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THERMODYNAMIC RESPONSE
FUNCTIONS IN A CELL FLUID MODEL

Thermodynamic response functions, namely, the isothermal compressibility, the thermal pres-
sure coefficient, and the thermal expansion coefficient, are calculated for a many-particle sys-
tem interacting through a modified Morse potential. These calculations are based on an equa-
tion of state previously derived for a cell fluid model in the grand canonical ensemble. The
calculated quantities are presented graphically as functions of the density and the effective

chemical potential.
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1. Introduction

Thermodynamic response functions play a crucial role
in understanding and characterizing the behavior of
physical systems. These functions describe how a sys-
tem responds to changes in its state variables, provid-
ing valuable insights into its thermodynamic prop-
erties. The most widely studied thermodynamic re-
sponse functions of fluids are isothermal and adia-
batic compressibilities, isobaric thermal expansion,
isochoric thermal pressure coefficient and heat ca-
pacities either at constant pressure or at constant
volume. Thermodynamic response functions are es-
sential tools for understanding, predicting, and con-
trolling the behavior of physical systems. They are
used in various scientific and engineering disciplines
to model, design, and optimize processes and to gain
insights into the fundamental principles governing
thermodynamic systems. Therefore, a key area of re-
search involves examining the thermodynamic prop-
erties of simple fluids and fluid models through theo-
retical approaches, computer simulations, and exper-
imental studies, covering both subcritical and super-
critical regions [1-4].
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In this work we continue our study of the thermo-
dynamic behavior of a cell fluid model, which was
defined in [5, 6]. This model was used with the Morse
potential in studies [7, 8] and with a modified Morse
potential in [9,10] as potentials describing the particle
interaction. In particular, the equation of state was
obtained in [9] in the zero-mode approximation. This
equation of state is used in the current work to calcu-
late thermodynamic response functions, namely the
isothermal compressibility, the thermal pressure co-
efficient, and the thermal expansion coefficient.

As the problem has been considered in the frame-
work of the grand canonical ensemble, the initial
equation of state is formulated in terms of pres-
sure P, temperature T and the chemical potential p,
P = P(T, ). To leverage this form of the equation
of state for calculation of the response functions, the
corresponding definitions should be transformed to
proper derivatives with respect to temperature and
chemical potential [11]. For each response function
considered in this paper, we present such transfor-
mation in a dedicated subsection. On the other hand,
within the approach applied here, the chemical poten-
tial can be explicitly expressed via the number parti-
cle density p and temperature. This gives rise to the
equation of state in the form P = P(T,p), in which
case it is suitable to re-express the response functions
in terms of derivatives with respect to temperature
and density.

In Section 2, we present the modified Morse po-
tential used in our work, and briefly compare it with
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other possible modifications. Section 3 is dedicated to
the explicit expressions for the equation of state. In
Section 4, the expressions for response functions are
derived in terms of thermodynamic derivatives suit-
able for different forms of the equation of state.

2. The Interaction Potential

The potential of interaction between particles is taken
in the form of a modified Morse potential

U(r)=¢eCy {Ae’”O(T’RO)/a +

4+ e V(r=Ro)/e _ Qe—(T—Ro)/a}7 (1)

where Ry is the coordinate of the potential minimum,
a is an effective range of interaction, v and ng are pa-
rameters of the model. Other two constants C'y and
A are expressed via v and ng as follows:

no 2—7y

ng+v—2’ no

where ¢ is the depth of the potential well at r =
= Ry. This potential is reduced to the ordinary Morse
potential [12] at v = 2. For a more detailed discussion
of such modified Morse potential, see Sections 1 and 2
in [9].

Modifications of the Morse potential have been
used in other works as well. For example, in [13] a
repulsive term in a form of a power of r~! was added
to the ordinary Morse potential, and the influence of
the softness of such a term was investigated on the co-
ordinates of the critical point. The generalized form
of the Morse potential was suggested in [14]

U(r) = Aje™1" + Age™ 22", (3)

with application to silicon structural energies, and
was also considered in [15] as the potential for Be—S
and H-Na compounds.

