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DYNAMICS OF THE KLEIN–GORDON
OSCILLATOR IN ANTI-DE SITTER SPACE

This study investigates the quantum dynamics of bosonic particles within Anti-de Sitter (AdS)
space, structured into two complementary analyses. Initially, exact solutions are derived for
a bosonic particle subjected to a stationary electric field, elucidating the field’s impact on the
thermodynamic characteristics of quantum oscillators. Subsequently, the analysis extends to
incorporate a linear interaction term into the Klein–Gordon equation, forming the Klein–
Gordon oscillator (KGO). Exact analytical solutions for this modified system are obtained and
comprehensively interpreted. The theoretical framework employs quantum operator symmetry
algebra, offering profound insights into the intricate behavior of bosonic particles in curved
spacetime environments. Employing quantum operator symmetry algebra as a foundational ap-
proach, this research provides comprehensive insights into both the microscopic quantum states
and macroscopic thermodynamic behavior of bosonic systems within curved AdS geometries.
K e yw o r d s: Klein–Gordon equation, curved spacetime, AdS spacetime, relativistic harmonic
oscillator, thermodynamic properties, Heun function.

1. Introduction

The theoretical framework of relativistic quantum
mechanics in curved spacetime is an advanced con-
cept that describes the dynamics of particles and
fields within the geometry of curved spacetime [1–
3]. This approach combines the principles of general
relativity with the foundational ideas of quantum me-
chanics. In particular, it employs quantum mechanics
to describe the behavior of microscopic particles while
also accounting for incorporating the effects of space-
time curvature described by general relativity.
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This unified approach aims to reconcile two funda-
mental pillars of physics – quantum mechanics and
general relativity – by providing a cohesive perspec-
tive on the interplay between quantum phenomena
and the gravitational effects inherent to curved space-
time. It provides a framework for investigating the
interplay between quantum phenomena and gravita-
tional effects and thereby contributes to a better un-
derstanding of quantum systems in curved spacetime
[3–5].

One prominent example of curved spacetime in
theoretical physics is Anti-de Sitter (AdS) space-
time, characterized by constant negative curvature
and maximal symmetry. AdS spacetime has signifi-
cant applications in theoretical physics, particularly
in the context of the AdS/CFT correspondence, also
known as gauge/gravity duality. This duality estab-
lishes a mathematical equivalence between two types
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of theories: a gravitational theory in an AdS space
of dimension 𝑑 and a nongravitational quantum field
theory (CFT) in dimension 𝑑 − 1 residing on the
boundary of the AdS space [6–9].

At the core of this correspondence is the principle
that these two distinct theories provide equivalent de-
scriptions of a single underlying physical system. Spe-
cifically, it posits that the gravitational theory within
AdS space and the quantum field theory on its bound-
ary are mutually equivalent. This equivalence implies
that all information and properties describing gravi-
tational dynamics in AdS space can be described in
terms of the corresponding quantum field theory on
its boundary – and vice versa. This profound duality
highlights a remarkable symmetry between gravita-
tional physics and quantum field theory, suggesting
that these seemingly unrelated frameworks are intri-
cately connected and capable of capturing the same
physical reality.

The AdS/CFT correspondence not only provides
a theoretical framework but also serves as a power-
ful tool for investigating fundamental physical phe-
nomena. It offers profound insights into the nature of
space, time, and the interconnected fabric of our uni-
verse while bridging gaps between disparate realms
of physics. Ultimately, this paradigm-shifting concept
contributes to a deeper understanding of the funda-
mental principles governing our reality [8–10].

An important form of AdS spacetime is static anti-
de Sitter spacetime (CAdS), which serves as a so-
lution to Einstein’s field equations and represents a
ground state for asymptotically CAdS spacetimes–
analogous to the role of Minkowski space as a ground
state for asymptotically flat spacetimes [11, 12]. This
connection forms part of the broader CAdS cor-
respondence, which relates conformal field theories
(CFTs) at the boundary of CAdS spacetimes to grav-
ity theories within CAdS spacetimes.

Recently, there has been renewed interest in rela-
tivistic harmonic oscillators, with investigations span-
ning various approaches. Initial studies by Yukawa
[13], followed by contributions from Feynman et
al. [14], laid the foundation for subsequent work in
this area. Ito et al. [15], for instance, developed a
Dirac equation linear in both coordinates and mo-
menta. Building on this foundation, Aldaya et al. [16]
propose an extension based on CAdS spacetimes to
extend the previous studies reported in Refs [16–18]
on relativistic harmonic oscillators. This proposal em-

ploys Poincaré algebra – a natural generalization of
the symmetry algebra of quantum operators for rel-
ativistic free systems–and demonstrates that a static
AdS metric naturally defines a relativistic harmonic
oscillator in Minkowski space when interpreted geo-
metrically.

The quantum theory associated with this pro-
posal can be solved exactly, yielding wavefunctions
with distinct behavior compared to those in the
non-relativistic case. Apart from differences in the
ground-state energy, the energy spectrum coincides
with that of the nonrelativistic oscillator. A notable
aspect discussed in Refs [16–19] is that directly substi-
tuting classical coordinates and momenta with their
quantum mechanical counterparts in classical Hamil-
tonians often leads to ambiguities due to operator or-
dering issues. To address these ambiguities, two new
parameters (𝛼 and 𝛽) are introduced and carefully
chosen to ensure consistency with both nonrelativis-
tic limits and physical energy spectra. These “special
quantum relativistic oscillators” represent free rela-
tivistic particles in CAdS spacetime.

In this work, we build on previous studies demon-
strating that static AdS metrics give rise to relativis-
tic harmonic oscillators in Minkowski spacetime. In
Section 2, we introduce an external field 𝑉 and per-
form calculations for two scenarios: 𝑉 = constant and
𝑉 = 𝜅𝑥 (an external electric field). Subsequently, we
investigate the thermodynamic properties [20, 21] of
bosonic systems under these conditions and discuss
the results.

In Section 3, we introduce a Klein–Gordon oscilla-
tor with a linear interaction using an approach simi-
lar to that employed for Dirac oscillators. Specifically,
this involves replacing 𝑝2 with (𝑝 + 𝑖𝑚𝜔1𝑥)(𝑝−
− 𝑖𝑚𝜔1𝑥) [20–22]. Finally, we conclude with remarks
summarizing our findings.

2. The (1+ 1)-Dimensional
Special Relativistic Oscillator
in the Presence of an External Electric Field

In this section, we will examine the one-dimensional
relativistic harmonic oscillator in the universal cov-
ering spacetime of the static anti-de Sitter spacetime
(CAdS), under the influence of an external field.

Aldaya et al. [16,17] address the challenge of identi-
fying a relativistic algebra of quantum operators that
generalizes the nonrelativistic algebra generated by
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the energy, position, and momentum operators, i.e.,[︀
𝑥̂𝑖, 𝑝𝑗

]︀
= 𝑖~𝛿𝑖𝑗 ,[︁

𝐸̂, 𝑝𝑗
]︁
= 𝑖𝑚~𝜔2𝑥̂𝑗 , (1)[︁

𝐸̂, 𝑥̂𝑖
]︁
= −𝑖 ~

𝑚
𝑝𝑖.

