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EXISTENCE OF SMALL-AMPLITUDE
DOUBLE LAYERS IN TWO-TEMPERATURE
NON-ISOTHERMAL PLASMA

In the presence of warm negative ions, ion-acoustic small-amplitude monotonic double layers
are theoretically investigated in a plasma consisting of warm positive ions, warm positrons,
and two-temperature non-isothermal electrons under the variation of the trapping parameters
of electrons, concentration of positrons, and mass ratios of heavier negative ions to lighter
positive ions by the Sagdeev pseudopotential method. The corresponding double layer solutions
are also discussed for the same variation. Consequently, ion-acoustic solitary waves and double
layers have been observed in auroral and magnetospheric plasmas with two-temperature electron
distributions found in a laboratory, as well as in the space. This paper shows the effects of
trapping parameters of electrons, positron concentration, and mass ratios of heavier negative
ions to lighter positive ions on the Sagdeev potential function 𝜓 (𝜑) and double layer solutions
𝜑𝐷𝐿 for small-amplitude monotonic double layers. The results are presented graphically in
Figs. 1 to 6.
K e yw o r d s: two-temperature non-isothermal electrons, Sagdeev potential method, heavier
negative ions, double layers, double-layer solutions.

1. Introduction
Double layers, non-linear wave structures [1, 2], have
been regarded as an interesting and significant topic.
They occur frequently in astrophysics and space phy-
sics. In the past few years, the investigation of ion-
acoustic double layers in electron-positron-ion plas-
mas attracted much attention theoretically, as well as
experimentally in both non-relativistic and relativis-
tic regimes. The study of electron-positron-ion plas-
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mas is growing extensively due to their presence in the
early universe, in active galactic nuclei, in pulser mag-
netosphere, in ionosphere, in the solar atmosphere,
etc. It is well known that if positrons are introduced
into an electron-ion plasma, the response of the elec-
trostatic waves changes significantly in comparison
to the usual two-component plasmas. Further, an
electron-positron-ion plasmas can also appear in the
pair production in a plasma due to the propagation
of intense laser pulses. As a consequence, a num-
ber of authors studied and analyzed the ion-acoustic
double layers in a plasma consisting of warm pos-
itive and negative ions, warm positrons, and two-
temperature electrons. In an electron-ion plasma, a
double layer is defined as a monotonic transition of
the electric potential connecting smoothly two dif-
ferently biased plasmas giving rise to a net poten-
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tial difference, but in electron-positron-ion plasmas
in addition to electrons, positrons also contribute to
the double layer potential. Thus, the properties of
wave motion in such plasmas are very much different
from those in electron-positron plasmas. Again, the
large- and weak-amplitude ion-acoustic double layers
[3–7] in different plasma systems have been observed
by several authors using the reductive perturbation
method. Merlino and Loomis [8] reported on the ex-
perimental observation of a strong double layer in
a plasma composed of positive ions, negative ions,
and electrons. Goswami et al. [9] studied obliquely
propagating double layers in a magnetic field for the
two-electron Boltzmann model. In most cases, elec-
tron distributions were then considered as Maxwellian
and were found in thermal plasmas. Further, satellite-
based observations confirm that the plasmas usu-
ally deviate from the Maxwellian particle distribu-
tions. As a result, non-Maxwellian particle distri-
butions for electrons such as non-thermal, kappa,
vortex-type, and Tsallis distributions have been pro-
posed. In general, it is worth mentioning that the
plasma distributions near a double layer are strongly
non-Maxwellian, and this double layer with non-
Maxwellian electron distributions has been the fo-
cus of recent studies. Moreover, in a two- or single-
temperature non-isothermal electron plasma, the con-
cept and role of trapping (reflecting) parameters for
electrons are attracted much attention. In [1, 2, 6,
7], the trapping and reflecting parameters were self-
consistently determined from the phase velocity of
a perturbation and its amplitude in a kinetic de-
scription. Using the reductive perturbation method,
Gill et al. [10] investigated ion-acoustic solitons and
double layers in non-thermal electrons with isother-
mal positive and negative ions. Tagare et al. [11] and
Mishra et al. [12] took the plasma composition (H+,
O−