Our modification contains an additional repulsive
term, similarly to [13], as well as introduces param-
eter v, which can vary as opposed to being strictly
equal to 2 in the Morse potential. Including the re-
pulsive term enables us to single out a reference sys-
tem (in the reciprocal space) and apply the method of
collective variables to calculating the grand partition
function [16].

920

3. The Equation of State

3.1. Pressure as a function of the
temperature and chemical potential

The equation of state obtained in [9] reads

Pvﬁ=Eu(M»T)+Mﬁo+%dﬁ3—%ﬁ3~ (4)
The quantities in the left-hand side of the equation
are P, the pressure; 8 = (kgT)~?, the inverse temper-
ature; kg, the Boltzmann constant; T, the tempera-
ture; v, cell volume. The quantities in the right-hand
side are, in general, functions of the temperature T'
and the chemical potential p. Let us present their ex-
pressions explicitly.

First, the quantity M depends linearly on the
chemical potential

7 g3 143
M=—L _4g-2q_-2 5
W) " 6 (5)
== po(1+7), (6)

where pg is some positive constant, 7 = (T — T.)/T.
is the relative temperature, T, is the critical tempera-
ture. We will call M the effective chemical potential.

The quantity W(0) is expressed via parameters of
the potential (1) as follows:

W(0) =™ (0)[B -1+ xo0+7(x0 + A4,)], (7)
where

B = 2y80-NFRo/e

Ay = Aelmo= DR/ (),

and ®(")(0) is the Fourier transform of the repulsive
part of the potential at |k| =0

3

) (m YRo/a [_ &
P (0) ECHSWG <’YRO> .

The parameter yjq is used in [9] to single out a con-
tribution, in the Fourier transform, of the potential
that is treated as a reference system defined in the
reciprocal space, and is selected as xo = 0.07 [9].

The coeflicients g,, are given by the formulas:

go=ITy, g =T1/To, g2=T2/To— g3,

93 = T3/To — g3 — 39192, (8)
9a =T/ To — gf — 69792 — 49193 — 393,

a4 = —4ga4,
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where T),(p, @) are the following special functions:

7o) = 30 e (9)
m=0 '

Here, a* = veP#0 and the parameter p has the form

p =20 0)x + 4,].

5 (10)

The quantity 5. denotes the critical value of the
inverse temperature. In [9] it was found that

ef = 0.200, = 4.995.

kT,
9

We also use the reduced temperature defined as T =
= kpT /e, and, thus, its critical value T = 4.995.

Since p is independent of the temperature, the coef-
ficients g,, are also independent of temperature. The
numerical values for other coefficients used in this
paper are the same as those in [9, Egs. (5), (23),
and (24)]:

Xxo = 0.07, ~ =1.65,
ng = 1.521, Ry/a = 2.9544,
a*=50 p=10.

(11)

The quantity d entering equations (4) and (5) is a
function of the temperature

192 1
d=gy— == — . 12
720, BW(0) 12
The condition d = 0 defines the critical tempera-
ture [9]
1g3 )
kgTe = (92 — o (B =1+ x0)2"(0). (13)

The function E,(M,T) from the equation (4) is
provided by

~ 2

2N,

2 1 4
By I = (14)

g4 293 24 g5

Here the quantity N, defines the number of cubic cells
in volume V for the initial model. In the thermody-
namic limit, N, — oo, and thus, the first term can
be neglected. The term /W (0) can be expressed in
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terms of M using (5). The temperature and the in-
verse temperature can always be expressed in terms of
the reduced temperature and a corresponding critical
value:

T=T.(1+7), B=pB1+7)"

The quantity pg is a solution to the following cubic

equation:
M+dﬁ0—%ﬁ(3):0. (15)

For any 7 > 0, the latter equation has one real root

_ 3M V3 3M 1/3

Po = <— + Qt) - ( + Qt) ) (16)
94 94

where

3 2
o= (& (2.
g4 g4

Thus, pp is a function of the temperature and the
chemical potential.
Let us introduce the reduced pressure

g4 < 0. (17)

_ Po
=—

P (18)
Considering the equation of state (4), P* is explicitly
written as

Pt = (14 7T | B, T) +
1 ay
Mpo + = dpg — = po |- 1
+Mpo + 5 dpy 24/)0] (19)
This equation can be easily represented graphically.
Figure 1 illustrates the relationship between the re-
duced pressure P* and the effective chemical poten-
tial M for various values of the relative temperature

7, at and above the critical temperature. At the crit-
ical point M = 0,7 =0, P} = 1.606.