This algebra must reproduce the algebra of the free
relativistic quantum particle as 𝜔 → 0, as well as
the algebra (1) in the 𝑐 → ∞ limit. In this limit, the
wave functions should reduce to those of the nonrel-
ativistic harmonic oscillator (NRHO), such that the
ground state must approaches a Gaussian in 𝑥, and
the excited states should correspond to a Hermite
polynomial multiplied by the Gaussian. The same au-
thors also suggested a different method described in
Refs [16–19]. This method uses the SO(1,2) group al-
gebra for the quantum operators associated with the
RHO[︀
𝑥̂𝑖, 𝑝𝑗

]︀
= 𝑖~

(︂
1 +

1

𝑚𝑐2
𝐸̂

)︂
𝛿𝑖𝑗 ,[︁

𝐸̂, 𝑝𝑗
]︁
= 𝑖𝑚~𝜔2𝑥̂𝑗 , (2)[︁

𝐸̂, 𝑥̂𝑖
]︁
= −𝑖 ~

𝑚
𝑝𝑖.

In the limit as 𝑐 → ∞, the relativistic harmonic os-
cillator reduces to the nonrelativistic harmonic os-
cillator as given by (1). In the nonrelativistic limit
𝑐 → ∞ or for the static form of the metric, the line
element in anti-de Sitter (AdS) spacetime is given as
follows:

𝑑𝑠2 =

(︂
1 +

𝜔2

𝑐2
𝑥2
)︂
𝑐2𝑑𝑡2 − 1

1 + 𝜔2

𝑐2 𝑥
2
𝑑𝑥2. (3)

This form of the metric corresponds to a static
AdS spacetime and simplifies further in the nonrel-
ativistic limit (𝑐 → ∞), where relativistic correc-
tions vanish. In this limit, time and space decouple,
yielding a Newtonian-like framework in which spa-
tial and temporal components are treated indepen-
dently.

The Lagrangian in the presence of an external po-
tential is given as follows [23–25]:

ℒ = −𝑚𝑐2
√︂
𝑔𝛼𝛽

𝑑𝑥𝛼

𝑑𝑡

𝑑𝑥𝛽

𝑑𝑡
− 𝑉. (4)

In our case, (4) takes the form

ℒ = −𝑚𝑐2
√︃

1− 1

1 + 𝜔2

𝑐2 𝑥
2

𝑣2

𝑐2
+
𝜔2

𝑐2
𝑥2 − 𝑉 (5)

from (5), the Hamiltonian can be readily calculated
(see Appendix A):

𝐻2 = 𝑚2𝑐4 + 𝑝2𝑐2 +𝑚2𝜔2𝑐2𝑥2 + 2𝜔2𝑥2𝑝2 +

+
𝜔4

𝑐2
𝑥4𝑝2 − 𝑉 2 + 2𝑉 𝐻. (6)

This Hamiltonian describes the dynamics of a special-
relativistic harmonic oscillator system in the center-
of-momentum frame in the presence of an interaction
𝑉 [16–19].

The inclusion of AdS symmetry accounts for the
nonlinear terms in Eq. (6). It should be noted that
Eq. (6) fundamentally differs from the naive defini-
tion:(︂
𝐻 − 1

2
𝑚𝜔2𝑥2

)︂2
= 𝑚2𝑐4 + 𝑝2𝑐2. (7)

Unlike Eq. (7), Eq. (6) leads to square-integrable
quantum wavefunctions.

By applying the standard operator substitutions,

𝐻 → 𝑖~
𝜕

𝜕𝑡
, 𝑝→ −𝑖~ 𝜕

𝜕𝑥
, 𝑥→ 𝑥, (8)

To resolve the normal ordering ambiguities present
in Eq. (6), we express each term explicitly as a linear
combination of all possible Hermitian forms. For this
purpose, the parameters 𝛼 and 𝛽 are introduced into
Eq. (6) as follows:

𝑥4𝑝2 → −~2
(︂
𝑥4

𝑑2

𝑑𝑥2
+ 4𝑥3

𝑑

𝑑𝑥
+ 𝛼𝑥2

)︂
, (9)

𝑥2𝑝2 → −~2
(︂
𝑥2

𝑑2

𝑑𝑥2
+ 2𝑥

𝑑

𝑑𝑥
+ 𝛽

)︂
. (10)

It should be noted that an ambiguity arises from
the ordering of operators when passing to the quan-
tum mechanical formulation of Eq. (6). Due to the
different possible orderings of terms such as 𝑥4𝑝2

and 𝑥2𝑝2 in various configurations, it is possible
to construct multiple distinct Hermitian quantum
mechanical counterparts of Eq. (6). Applying sym-
metrization or normal ordering techniques ensures
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that the solutions are physically consistent, prevent-
ing unexpected modifications to the wave function
and preserving measurable physical quantities, in-
cluding energy eigenvalues, eigenstates, and expec-
tation values. In Minkowski space, the Hamiltonian
is expressed as 𝐻2 = 𝑚2𝑐4 + 𝑝2𝑐2. The additional
terms arise from Anti-de Sitter (AdS) spacetime – a
curved spacetime that, in this context, gives rise to
a harmonic oscillator due to the chosen metric – and
the external potential 𝑉 .

To derive the quantum counterpart of Eq. (6), we
substitute Eqs (8), (9), and (10), which yields[︃
− 1

~2𝑐2

(︂
𝑖
𝜕

𝜕𝑡
− 𝑉

)︂2
−
(︂
1 +

𝜔2

𝑐2
𝑥2
)︂2

𝜕2

𝜕𝑥2
−

− 4
𝜔2

𝑐2
𝑥

(︂
1 +

𝜔2

𝑐2
𝑥2
)︂

𝜕

𝜕𝑥
+

[︂(︁𝑚𝑐
~

)︁2
− 2𝛽

𝜔2

𝑐2

]︂
×

×
(︂
1 +

𝜔2

𝑐2
𝑥2
)︂
− (𝛼− 2𝛽)

𝜔4

𝑐4
𝑥2

]︃
𝜓(𝑥, 𝑡) = 0. (11)

The resulting equation is a relativistic wave equa-
tion in Anti-de Sitter (AdS) spacetime, incorporat-
ing additional terms arising from the external po-
tential and the introduced parameters. Furthermore,
Eq. (11) must consistently reduce to the standard
Klein–Gordon equation in AdS spacetime(︂
�+

𝑚𝑐2

~2
+ 𝜉𝑅

)︂
= 0. (12)

Here, 𝜉 is a real, dimensionless coupling constant
that governs the nonminimal interaction between the
scalar field and spacetime curvature. It plays a pivotal
role in mediating the interaction between the scalar
field and spacetime curvature within general relativ-
ity. When 𝜉 = 0, the coupling is minimal, mean-
ing that the field interacts solely through the geom-
etry of the metric. The specific case 𝜉 = 1/6 cor-
responds to conformal coupling in four-dimensional
spacetime, ensuring the equation remains invariant
under conformal transformations. In our spacetime,
where 𝑅 = 𝜔2

𝑐2 , this coupling introduces an effective
mass term given by𝑚2

eff = 𝑚2−𝜉 𝜔2

𝑐2 , while � denotes
the d’Alembertian operator.