2 ) and (H+, H−) which are expected to occur in the
D region of the ionosphere for finding solitary waves
and double layers in the plasma. This double layer has
been a topic of great interest because of its relevance
in cosmic applications [13–15], confinement of plas-
mas in tandem mirror devices [16], etc. Further, Popel
et al. [17] established the existence of finite-amplitude
ion-acoustic solitons of positive electrostatic potential
in electron-positron-ion plasmas using the hydrody-
namic model for the ion fluid and the kinetic descrip-
tion for hot electron and positron fluids, the masses
of which are equal. The present author [18–19] also

found out first- and second-order compressive soli-
tary wave solutions in single- and two-temperature
non-isothermal electron plasmas for cold positive and
negative ions and for warm positive and negative ions
under the variation of different plasma parameters by
a “simple non-linear wave solution method” and a new
technique called as “tanh-method”. Schamel [20] stud-
ied the effect of the interaction of ion-acoustic waves
and electrons, where some electrons can be trapped in
the ion-acoustic waves, while another ones still move
freely in the space. This implies that the plasma sys-
tem consists of two possible types of electrons. Ho-
wever, Schamel considered the Maxwellian distribu-
tion for both free and trapped electrons in the in-
vestigation of non-linear ion-acoustic wave phenom-
ena. In addition to that, Chattopadhyay [21] stud-
ied ion-acoustic solitary waves and small-amplitude
double layers in a plasma containing warm positive
ions, warm negative ions, warm positrons, and two-
temperature non-isothermal electrons by the same
well-known Sagdeev pseudopotential method.

The main ourpose of this paper is to study the
ion-acoustic small-amplitude monotonic double layers
for understanding the effect of trapping or reflecting
parameters of electrons, concentration of positrons,
and mass ratios of heavier negative ions to lighter
positive ions on the profiles of the Sagdeev poten-
tial function 𝜓 (𝜑) and on the profiles of double-layer
solutions 𝜑DL.

The plan of the paper is arranged in the following
ways:

In Sec. 2, the basic set of normalized equations
for warm positive ions, warm negative ions, warm
positrons along with Poisson’s equations, concentra-
tions of electrons and positrons, charge neutrality,
and boundary conditions are given. The expression
for the Sagdeev potential function 𝜓(𝜙) is obtained
in this section as well. Using the required double-
layer conditions, the profiles of the Sagdeev potential
function 𝜓(𝜙) and the double-layer solution (𝜑DL) for
small-amplitude compressive double layers are stated
in this part. In Sec. 3, this problem is discussed com-
prehensively under the variation of some plasma pa-
rameters. Concluding remarks are given in Sec. 4.

2. Formulations

We will consider a collisionless, unmagnetized, non-
relativistic plasma consisting of warm positive ions
with density 𝑛𝑖, velocity 𝑢𝑖, pressure 𝑝𝑖, mass 𝑚𝑖,
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and temperature 𝑇𝑖; warm negative ions with den-
sity 𝑛𝑗 , velocity 𝑢𝑗 , pressure 𝑝𝑗 , mass 𝑚𝑗 , and tem-
perature 𝑇𝑗 ; warm positrons with density 𝜒, temper-
ature 𝑇𝑝, and two-temperature non-isothermal elec-
trons with density 𝑛𝑒 comprising of the densities of
low-temperature electrons 𝑛𝑒𝑙 and high-temperature
electrons 𝑛𝑒ℎ, and effective temperature 𝑇eff , consist-
ing of the hot component with temperature 𝑇𝑒ℎ and
the cold component with temperature 𝑇𝑒𝑙 which are
followed by 𝑇𝑒ℎ,𝑓 , 𝑇𝑒ℎ,𝑡 and 𝑇𝑒𝑙,𝑓 , 𝑇𝑒𝑙,𝑡, where 𝑇𝑒ℎ,𝑓 ,
𝑇𝑒ℎ,𝑡 are, respectively, the temperatures of free and
trapped electrons at high temperatures, and 𝑇𝑒𝑙,𝑓 ,
𝑇𝑒𝑙,𝑡 are, respectively, the temperatures of free and
trapped electrons at low temperatures. Further, we
assumed that low-frequency electrostatic waves prop-
agate in plasmas. The non-linear behavior of ion-
acoustic waves may be described by the following set
of normalized basic equations:

𝜕𝑛𝑖
𝜕𝑡

+
𝜕

𝜕𝑥
(𝑛𝑖𝑢𝑖) = 0, (1)

𝜕𝑢𝑖
𝜕𝑡

+ 𝑢𝑖
𝜕𝑢𝑖
𝜕𝑥

+
𝜎𝑖
𝑛𝑖

𝜕𝑝𝑖
𝜕𝑥

+
𝜕𝜑

𝜕𝑥
= 0, (2)

𝜕𝑝𝑖
𝜕𝑡

+ 𝑢𝑖
𝜕𝑝𝑖
𝜕𝑥

+ 3𝑝𝑖
𝜕𝑢𝑖
𝜕𝑥

= 0, (3)

𝜕𝑛𝑗
𝜕𝑡

+
𝜕

𝜕𝑥
(𝑛𝑗𝑢𝑗) = 0, (4)

𝜕𝑢𝑗
𝜕𝑡

+ 𝑢𝑗
𝜕𝑢𝑗
𝜕𝑥

+
𝜎𝑗
𝑄𝑛𝑗

𝜕𝑝𝑗
𝜕𝑥

− 𝑍

𝑄

𝜕𝜑

𝜕𝑥
= 0, (5)