3.2. Pressure as a function
of the temperature and density

In this work, by density, we mean the particle number
density p = (N)/V.In the framework of the grand
canonical ensemble the average number of particles
(N) is found by

Oln= OP
W)= <3ﬁu )T,V =V (m)T,V'
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Fig. 1. Isotherms of the reduced pressure P* as a function (a)
of the density p*, and (b) of the effective chemical potential M
at T' > T¢ represented by black lines. Thick grey lines on both
figures correspond to isotherms of pressure at T' < T based on
the results taken from [9]

From this equation it follows

and, thus,

p= <7]\\/00 - <g}/j):rv - (%ﬁ)nv’

m (20)
922

The quantity p*, on the one hand, is the reduced
particle number density, which is the notation com-
monly used in the literature on simple fluids [17]. In
the context of the cell model, on the other hand, it
is the average number of particles per cell!. Taking
explicit derivatives, we arrive at

* * ﬁo
pr=p.— M+ . 21
5 (0) 2y
The quantity p? in the equation (21) is the critical
density [9]
) 291_93(92_19?,) Y
‘ 94 29s) 693
3
9293 | 93
— 4+ I3 22
94 391 (22)

Its numerical value for parameters (11) is
p: = 0.978.

Equations (21) and (4) jointly define a parametric
relationship between pressure and density, with M
serving as the parameter. Figure 1 shows the depen-
dence of the reduced pressure P* on the density p*
for various values of the reduced temperature 7, at
and above the critical temperature.

This dependence can also be expressed explic-
itly. To achieve this, we combine the equations (21)
and (15) to express the effective chemical potential
M as a function of the density and temperature:

Pn

M = —(p* = p}), 23
where )
2 1/2
93 — 2929 Q,
M2<322§ cos (5 + 3)
g4 (24)

9 4 1/2
Qi = arccos K— 9423> (ph — p*)}
(29294 — 93)

The notation M represents the effective chemical po-
tential as a function of the temperature and density
p*, while M represents the effective chemical poten-
tial as a function of the temperature and chemical
potential p.

I In our previous works, we denoted the reduced number den-

sity by n. In the current work, we switch to more common
notation p*.
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At T > T,, the equation of state of a cell fluid
model in terms of the density and the temperature
has the following form:

« — d a4
PUB:EIJ(/) 7T)+Mpn+7pifipi'

2 24 (25)

The quantity E,(p*,T) in (25) is the same as func-
tion £, (M,T) (14) rewritten in terms of density and
temperature with regard for the expression (23)

In(27 W (0))
E,(p*,T) = — —
l)(p ) ) 2Nv +90
2
BW(0) (- g3 93
_ PN (g — Bg 23 ) _
2 TR
_ B ﬁ — iﬁ (26)
g1 295 244}
For the reduced pressure, we write
P =0T Byl 1) +
— d a4
Mpp + =p2 — —pn | 27
+Mpn+ 50— 5 4pn} (27)

The equations of state (4) and (25) are derived in
the zero-mode approximation of the p*-model, which
imposes limits on their applicability. Specifically, in
terms of density, the equations are applicable for
Prin < P° < Phaxs Where pfand pf. are deter-
mined by the parameters o* and p. For parameters
given in (11), these values were estimated in [9] as
Piin = 0.009 and pf . = 1.946.

Figure 1 shows the isotherms for the pressure P*
as a function of the density p* (see Fig. 1, a) and the
effective chemical potential M (see Fig. 1, b).

Thus, in this Section, we presented two forms of the
equation of state. The first one expresses the pres-
sure as a function of the temperature and chemical
potential, P = P(T, 1), and is represented by equiva-
lent Eqgs. (4) and (19). The second one expresses the
pressure as a function of the temperature and den-
sity, P = P(T, p*), and is represented by equivalent
Egs. (25) and (27). These equations, together with
the explicit dependence of the density on the temper-
ature and chemical potential, p* = p* (T, u), Eq. (21),
are the basis for the calculation of the thermodynamic
response functions in the next Section 4.