We observe an equivalence under the transforma-
tion:

𝜓 =
1√︁

1 + 𝜔2

𝑐2 𝑥
2
𝜙. (13)

This transformation (13) requires the parameters 𝛼
and 𝛽 to take specific values that depend on the nu-
merical factor 𝜉:

𝛽 = 𝜉 +
1

2
, 𝛼 = 2𝜉 + 2. (14)

The d’Alembertian operator for the AdS metric is
given by:

� = − 1

~2𝑐2
1

1 + 𝜔2

𝑐2 𝑥
2

(︂
𝑖~
𝜕

𝜕𝑡
− 𝑉

)︂2
−

−
(︂
1 +

𝜔2

𝑐2
𝑥2
)︂

𝜕2

𝜕𝑥2
− 2

𝜔2

𝑐2
𝑥
𝜕

𝜕𝑥
. (15)

The first step involves seeking positive frequency
states to solve the Klein–Gordon equation. The next
step is to determine the spatial dependence of the
wave functions, for which the following ansatz is used:

𝜙(𝑥, 𝑡) = 𝑒−𝑖𝜆𝜔𝑡

(︂
1 +

𝜔2

𝑐2
𝑥2
)︂−𝜆

2

𝜙𝜆(𝑥), (16)

where 𝜆 is a constant. Substituting this ansatz into
the equation yields the following differential equation
for 𝜙𝜆(𝑥):{︃(︂

1 +
𝜔2

𝑐2
𝑥2
)︂

𝑑2

𝑑𝑥2
− 2

𝜔2

𝑐2
(𝜆− 1)𝑥

𝑑

𝑑𝑥
+
𝜔2

𝑐2
×

×

[︃
𝜆(𝜆− 1)− 𝑟2+2𝜉+

𝑉 2 − 2𝑉 ~𝜆𝜔
~2𝑐2(1 + 𝜔2

𝑐2 𝑥
2)

]︃}︃
𝜙𝜆(𝑥) = 0,

(17)

where 𝑟 = 𝑚𝑐2

~𝜔 = 1, 32 , 2, ... is a dimensionless param-
eter [16]. Thus, two possible scenarios arise:

(i) When the external field 𝑉 is constant (𝑉 =
= const).

(ii) When the external field depends linearly on po-
sition (𝑉 = 𝜅𝑥). Additionally, in the following calcu-
lations, it is assumed that 𝜉 = 0 (minimal coupling).

2.1. The first scenario: 𝑉 = const
In the first scenario, we assume 𝑉 = const, which
yields the following differential equation:{︃(︂

1 +
𝜔2

𝑐2
𝑥2
)︂

𝑑2

𝑑𝑥2
− 2

𝜔2

𝑐2
(𝜆− 1)𝑥

𝑑

𝑑𝑥
+
𝜔2

𝑐2
×

×

[︃
𝜆(𝜆− 1)− 𝑟2 +

𝑉 2 − 2~𝑉 𝜆𝜔
~2𝑐2

(︀
1 + 𝜔2

𝑐2 𝑥
2
)︀]︃}︃𝜙(𝑥) = 0.

(18)
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An analytical solution to differential equation (18)
can be expressed in terms of general Heun functions
[26–29] as follows:

𝜙(𝑥) = 𝐶1

(︀
𝜔2𝑥2 + 𝑐2

)︀ 2~𝜆𝜔+𝑉
2𝜔~ ×

×HeunG

(︂
− 𝑐2

𝜔2
, 𝑞, 𝛼, 𝛽, 𝛾, 0;𝑥2

)︂
+

+𝐶2

(︀
𝜔2𝑥2 + 𝑐2

)︀ 2~𝜆𝜔+𝑉
2𝜔~ 𝑥×

×HeunG

(︂
− 𝑐2

𝜔2
, 𝑞1, 𝛼1, 𝛽1, 𝛾1, 0;𝑥

2

)︂
, (19)

where 𝐶1 and 𝐶2 are constants. The parameters 𝛼,
𝛼1, 𝛽, 𝛽1, 𝛾, 𝛾1, 𝑞, and 𝑞1 are defined as follows:

𝑞 =
−~2

(︀
𝑟2 − 𝜆2 − 𝜆

)︀
𝜔2 − 2~𝑉

(︀
𝜆+ 1

2

)︀
𝜔 + 𝑉 2

4~2𝜔2
,

𝑞1=
−~2

(︀
𝑟2−𝜆2−3𝜆−2

)︀
𝜔2−2~

(︀
𝜆+ 3

2

)︀
𝑉 𝜔 + 𝑉 2

4~2𝜔2
,

(20)

𝛼 =

√︀
(4𝑟2 + 1) ~2𝜔2 + (2𝜆+ 1) ~𝜔 − 2𝑉

4𝜔~
,

𝛼1 =

√︀
(4𝑟2 + 1) ~2𝜔2 + (2𝜆+ 3) ~𝜔 − 2𝑉

4𝜔~
,

(21)

𝛽=

{︂
−
√︀
(4𝑟2 + 1)~2𝜔2~𝜔 + 4~2

(︂
𝑟2−𝜆2− 1

2
𝜆+

1

4

)︂
×

×𝜔2 + 8~𝑉
(︂
𝜆+

1

4

)︂
𝜔 − 4𝑉 2

}︂⧸︂
⧸︂{︃

8~𝜔

(︃
−~𝜆𝜔 + 𝑉 −

√︀
(4𝑟2 + 1)~2𝜔2

2

)︃}︃
, (22)

𝛽1=

{︂
−3
√︀
(4𝑟2+1)~2𝜔2~𝜔+4~2

(︂
𝑟2−𝜆2− 3

2
𝜆+

1

4

)︂
×

𝜔2 + 8~𝑉
(︂
𝜆+

3

4

)︂
𝜔 + 4𝑉 2

}︂⧸︂
⧸︂{︃

8~𝜔

(︃
−~𝜆𝜔 + 𝑉 −

√︀
(4𝑟2 + 1)~2𝜔2

2

)︃}︃
, (23)

and
𝛾 =

1

2
, 𝛾1 =

3

2
. (24)

The boundary conditions 𝜙(+∞) = 𝜙(−∞) = 0 re-
quire retaining only the first solution when 2~𝜆𝜔+𝑉

2𝜔~ <
< 0. Thus, the solution takes the form:

𝜙(𝑥) = 𝐶1

(︀
𝜔2𝑥2 + 𝑐2

)︀ 2~𝜆𝜔+𝑉
2𝜔~ ×

×HeunG

(︂
− 𝑐2

𝜔2
,Δ1,Δ2,Δ3,

1

2
, 0, 𝑥2

)︂
, (25)

where

Δ1 =
−~2(𝑟2− 𝜆2− 𝜆)𝜔2 + 2~𝑉 (𝜆+ 1

2 )𝜔 + 𝑉 2

4~2𝜔2
, (26)

Δ2 =

√︀
(4𝑟2 + 1)~2𝜔2 + ~(2𝜆+ 1)𝜔 + 2𝑉

4𝜔~
, (27)

Δ3=(
√︀

(4𝑟2 + 1)~2𝜔2~𝜔 − 4~2
(︂
𝑟2−𝜆2− 1

2
𝜆+

1

4

)︂
×

×𝜔2 + 8~𝑉
(︂
𝜆+

1

4

)︂
𝜔 + 4𝑉 2)/

/

(︃
8~𝜔

(︃
~𝜆𝜔 + 𝑉 +

√︀
(4𝑟2 + 1)~2𝜔2

2

)︃)︃
. (28)

The condition 2~𝜆𝜔+𝑉
2𝜔~ < 0 implies that 𝜆 must be ne-

gative. By applying the so-called polynomial 𝛼-con-
dition associated with the general Heun function, the
energy of the system can be determined.

