенцiалу конфайнменту вiд сферичної до аксiальної та
знiмає виродження крайового дiркового мультиплету, зу-
мовлюючи тонку структуру розщеплення, яка монотонно
зростає зi збiльшенням змiщення. Той самий механiзм пе-
ребудовує i екситонний спектр: енергiя основного перехо-
ду зазнає синього зсуву з наближенням ядра до межi обо-
лонки, тодi як зумовлене обмiнною взаємодiєю розщепле-
ння темного та свiтлого станiв монотонно зростає зi збiль-
шенням змiщення. Розрахований край поглинання кiлькi-
сно узгоджується з експериментально вимiряним значен-
ням. Таке узгодження досягається лише за умови враху-
вання екситонних ефектiв, оскiльки саме кулонiвська взає-
модiя електрон–дiрка забезпечує червоний зсув, необхiдний
для узгодження теорiї з експериментом. Отриманi резуль-
тати вказують на змiщення ядра як на ефективний стру-
ктурний ступiнь свободи для керування як енергiєю випро-
мiнювання, так i тонкою структурою екситона в колоїдних
наночастинках типу ядро–оболонка.

Ключ о в i с л о в а: квантова точка ядро–оболонка, не-
концентрична наноструктура, CdSe/CdS, тонка структура
екситона, розщеплення темного та свiтлого станiв, обмiнна
взаємодiя електрон–дiрка, гамiльтонiан Латинджера–Кона,
метод розкладання за плоскими хвилями.
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