ISSN 2071-0194. Ukr. J. Phys. 2024. Vol. 69, No. 12

4. Thermodynamic Response Functions
4.1. Isothermal compressibility

The isothermal compressibility is defined by

o — L (V.
TTov\or) .y

Let us perform some transformations to rewrite xp
into a form that is more suitable for the equation of
state P = P(T, u), see (4) and (19):

oL (2) Lo

p \OP )y p(OP/0u)y

We have omitted the condition of constant N in the
last line of the above equation, since we have explicit
dependencies on the temperature and chemical po-
tential for both pressure P = P(T,u), Eq. (4), and
density p = p(T, u), Eq. (21). Applying the Gibbs—
Duhem equation

(28)

Ndp = —=SdT 4+ VdP, (29)
at T = const one has
dP = pdp,
or
8P)
p=1=) . 30
(5,u T (80

Substituting this into the last expression for kr, one
gets

1 (0p
=—|=]). 31
" p? (8N>T 31)
Finally, from (30) it follows that
2
(on), = (@), 52
o) ou? Jp

and ultimately we arrive at the very useful expression
for the isothermal compressibility

1@
KJT—pQ a’u2 T.

Let us introduce the reduced isothermal compres-

(33)

sibility
K= T (34)

The quantity «7%. is dimensionless and is of order unity,
except at the critical point itself, where it is diver-
gent. It is expressed in terms of the reduced quanti-
ties P* and p* as follows:

. € ap*)
Rp = N
’ p*? (8114 T

(35)
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*
T

Isothermal compressibility,

Density, p*

Fig. 2. The reduced isothermal compressibility x7. as a func-
tion of the density p* at different values of reduced temperature
>0 (T >T.)

52 82P*

p*? ( op? )T.
Now, either Eq. (19) or Eq. (21) can be used to explic-
itly calculate x%., with the result expressed as a func-
tion of the temperature and chemical potential. In
Appendix A, we provide the derivation of the explicit
expression for the isothermal compressibility based
on (35).

If it is preferable to use the equation of state in the
form P = P(T, p*), see (25) and (27), then the most
suitable expressions for the isothermal compressibility
are 1

= (36)

1 (9P
/ﬁ} = —_— 5 37
T (3P*)T (87)
nd e
K = — . 38
T (ap* >T (38)

Figure 2 illustrates the dependence of the com-
pressibility 7 on the density p* for various values of
temperature above the critical one. The dependence
of k} on the effective chemical potential M is dis-
played in Fig. 3.

4.2. Thermal pressure coefficient

The thermal pressure coefficient is defined by

oOP
by = <aT>V,N'

924

(39)

We rewrite By in a form that is suitable for the equa-
tion of state P = P(T, u), see (4) and (19),

op oP au>
= JRN— + - _ .
o= or), * (3, (7).

Applying the cyclic relation

(7). ). G, =
9T )y oV ) o)y =

we obtain

().~ (7)., (50),. -
)y N T )y n \ O Jp N

- (3), G0,

or ), \ou )r
Substituting this result into the formula for Sy, we
arrive at the final expression for the thermal pressure

coefficient
= (57, G, Gr), G,

v=\a7] — |5 )

or), Op)p \OT ), \ O )

which ? is easily calculated based on Egs. (4) and
(21). It is also worth noting that the first contribution
to By is essentially the entropy per volume, S/V =
= (0P/0T) .

We introduce the reduced thermal pressure coeffi-
cient by

(40)

(41)

. v
By = kfﬁv- (42)
B
It is expressed in terms of reduced quantities as fol-
lows: )
1 |/OP* opP* op* op*\
o=z | (), - (), Gr) G5, o
VTC?‘ 87’H 8uT87'“8uT (43)

If it is preferable to use the equation of state in the
form P = P(T, p*), see (25) and (27), then the most
suitable expressions for the thermal pressure coeffi-
cient follow immediately from the definition (39)

oP
o = (57) (44
v \or),
o ;
5= (), (45)

2 Compare this equation for By with Eq. (17) from [11]
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Fig. 3. The reduced isothermal compressibility x7}, as a function of the effective chemical potential M for different
temperatures 7 = (T' — T.)/Tc at T > T.. The two figures differ in the scale of M. Part (a) covers a wider range of

M. Part (b) focuses on a range of M around its critical value 0

Explicit calculation for Jj, is presented in Ap-
pendix A.