The energy of the system is given by

𝐸𝑛 =

(︂
2𝑛+

1

2
+

1

2

√︀
(4𝑟2 + 1) ~2𝜔2

)︂
~𝜔 − 𝑉. (29)

Here again, 𝑟 = 𝑚𝑐2

~𝜔 = 1, 32 , 2, ... is a dimensionless
parameter associated with an additional quantization
condition [16].

In this case, the constant potential 𝑉 appears as an
additional term in the energy, and the corresponding
wave function is given by

𝜙 (𝑥, 𝑡)

𝐶
= 𝑒−𝑖𝜆𝜔𝑡

(︂
1 +

𝜔2

𝑐2
𝑥2
)︂−𝜆

2

×

×
(︀
𝜔2𝑥2 + 𝑐2

)︀2~𝜆𝜔+𝑉
2𝜔~ HeunG

(︃
− 𝑐2

𝜔2
,

−~2
(︀
𝑟2 − 𝜆2 − 𝜆

)︀
𝜔2 − 2~𝑉

(︀
𝜆+ 1

2

)︀
𝜔 + 𝑉 2

4~2𝜔2
,√︀

(4𝑟2 + 1) ~2𝜔2 + ~ (2𝜆+ 1)𝜔 − 2𝑉

4𝜔~
,[︃

−
√︀
(4𝑟2 + 1) ~2𝜔2~𝜔 + 4ℎ2

(︀
𝑟2 − 𝜆2−

− 1
2𝜆+ 1

4

)︀
𝜔2 + 8~𝑉

(︀
𝜆+ 1

4

)︀
𝜔 − 4𝑉 2

]︃

8~𝜔
(︂
−~𝜆𝜔 + 𝑉 −

√
(4𝑟2+1)~2𝜔2

2

)︂ ,
1

2
, 0, 𝑥2

)︃
,

(30)
where 𝐶 is normalization constant.
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2.2. The second case: Influence
of an external electric field

In the second case, in the presence of an electric field,
𝑉 = 𝜅𝑥 with 𝜅 = 𝑒𝐸, where 𝑒 and 𝐸 represent the
electric charge and the electric field, respectively. Dif-
ferential equation (17) is modified as follows:{︃(︂

1 +
𝜔2

𝑐2
𝑥2
)︂

𝑑2

𝑑𝑥2
− 2

𝜔2

𝑐2
(𝜆− 1)𝑥

𝑑

𝑑𝑥
+

+

[︃
𝜔2

𝑐2
(︀
𝜆 (𝜆− 1)− 𝑟2

)︀
+

1

𝑐2
𝜅2𝑥2 − 2𝜆𝜔𝜅𝑥(︀
1 + 𝜔2

𝑐2 𝑥
2
)︀
~2

]︃}︃
×

×𝜑 (𝑥) = 0. (31)

The solution to this differential equation can be ex-
pressed in terms of a hypergeometric function [30]

𝜙(𝑥) = 𝐶1 (−I𝜔𝑥+ 𝑐)
𝜆
2 − 1

2 (I𝜔𝑥+ 𝑐)
I
2
𝜅𝑐

~𝜔2 ×

× (𝜔𝑥+ I 𝑐)
−ℎ(𝜆−1)𝜔2−I𝜅𝑐

2~𝜔2 ×

× 2𝐹1

(︃
I
√︁

−4~2
(︀
𝑟2 + 1

4

)︀
𝜔4 + 4𝜅2𝑐2 + (−2𝜆+ 1) ~𝜔2

2~𝜔2
,

−I
√︁
−4~2

(︀
𝑟2 + 1

4

)︀
𝜔4 + 4𝜅2𝑐2 + (−2𝜆+ 1) ~𝜔2

2~𝜔2
;

−ℎ (𝜆− 1)𝜔2 − I𝜅𝑐

~𝜔2
;
−I𝜔𝑥+ 𝑐

2𝑐

)︃
+

+𝐶2 (−I𝜔𝑥+ 𝑐)
𝜆
2 − 1

2 ×

× (I𝜔𝑥+ 𝑐)
I
2
𝜅𝑐

~𝜔2 (𝜔𝑥+ I𝑐)
~𝜔2(𝜆+1)+I𝜅𝑐

2~𝜔2 ×

× 2𝐹1

(︃
2I𝜅𝑐− I

√︁
−4ℎ2

(︀
𝑟2 + 1

4

)︀
𝜔4 + 4𝜅2𝑐2 + ~𝜔2

2~𝜔2
,

2𝐼𝜅𝑐+ I
√︁
−4~2

(︀
𝑟2 + 1

4

)︀
𝜔4 + 4𝜅2𝑐2 + ~𝜔2

2~𝜔2
;

~𝜔2 (𝜆+ 1) + I𝜅𝑐

~𝜔2
;
−I𝜔𝑥+ 𝑐

2𝑐

)︃
. (32)

As in the first scenario, the physically acceptable
wave function (which is naturally non-divergent) is
obtained by applying the boundary conditions:

𝜙(+∞) = 𝜙(−∞) = 0 (33)

resulting in:

𝜙 (𝑥) = 𝐶1 (−I𝜔𝑥+ 𝑐)
𝜆
2 − 1

2 (I𝜔𝑥+ 𝑐)
I
2
𝜅𝑐

~𝜔2 ×

× (𝜔𝑥+ I 𝑐)
−~(𝜆−1)𝜔2−I𝜅𝑐

2~𝜔2 ×

× 2𝐹1

(︃
I
√︁
−4ℎ2

(︀
𝑟2+ 1

4

)︀
𝜔4+4𝜅2𝑐2 + (−2𝜆+ 1) ~𝜔2

2~𝜔2
,

−I
√︁
−4~2

(︀
𝑟2 + 1

4

)︀
𝜔4 + 4𝜅2𝑐2 + (−2𝜆+ 1) ~𝜔2

2~𝜔2
;

−~ (𝜆− 1)𝜔2 − I𝜅𝑐

~𝜔2
;
−I𝜔𝑥+ 𝑐

2𝑐

)︃
. (34)

The hypergeometric function can be expressed as fol-
lows [30–32]:

𝐺(𝑥) =2 𝐹1 (−𝑛, 𝑛+ 𝛼+ 𝛽 + 1, 𝛼+ 1;𝑥) , (35)

where 𝑛 = 0, 1, 2, ... . From (34), the quantization
condition takes the form

𝑖
√︁
−4~2

(︀
𝑟2 + 1

4

)︀
𝜔4 + 4𝜅2𝑐2 + (−2𝜆+ 1) ~𝜔2

2~𝜔2
= −𝑛.

(36)

The function (35) reduces to a polynomial when 𝑛 is
a nonnegative integer. In that case, the Pochhammer
symbol (−𝑛)𝑘 vanishes for 𝑘 > 𝑛, so the hyperge-
ometric series terminates and defines a polynomial
of degree 𝑛 in 𝑥. Consequently, there is no restriction
on the radius of convergence, and 𝐺(𝑥) is well-defined
for all 𝑥.

The positive parameter 𝜆 is then given by

𝜆 = 𝑛+
1

2
± 1

2

√︂
1 + 4𝑟2 − 4𝜅2𝑐2

~𝜔4
. (37)

The energy is then given by

𝐸𝑛 =

(︃
𝑛+

1

2
+

1

2

√︂
1 + 4𝑟2 − 4𝜅2𝑐2

~𝜔4

)︃
~𝜔. (38)

In this case, the uniform, stationary electric field
affects the zero-point energy. However, constraints
must be imposed on the electric field to ensure phys-
ically acceptable solutions:

1 + 4𝑟2 >
4𝜅2𝑐2

~𝜔4
. (39)
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a b
Fig. 1. Energy 𝐸 as a function of 𝑛 and 𝜅: 𝐸 versus the electric-field parameter 𝜅 for 𝑛 = 1, 2, 3, 4, 5 (a); 𝐸 versus the quantum
number 𝑛 for 𝜅 = 0, 0.2, 0.4, 0.6, 0.8 (b). Panel (a) contains five curves, including 𝑛 = 5

For instance, if we set 𝑟 = 1, the condition simplifies
to 0 < 𝜅 < 1.118. Under this condition, the results
are presented in Fig. 1.

In Fig. 1, which depicts the energy 𝐸 as a func-
tion of the electric field 𝜅 and the energy 𝐸 as
a function of the quantum number 𝑛 for 𝜅 = 0,
0.2, 0.4, 0.6, 0.8, we observe that, as 𝜅 approaches
1, the energy decreases. Additionally, for an electric
field strength close to 1018 V/m, significant physical
effects occur. Specifically, extremely strong electric
fields can generate electron-positron pairs through
the Schwinger effect – a phenomenon predicted by
quantum field theory. This effect involves the creation
of matter from a strong electric field. When the field
strength exceeds the Schwinger limit (approximately
1018 V/m), pair creation depletes the electric field,
causing it to “decay” into charge pairs and become
unstable [21, 33–35].

The total wave function is given by

𝜙 (𝑥, 𝑡)

𝒞
= 𝑒−𝑖𝜆𝜔𝑡

(︂
1 +

𝜔2

𝑐2
𝑥2
)︂−𝜆

2

(−I𝜔𝑥+ 𝑐)
𝜆
2 − 1

2 ×

× (I𝜔𝑥+ 𝑐)
I
2
𝜅𝑐

~𝜔2 (𝜔𝑥+ I 𝑐)
−ℎ(𝜆−1)𝜔2−I𝜅𝑐

2~𝜔2 ×

× 2𝐹1

(︃
I
√︁

−4~2
(︀
𝑟2+ 1

4

)︀
𝜔4+4𝜅2𝑐2+(−2𝜆+ 1) ~𝜔2

2~𝜔2
,

−I
√︁
−4~2

(︀
𝑟2 + 1

4

)︀
𝜔4 + 4𝜅2𝑐2 + (−2𝜆+ 1) ~𝜔2

2~𝜔2
;

−ℎ (𝜆− 1)𝜔2 − I𝜅𝑐

~𝜔2
;
−I𝜔𝑥+ 𝑐

2𝑐

)︃
, (40)

where 𝐶 is the normalization constant.

2.2.1. Thermal properties

To analyze the thermodynamic properties of the sys-
tem, we begin by calculating the partition function,
denoted by 𝑍, which is uniquely defined for differ-
ent statistical systems using the Boltzmann factor
𝑒−𝛽𝑎. The thermodynamic properties of interest in-
clude the free energy 𝐹 , total energy 𝑈 , entropy 𝑆,
and specific heat 𝐶𝑉 . The partition function is given
by [20, 21]:

𝑍 =

∞∑︁
𝑛=0

𝑒−𝛽(𝐸𝑛−𝐸0), (41)

where 𝛽 = 1
𝑘B𝑇 , 𝑘B is the Boltzmann constant, 𝐸0

is the ground-state energy, and 𝑇 is the absolute
temperature. By setting 𝑟 = 1, the energy levels are
given by

𝐸𝑛 =

(︂
𝑛+

1

2
+

1

2

√︀
5− 4𝜅2

)︂
~𝜔. (42)

Substituting this into the partition function yields

𝑍 =

∞∑︁
𝑛=0

𝑒−𝛽(𝐸𝑛−𝐸0) = 𝑒−𝛽𝑎 1

1− 𝑒−𝛽
, (43)

with 𝑎 = 1
2

√
5− 4𝜅2.
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a b

c d
Fig. 2. Thermal properties of the one-dimensional Klein–Gordon oscillator in AdS under the influence of an external electric
field: free energy 𝐹 versus 𝛽 for 𝜅 = 0, 0.6, 0.8, 1, 1.118 (a); total energy 𝑈 versus 𝛽 for 𝜅 = 0, 0.6, 0.8, 1, 1.118 (b); specific heat
𝐶𝑉 versus 𝛽 for 𝜅 = 0, 0.6, 0.8, 1, 1.118 (c); entropy 𝑆 versus 𝛽 for 𝜅 = 0, 0.6, 0.8, 1, 1.118 (d)

Here
𝑍HO =

1

1− 𝑒−𝛽
(44)

corresponds to the harmonic oscillator partition
function.

The thermodynamic quantities can now be derived
from the partition function. The expressions for the
free energy, total energy, entropy, and specific heat
are as follows:

𝐹 = − 1

𝛽
ln𝑍HO + 𝑎, 𝑈 = 𝑎− 𝜕 (ln𝑍HO)

𝜕𝛽
, (45)

𝑆 = ln𝑍 − 𝛽
𝜕 (ln𝑍)

𝜕𝛽
= 𝑆HO,

𝐶𝑉 = 𝛽2 𝜕
2 (ln𝑍)

𝜕𝛽2
= 𝛽2 𝜕

2 (ln𝑍HO)

𝜕𝛽2
.

(46)

We observe that the external electric field only affects
the total energy and free energy, while the entropy
and specific heat remain unchanged.

Figure 2 illustrates the thermal properties of
the one-dimensional Klein–Gordon oscillator in AdS
space under the influence of an external electric field.
The electric field strength is restricted to the range
0 < 𝜅 < 1.118 to ensure that the energy spectrum
remains real. The thermal quantities are systemati-
cally plotted as functions of the inverse temperature
parameter 𝛽. To analyze the effect of the electric field,
comparisons are made with the case of the relativis-
tic oscillator in the absence of an applied electric field
(𝜅 = 0).

∙ The free energy curves, plotted against 𝛽 for dif-
ferent values of 𝜅, show that increasing the electric
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field consistently lowers the free energy compared
with the case where 𝜅 = 0.

∙ The total energy curves, also plotted against 𝛽
for various values of 𝜅, reveal that as the electric field
increases, the total energy remains consistently lower
than in the reference case where 𝜅 = 0.

∙ The specific heat and entropy curves, plotted
against 𝛽 for different values of 𝜅, all coincide. This
indicates that these quantities are unaffected by the
external electric field.

These results can be explained as follows: as the
electric field strength increases, the number of allowed
states decreases. As 𝜅 increases from zero to one, the
energy gap in the spectrum narrows and approaches
𝐸𝑛 = 0, which corresponds to the vacuum state.

3. The Klein–Gordon Oscillator

In our previous work, we explored how a particle sub-
jected to an external potential could behave as a har-
monic oscillator in spacetime. In this study, we in-
troduce the Klein–Gordon oscillator and analyze the
particle’s behavior under this potential, in which the
particle is no longer free. We begin with the d’Alem-
bertian operator of the Klein–Gordon equation in a
curved spacetime

� =
1

𝑐2
1

1 + 𝜔2

𝑐2 𝑥
2

𝜕2

𝜕𝑡2
+

1

~2

(︂
1 +

𝜔2

𝑐2
𝑥2
)︂
𝑝2 − 2𝑖

𝜔2

~𝑐2
𝑥𝑝.