Figure 4 shows the dependence of the pressure co-
efficient 3y, on the density p* for various values of
the temperature above the critical one. It is worth to
note that the temperature dependence is very weak
in this case, and multiple isotherms collapse onto the
same line and are indistinguishable on the scale of the
figure. This is not a surprised behavior, as similar one
is observed for the thermal pressure coefficient of the
Lennard-Jones fluid [2] as well. The dependence of 53,
on the effective chemical potential M is displayed in
Fig. 5. The dependence of 3}, on the relative temper-
ature 7 is displayed in Fig. 6 for a few values of the
density.

4.3. Thermal expansion coefficient

The thermal expansion coefficient is defined by

ap— L (Y
PrviNer),y

We rewrite ap into a form suitable for the equation
of state P = P(T\, ), see (4) and (19)

ap—_L(o
P = P T P,Na

ISSN 2071-0194. Ukr. J. Phys. 2024. Vol. 69, No. 12

(46)

(47)

*
v

Thermal pressure coefficient,

T T T T

02 04 06 08 10 12 14 16 18
Density, p*
Fig. 4. The reduced thermal pressure coefficient 3y, as a func-
tion of the density p* at different values of relative temperature
7> 0 (T > T.). Multiple isotherms collapsing onto the same
line, making them indistinguishable at the scale of the figure
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Fig. 5. The reduced thermal pressure coefficient 3y, as a func-

tion of the effective chemical potential M at different values of
relative temperature T > 0 (T > T¢)
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tion of the relative temperature 7 at different values of the
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Thermal expansion, o
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Fig. 7. The reduced thermal expansion coefficient o} as a
function of the density p* at different values of relative tem-
perature 7 > 0 (T > T¢)

Substituting the result into the expression for ap, we
arrive at the final formula for the thermal expansion

coeflicient
1 (ap> 1 (ap> <ap> <8P>1
ap=— (=] += (=) (5] 5] -
P 6TN p \Ou)r 6TH o Jr
which?® is readily calculated based on Egs. (4)
and (21).
We introduce the reduced thermal expansion coef-
ficient by

(49)

P=— 50
ap ks ap (50)
It is expressed in terms of reduced quantities as fol-
lows:

. 1 op*

R @Jﬁ

(50,5, o),
op )\ 01 " o Jr

If it is preferable to use the equation of state in the
form P = P(T, p*), see (25) and (27), then we need

. (51)

3 Compare this equation for ap with Egs.(57)-(58) from [11].
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Fig. 8. The reduced thermal expansion coefficient a}, as a function of the effective chemical potential M for different
temperatures 7 = (T — T¢)/Tc at T > T.. The two figures differ on the scale of M. Part (a) covers a wider range of M.

Part (b) focuses on a range of M around its critical value 0

to rewrite the definition for ap accordingly. We start
with (47) and apply the cyclic relation

-1
Gr), ), ) 2

oT)p or),\0op )z
to get, for ap,

1 (0P\ (oP\ '
v = (o) (5), 5
or, for ap,
1 (oP*\ [oP*\ "

L= . 4
i~ e (57), (55 ), i

Figure 7 shows the dependence of the reduced ther-
mal expansion coefficient a} on the density p* for
various values of the temperature above the critical
one. The dependence of a on the effective chemical
potential M is displayed in Fig. 8.

4.4. Relation between response functions

The following thermodynamic identity holds between
the calculated response functions:

ap ap
kT By

—1, 55
By )

ISSN 2071-0194. Ukr. J. Phys. 2024. Vol. 69, No. 12

which is easily derived from the cyclic relation be-
tween P, V and T. In our case, this equality is ex-
actly reproduced by substituting explicit expressions
for k7, ap, and By obtained from the equation of
state (4) (or (25)).