(47)

Replacing the momentum 𝑝 with the expression 𝑝→
→ 𝑝− 𝑖𝑚𝜔1𝑥, transforms Eq. (47) into:

� =
1

𝑐2
1

1 + 𝜔2

𝑐2 𝑥
2

𝜕2

𝜕𝑡2
+

1

~2

(︂
1 +

𝜔2

𝑐2
𝑥2
)︂
×

× (𝑝+ 𝑖𝑚𝜔1𝑥) (𝑝− 𝑖𝑚𝜔1𝑥)− 2𝑖
𝜔2

~𝑐2
𝑥 (𝑝− 𝑖𝑚𝜔1𝑥)

(48)
or

� =
1

𝑐2
1

1 + 𝜔2

𝑐2 𝑥
2

𝜕2

𝜕𝑡2
−
(︂
1 +

𝜔2

𝑐2
𝑥2
)︂

𝜕2

𝜕𝑥2
−2

𝜔2

𝑐2
𝑥
𝜕

𝜕𝑥
−

−
(︂
1 +

𝜔2

𝑐2
𝑥2
)︂(︂

𝑚𝜔1

~
− 𝑚2𝜔2

1𝑥
2

~2

)︂
− 2

𝜔2

𝑐2
𝑥
(︁𝑚𝜔1𝑥

~

)︁
.

(49)

As a result of the chosen spacetime metric and the
added potential, the modified d’Alembertian con-
tains new terms corresponding to a harmonic oscil-
lator with two distinct angular frequencies, 𝜔1 and

𝜔. Using this new d’Alembertian, we derive the re-
sulting differential equation{︂(︂

1 +
𝜔2

𝑐2
𝑥2
)︂

𝑑2

𝑑𝑥2
− 2

𝜔2

𝑐2
(𝜆− 1)𝑥

𝑑

𝑑𝑥
+

+
𝜔2

𝑐2
(︀
𝜆 (𝜆− 1)−𝑁2 + 2𝜉

)︀
+

(︂
1 +

𝜔2

𝑐2
𝑥2
)︂
×

×
(︂
𝑚𝜔1

~
− 𝑚2𝜔2

1𝑥
2

~2

)︂
+2

𝜔2

𝑐2
𝑥
(︁𝑚𝜔1𝑥

~

)︁}︂
𝜙(𝑥) = 0. (50)

The solution to this equation is given by the HeunC
function, denoted by Heun C(𝛼, 𝛽, 𝛾, 𝛿, 𝜂, 𝑧) [36–38].

Thus, the wave function is given by

𝜙 (𝑥) = 𝐶1

(︀
𝜔2𝑥2 + 𝑐2

)︀𝜆
𝑒−

𝑚𝜔1𝑥2

2ℎ ×

×HeunC

(︃
𝑐2𝑚𝜔1

𝜔2ℎ
,−1

2
,−3𝑐2𝑚𝜔1

4𝜔2ℎ
, 𝜆,

−ℎ
(︀
𝑁2 − 𝜆2 − 2𝜉 − 1

)︀
𝜔2 + 𝑐2𝑚𝜔1

4ℎ𝜔2
,−𝜔

2𝑥2

𝑐2

)︃
+

+C2

(︀
𝜔2𝑥2 + 𝑐2

)︀𝜆
𝑥𝑒−

𝑚𝜔1𝑥2

2ℎ ×

×HeunC

(︃
𝑐2𝑚𝜔1

𝜔2ℎ
,
1

2
,−3𝑐2𝑚𝜔1

4𝜔2ℎ
, 𝜆,

−ℎ
(︀
𝑁2 − 𝜆2 − 2𝜉 − 1

)︀
𝜔2 + 𝑐2𝑚𝜔1

4ℎ𝜔2
,−𝜔

2𝑥2

𝑐2

)︃
. (51)

Here

𝛼 =
𝑐2𝑚𝜔1

𝜔2ℎ
, 𝛽 = −1

2
, 𝛾 = −3𝑐2𝑚𝜔1

4𝜔2ℎ
, 𝛿 = 𝜆,

𝜂 =
−ℎ
(︀
𝑁2 − 𝜆2 − 2𝜉 − 1

)︀
𝜔2 + 𝑐2𝑚𝜔1

4ℎ𝜔2
.

(52)

The parameters 𝜇 and 𝜈 are defined as follows:

𝜇 =
𝛼

2
(1 + 𝛽)− 𝛽

2
(1 + 𝛾)− 𝛾

2
− 𝜂 =

= −1

4
𝜆+

1

4
𝑁2 − 1

4
𝜆2 − 1

2
𝜉, (53)

𝜈 =
𝛼

2
(1 + 𝛾) +

𝛽

2
(1 + 𝛾) +

𝛾

2
+ 𝛿 + 𝜂 =

=
ℎ
(︀
𝑁2 − 𝜆2 + 𝜆− 2𝜉 − 2

)︀
𝜔2 + 2𝑐2𝑚𝜔1 (𝜆− 1)

4ℎ𝜔2
.

(54)
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For the second part of our solution we obtain

𝛽2 =
1

2
, (55)

𝜇2 =
𝛼

2
(1 + 𝛽)− 𝛽

2
(1 + 𝛾)− 𝛾

2
− 𝜂 =

=
ℎ
(︀
𝑁2 − 𝜆2 − 3𝜆− 2𝜉 − 2

)︀
𝜔2 + 2𝑐2𝑚𝜔1

4ℎ𝜔2
, (56)

𝜈2 =
𝛼

2
(1 + 𝛾) +

𝛽

2
(1 + 𝛾) +

𝛾

2
+ 𝛿 + 𝜂 =

=
ℎ
(︀
𝑁2 − 𝜆2 + 3𝜆− 2𝜉

)︀
𝜔2 + 2𝑐2𝑚𝜔1 (𝜆− 1)

4ℎ𝜔2
. (57)

For the first part, the boundary conditions 𝜙(+∞) =
= 𝜙(−∞) = 0 require that only the first solution be
retained when 𝜆 < 0.

Thus, the solution is given by

𝜙(𝑥) = 𝐶1

(︀
𝜔2𝑥2 + 𝑐2

)︀𝜆
𝑒−

𝑚𝜔1𝑥2

2~ ×

×HeunC

(︃
𝑐2𝑚𝜔1

𝜔2~
,−1

2
,−3𝑐2𝑚𝜔1

4𝜔2~
, 𝜆,

−~(𝑁2 − 𝜆2 − 2𝜉 − 1)𝜔2 + 𝑐2𝑚𝜔1

4~𝜔2
,−𝜔

2𝑥2

𝑐2

)︃
. (58)

To determine the system’s energy, it is necessary to
impose the polynomial 𝛼-condition, for the Heun C
function, which is given by [39]:

𝛿 = −
(︂
𝑛+

(𝛾 + 𝛽 + 2)

2

)︂
𝛼. (59)

We obtain

𝐸𝑛 = 2𝑛~𝜔. (60)

An important observation concerns the behavior in-
duced by the introduced potential: the relativistic
effects associated with AdS spacetime appear to van-
ish, reducing the system to a simple harmonic oscil-
lator. This finding is particularly surprising and re-
quires further analysis. It appears that the inclusion
of the potential not only introduces a distinct effect
but also effectively eliminates the relativistic effects
of the AdS spacetime on the particle. This interplay
between the added potential and the relativistic prop-
erties of the space is a significant feature of our results
and warrants further investigation.

Furthermore, we can follow the interpretation pro-
vided by Navarro et al. [19], who demonstrated that

the single-particle sector of Klein–Gordon theory for-
mulated on the universal covering space of Anti-de
Sitter (AdS) spacetime admits a natural interpreta-
tion as a special-relativistic oscillator in Minkowski
spacetime. They showed that the quantum wavefunc-
tions exhibit behavior markedly different from their
nonrelativistic counterparts, despite the fact that the
energy spectrum exactly matches that of the nonrel-
ativistic oscillator. This correspondence arises from
imposing appropriate nonrelativistic limits.

The wave function for this system is given by

𝜙(𝑥)

𝐶
=
(︀
𝜔2𝑥2 + 𝑐2

)︀𝜆
𝑒−

𝑚𝜔1𝑥2

2~ ×

×HeunC

(︃
𝑐2𝑚𝜔1

𝜔2~
,−1

2
,−3𝑐2𝑚𝜔1

4𝜔2~
, 𝜆,

−~(𝑁2 − 𝜆2 − 2𝜉 − 1)𝜔2 + 𝑐2𝑚𝜔1

4~𝜔2
,−𝜔

2𝑥2

𝑐2

)︃
, (61)

where 𝐶 is the normalization constant.

4. Conclusion

This study builds upon a proposal for the relativis-
tic harmonic oscillator, which extends the symmetry
algebra of quantum operators in a relativistic free
system. From a geometric perspective, we demon-
strate that a static (1+ 1)-dimensional anti-de Sit-
ter (AdS) metric can describe a one-dimensional rel-
ativistic oscillator.

In the first part of our investigation, we introduced
a constant external potential, which, as anticipated,
provided a constant contribution to the system’s en-
ergy. In the second part, we incorporated a station-
ary external electric field. Our calculations revealed
a new term that accounts for the effect of the elec-
tric field. In particular, as the electric field approaches
1018 V/m (the threshold for the Schwinger effect), the
energy decreases. In this context, we also computed
thermodynamic properties, observing that both the
free and total energy curves are lower than in the
case without an electric field.

In the final case concerning the Klein–Gordon os-
cillator, we obtained a notable result: the relativis-
tic effects of AdS spacetime vanish in the presence
of the Klein–Gordon oscillator potential. The Klein–
Gordon oscillator potential and the relativistic geom-
etry of AdS spacetime effectively cancel each other,
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Five Heun equations

Types
of Heun

equations
Heun equation

Regular
singularities

Irregular
singularities

Heun function

HeunG 𝑑2

𝑑𝑧2
𝑦 (𝑧) +

(︁
𝛾
𝑧
+ 𝛿

𝑧−1
+ 𝜖

𝑧−𝑎

)︁(︁
𝑑
𝑑𝑧

𝑦 (𝑧)
)︁
+

(𝛼𝛽𝑧−𝑞)𝑦(𝑧)
𝑧(𝑧−1)(𝑧−𝑎)

= 0 0, 1, 𝑎,∞ Γ HeunG(𝑎, 𝑞, 𝛼, 𝛽, 𝛾, 𝛿, 𝑧)

HeunC 𝑑2

𝑑𝑧2
𝑦 (𝑧) +

(︁
𝛾
𝑧
+ 𝛿

𝑧−1
− 𝜖
)︁(︁

𝑑
𝑑𝑧

𝑦 (𝑧)
)︁
+
(︁

−𝛼𝛽+𝑞
𝑧−1

− 𝑞
𝑧

)︁
𝑦 (𝑧) = 0 0, 1 ∞ HeunC(𝛼, 𝛽, 𝛾, 𝛿, 𝜂, 𝑧)

HeunB 𝑑2

𝑑𝑧2
𝑦 (𝑧) +

(︀
−2𝑧 − 𝛽 + 1+𝛼

𝑧

)︀(︁
𝑑
𝑑𝑧

𝑦 (𝑧)
)︁
+ 0 ∞ HeunB(𝛼, 𝛽, 𝛾, 𝛿, 𝑧)

+
(︁
𝛾 − 𝛼− 2− (1+𝛼)𝛽+𝛿

2𝑧

)︁
𝑦 (𝑧) = 0

HeunD 𝑑2

𝑑𝑧2
𝑦 (𝑧)− (𝑧2𝛼−2𝑧3+𝛼+2𝑧)( 𝑑

𝑑𝑧
𝑦(𝑧))

(𝑧+1)2(𝑧−1)2
+

(𝛿+(2𝛼+𝛾)𝑧+𝛽𝑧2)𝑦(𝑧)
(𝑧−1)3(𝑧+1)3

Ø –1,1 HeunD(𝛼, 𝛽, 𝛾, 𝛿, 𝑧)

HeunT 𝑑2

𝑑𝑧2
𝑦 (𝑧) +

(︀
−3𝑧2 − 𝛾

)︀(︁
𝑑
𝑑𝑧

𝑦 (𝑧)
)︁
+ (𝑧𝛽 + 𝛼− 3𝑧) 𝑦 (𝑧) = 0 Ø ∞ HeunT(𝛼, 𝛽, 𝛾, 𝑧)

reducing the system to a harmonic oscillator. Con-
sequently, we determined the energy of a particle in
such an oscillator.

In conclusion, this work provides insight into the
dynamics of relativistic systems, highlighting the in-
terplay between relativistic harmonic oscillators, the
symmetry algebra of quantum operators, and exter-
nal fields within AdS spacetime. These findings con-
tribute to a better understanding of the factors that
influence the behavior of relativistic oscillators, and
the fundamental principles governing relativistic sys-
tems. Moreover, the results may be relevant to other
areas of physics.

Future work will extend this study to various quan-
tum systems in curved spacetimes to explore the in-
teraction between matter and spacetime geometry in
greater detail. This approach aims to clarify the in-
terplay between quantum systems and spacetime ge-
ometry, thereby expanding our understanding of their
dynamics. Such investigations may also provide a ba-
sis for further studies in related areas of physics.

APPENDIX A: Proof of Eq. (6)

The Lagrangian is given by:

ℒ = 𝑇 − 𝑉 = −𝑚𝑐2

⎯⎸⎸⎷1 +
𝜔2

𝑐2
𝑥2 −

1

1 + 𝜔2

𝑐2
𝑥2

𝑣2

𝑐2
− 𝑉. (A1)

To calculate the Hamiltonian, we use:

𝐻 =
∑︁
𝑖

𝑞𝑖𝑝𝑖 − ℒ. (A2)

In (1+1) dimension, squaring (A2) leads to

𝐻2 = (𝑣𝑝− ℒ)2. (A3)

Expanding (A3) gives

𝐻2 = 𝑣2𝑝2 + ℒ2 − 2𝑣𝑝ℒ. (A4)

Substituting the expression for ℒ, we derive:

𝐻2 = 𝑣2𝑝2 +

⎛⎝𝑚𝑐2

⎯⎸⎸⎷1 +
𝜔2

𝑐2
𝑥2 −

1

1 + 𝜔2

𝑐2
𝑥2

𝑣2

𝑐2
+ 𝑉

⎞⎠2 +

+2𝑣𝑝

⎛⎝𝑚𝑐2

⎯⎸⎸⎷1 +
𝜔2

𝑐2
𝑥2 −

1

1 + 𝜔2

𝑐2
𝑥2

𝑣2𝑥
𝑐2

+ 𝑉

⎞⎠. (A5)