5. Conclusions

Thermodynamic response functions, namely the
isothermal compressibility, the thermal pressure co-
efficient, and the thermal expansion coefficient, are
calculated for a many-particle system interacting
through a modified Morse potential. The starting
point for these calculations are the equation of state
obtained for the cell fluid model within the frame-
work of the grand canonical ensemble in our previous
work [9]. The dependencies of the calculated response
functions on the density and the effective chemical
potential are illustrated graphically. The thermody-
namic identity (55) among these quantities is veri-
fied to confirm the self-consistency of the performed
calculations.

This work was supported by the National Re-
search Foundation of Ukraine wunder the project
No. 2023.03/0201.
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APPENDIX A.
Explicit Expressions for Derivatives

This Appendix contains two examples of explicit derivation of
response functions.

First, we provide an explicit example of differentiating the
equation of state, namely (27), by deriving the expression for
the thermal pressure coefficient 3y, from (45). For the quantity
M from Eq. (23) one has

(@) _ kTepn 1 —wo (A 1)
Ot J e W(0) 1+7wy’ ’
where
_ X0+ A,

wp = ——— .

B—-14+xo0
For d from (12) one has
ad _ kpTe. 1—wo (A.2)

or 7W(O) 1+ 7wo’
While calculating both derivatives, we take into account

0 _ 8200

5y WO = T2 (B - 1- 4y). (A3)

The derivative of the quantity F, from (26) with respect to
temperature 7 is
OF 1/ : 3\ 98w (0
or 2 g4 697 or
— BW(0) (M g+ a4 )
g4 694

(2w
or ga OT 292 or’

ga OT
Collecting these all formulas together, we can explicitly calcu-
late B3, from (45)

2
g3 OM g5 Od (A.4)

_ d a4
Y= E,(p*,T) + Mpn + —p2 — —pt
Bv p(p*,T) + L
i} oM p2 8d
1 L T+ = A5
+( J”)(a e +287’) (A-5)

Substituting the expressions for derivatives and grouping sim-
ilar terms, one finally arrives at

a4 4

21t

. - d
By = Ep(p*,T) + Mpn + 5/)% -

+ {ﬁfb(T)(O)[B —1-A4,]G%, +

I 1-wo {93 P g3

AW I+ran 122 2 @

+ AW(0)Gar (g—4 - pn)]}

where we introduced notation

195

Gy =M — g1+—d+ .
g4 694
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Second, we derive the explicit expression for the isothermal
compressibility «%. using (36), taking the density p* from (21).
For the effective chemical potential M from (5) one has

oM 1

) - A7
().~ 7w D
For the quantity po from (16) one has

o) [ (M )% A
(6u v WOV {” e D N

Using these two formulas we obtain the isothermal compress-
ibility in explicit form

. ~1/2
L e (e R
T W (0) { BW (0)g

x [po -2 (—% - \/@)é]}
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TEPMOJMHAMIYHI OYHKIIIT
BLAT'YKY KOMIPKOBOI MOJIEJII ILJIMHY

B poboti npoBesieHO pO3paxyHKH TEePMOJAUHAMIYHUX (DYHKILINH
BIAryKy — i30TepMidHOI CTUCIMBOCTI, TEPpMiYHOrO KoedilieHTa
THCKY Ta TepMiuHOro KoedimieHTa pPO3MIUPEHHS — [JIsi CHCTEe-
MU YaCTUHOK, fIKi B3AEMOJIIIOTH Yepe3 MOAM@IKOBAHUN TOTEH-
miast Mopse. 1li po3paxyHKu NpOBOAUINCH BUXOASIYN 3 PiBHSI-
HHSI CTaHy, OTPHUMAHOI'O B IOIEpe/Hiil poboTi 11t KOMipKOBOT
Mozes mInHy B popMaIi3Mi BEJIMKOI0 KAHOHIYHOIO aHCaMOJIIO.
3ajIe’KHOCTI OTPUMAHMX BEJIMYUH BiJl TYCTHHU 1 €EeKTUBHOIO
XiMiYHOI'O TIOTEHIIAJIY IIPEICTAaBIECHO IpadivHo.

Katwvwoei caosa: KOMIpKOBa MOenb, IoreHriag Mopae,
TepMOAMHAMIYHI PYHKIT BIATYKY.
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