Next, the conjugate momentum 𝑝 is calculated as:

𝑝 =
𝜕ℒ
𝜕𝑥̇

=

𝑚𝑐2

1+𝜔2

𝑐2
𝑥2

𝑣
𝑐2√︂

1 + 𝜔2

𝑐2
𝑥2 − 1

1+𝜔2

𝑐2
𝑥2

𝑣2

𝑐2

. (A6)

Rewriting the Hamiltonian squared, we get:

𝐻2 = 𝑣2𝑝2 +

[︃
𝑚2𝑐4

(︃
1 +

𝜔2

𝑐2
𝑥2 −

1

1 + 𝜔2

𝑐2
𝑥2

𝑣2

𝑐2

)︃
+

+𝑉 2 + 2𝑉 𝑚𝑐2

⎯⎸⎸⎷1 +
𝜔2

𝑐2
𝑥2 −

1

1 + 𝜔2

𝑐2
𝑥2

𝑣2

𝑐2

]︃
+

+2

⎛⎜⎜⎝
𝑚𝑐2

1+𝜔2

𝑐2
𝑥2

𝑣2

𝑐2√︂
1 + 𝜔2

𝑐2
𝑥2 − 1

1+𝜔2

𝑐2
𝑥2

𝑣2

𝑐2

⎞⎟⎟⎠×

×

⎛⎝𝑚𝑐2

⎯⎸⎸⎷1 +
𝜔2

𝑐2
𝑥2 −

1

1 + 𝜔2

𝑐2
𝑥2

𝑣2

𝑐2
+ 𝑉

⎞⎠. (A7)

Further simplifications yield:

𝐻2 = 𝑚2𝑐4 +𝑚2𝑐2𝜔2𝑥2 + 𝑝2𝑐2 +

+
𝜔4

𝑐2
𝑥4𝑝2 + 2𝜔2𝑥2𝑝2 − 𝑉 2 + 2𝑉 𝐻. (A8)
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APPENDIX B: Heun equation

The Heun function is a special function used in mathematical
physics. It represents a solution to the Heun differential equa-
tion, a second-order linear differential equation. The function
is denoted by HeunC(𝛼, 𝛽, 𝛾, 𝛿, 𝜂, 𝑧), where 𝛼, 𝛽, 𝛿, 𝜂, and
𝑧 are algebraic expressions. This notation is used to define the
Heun function.

There are five types of Heun equations, each associated with
a corresponding function that can be expressed in the corre-
sponding Heun form (see Table).

B1. The general Heun function

The general Heun function is a solution of the differential equa-
tion with four regular singular points, known as the general
Heun equation. This equation can be expressed in canonical
form as follows [26, 27]:

𝑑2𝐻(𝑧)

𝑑𝑧2
+

(︂
𝛾

𝑧
+

𝛿

𝑧 − 1
+

𝜖

𝑧 − 𝑎

)︂
𝑑𝐻(𝑧)

𝑑𝑧
+

+
(𝛼𝛽𝑧 − 𝑞)𝐻(𝑧)

𝑧(𝑧 − 1)(𝑧 − 𝑎)
= 0, (B1)

where the parameters satisfy the Fuchsian relation 1:

1 + 𝛼+ 𝛽 = 𝛾 + 𝛿 + 𝜖. (B2)

The general Heun function is given by

𝐻(𝑥) = HeunG(𝑏, 𝑞1, 𝛼1, 𝛽1, 𝛾1, 𝛿; 𝑧) + 𝑥1−𝛾×

×HeunG(𝑏, 𝑞2, 𝛼2, 𝛽2, 𝛾2, 𝛿; 𝑧), (B3)

where the parameters 𝛼2, 𝛽2, 𝛾2, 𝑞2, corresponding to the sec-
ond solution, are defined as follows:

𝛼2 = 𝛼+ 1− 𝛾, 𝛽2 = 𝛽 + 1− 𝛾, 𝛾2 = 2− 𝛾,

𝑞2 = 𝑞 + (𝛼𝛿 + 𝜖)(1− 𝛾). (B4)

The polynomial condition for the general Heun function, known
as the “polynomial 𝛼-condition”, arises from the Frobenius
method and is given by

𝛼 = −𝑛, (B5)

where 𝑛 is a nonnegative integer.

B2. Confluent Heun equation

The confluent Heun equation, which has two regular singular
points, is written in its standard form as follows [36–38]:

𝑑2𝐻(𝑧)

𝑑𝑧2
+

(︂
𝛼+

𝛽 + 1

𝑧
+

𝛾 + 1

𝑧 − 1

)︂
×

×
𝑑𝐻(𝑧)

𝑑𝑧
+

(︂
𝜇

𝑧
+

𝜈

𝑧 − 1

)︂
𝐻(𝑧) = 0,

1 The Fuchsian relation is a condition that must be satisfied
by the parameters of the general Heun equation.

where 𝐻(𝑧) = HeunC(𝛼, 𝛽, 𝛾, 𝛿, 𝜂; 𝑧) denotes the confluent
Heun function. The parameters 𝜇 and 𝜈 are defined as fol-
lows:

𝜇 =
𝛼

2
(1 + 𝛽)−

𝛽

2
(1 + 𝛾)−

𝛾

2
− 𝜂,

𝜈 =
𝛼

2
(1 + 𝛾) +

𝛽

2
(1 + 𝛾) +

𝛾

2
+ 𝛿 + 𝜂.

A condition known as the “polynomial condition” for the con-
fluent Heun function, related to the Frobenius method, is given
by

𝛿 = −𝛼

[︂
𝑛+

1

2
(2 + 𝛽 + 𝛾)

]︂
,

where 𝑛 is a nonnegative integer.
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С.Гарах, А.Бумалi, С. Заєм

ДИНАМIКА ОСЦИЛЯТОРА
КЛЯЙНА–ҐОРДОНА В ПРОСТОРI
АНТИ-ДЕ СIТТЕРА

У роботi дослiджено квантову динамiку бозонних части-
нок у просторi Анти-де Сiттера (AdS), у межах двох
взаємодоповнювальних пiдходiв. Спочатку отримано точнi
розв’язки для бозонної частинки, на яку дiє стацiонарне
електричне поле, завдяки чому пояснено вплив поля на тер-
модинамiчнi характеристики квантових осциляторiв. Далi
аналiз розширено введенням лiнiйного члена взаємодiї в
рiвняння Кляйна–Ґордона, унаслiдок чого отримано осци-
лятор Кляйна–Ґордона (KGO). Для цiєї модифiкованої си-
стеми отримано та всебiчно iнтерпретовано точнi аналiти-
чнi розв’язки. Теоретичною основою дослiдження є кванто-
ва алгебра операторної симетрiї, застосування якої дає змо-
гу докладно описати складну поведiнку бозонних частинок
у викривленому просторi-часi. Запропонований пiдхiд дає
комплексне розумiння як мiкроскопiчних квантових станiв,
так i макроскопiчної термодинамiчної поведiнки бозонних
систем у викривлених геометрiях AdS.

Ключ о в i с л о в а: рiвняння Кляйна–Ґордона, викривле-
ний простiр-час, простiр-час AdS, релятивiстичний гар-
монiчний осцилятор, термодинамiчнi властивостi, функцiя
Гойна.
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