𝜕𝑝𝑗
𝜕𝑡

+ 𝑢𝑗
𝜕𝑝𝑗
𝜕𝑥

+ 3 𝑝𝑗
𝜕𝑢𝑗
𝜕𝑥

= 0, (6)

𝜕2𝜑

𝜕𝑥2
= 𝑛𝑒 − 𝑛𝑖 + 𝑍𝑛𝑗 − 𝑛𝑝. (7)

Here, the electrons are assumed to be in a quasi-
equilibrium state with low-frequency ion-acoustic
wave. We take the following general expression for the
electron density [22–23]:

𝑛𝑒 (𝜑) =

⎛⎜⎝−
√
2𝜑∫︁

−∞

𝑑𝑣 +

∞∫︁
√
2𝜑

𝑑𝑣

⎞⎟⎠ 𝑓+
𝑔+
2

[1 + sgn (𝜉 − 𝜉𝑚)]×

×

√
2𝜑∫︁

−
√
2𝜑

𝑑𝑣 𝑓+ +
𝑔−
2

[1− sgn (𝜉 − 𝜉𝑚)]

√
2𝜑∫︁

−
√
2𝜑

𝑑𝑣 𝑓−.

Here, the symbols 𝑓 and 𝑓± represent the free and
reflected electron distribution functions. The above-
mentioned density normalization constants 𝑔+ and 𝑔−

are positive. In this case, electrons can have different
densities depending on the sign of (𝜉 − 𝜉𝑚), where 𝜉𝑚
is the position of the minimum of ion-acoustic double-
layer potential (𝜑 = 0) , and sgn(𝜉 − 𝜉𝑚) is the con-
stant of motion for all the reflected particles.

By using the quasi-neutrality condition and the
drift approximation for electrons in small-amplitude
ion-acoustic double layers, we may expand the elec-
tron density 𝑛𝑒 (𝜑) [22–24] as follows:

𝑛𝑒 (𝜑) = 1+𝐴1𝜑+𝛿
1
2𝐴2 sgn (𝜉 − 𝜉𝑚)𝜑

3
2 +𝐴3𝜑

2+ ... .

The above coefficients 𝐴1, 𝐴2, 𝐴3, ... are given as:

+∞∫︁
−∞

𝑑𝑣 𝑓 (𝑣) = 1, 𝐴1 = −P

∫︁
𝑑𝑣

1

𝑣

𝜕𝑓

𝜕𝑣
,

𝐴2 =

(︃
4
√
2

3

)︃{︀
𝑔±𝑓

′′
± (0) + 𝑓 ′′± (0)

}︀
,

𝐴3 = −1

2
P

∫︁
𝑑𝑣

(︂
1

𝑣

𝜕

𝜕𝑣

)︂
𝑓,

where “P” represents the principal value of the
integral.

Again for the general formulation of monotonic
double layers, we now consider the following modi-
fied Schamel-type [22–26] electron distribution:

𝑓 =
1√
2𝜋

exp

[︂
−1

2

(︀
sgn (𝑣)

√
𝜀− 𝑣𝑑

)︀2]︂· 𝜃(𝜀), 𝜀 > 0,

𝑓±=
1√
2𝜋

exp

(︂
−1

2
𝑔± 𝑣

2
𝑑

)︂
exp

(︂
−1

2
𝛿± 𝜀

)︂
·𝜃(−𝜀), 𝜀 ≤ 0.

Here 𝜀2 = 𝑣2 − 2𝜑, 𝜑 (𝑥) ≥ 0, and 𝜃 is the Heaviside
step function.

The electron velocity and the potential are, respec-
tively, normalized to the electron thermal velocity√︁

𝐾 𝑇eff

𝑚𝑒
and the electron temperature 𝐾 𝑇eff

𝑒 , and 𝑣𝑑

represents the electron drift velocity. The thermal dis-
tribution scaling (𝛿±) is positive.

From the electron distribution functions given
above, the corresponding density for electrons can be
found by simple velocity-space integrations as follows:

𝑛𝑒 (𝜑) = exp

(︂
−𝑣

2
𝑑

2

)︂[︂
𝐼

(︂
𝑣2𝑑
2
, 𝜑

)︂
+ 𝑇± (𝛽, 𝜑)

]︂
.
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Here, 𝐼 and 𝑇 are defined as follows:

𝐼

(︂
𝑣2𝑑
2
, 𝜑

)︂
=

√︂
2

𝜋

∞∫︁
0

𝑑𝑉 ×

×

[︃
𝑉√︀

𝑉 2 + 2𝜑
exp

(︂
−𝑉

2

2

)︂
cosh (𝑉, 𝑣𝑑)

]︃
,

𝑇+ (𝛽, 𝜑) =
1√
𝛽
exp (𝛽𝜑) erf

(︁√︀
𝛽𝜑
)︁
, 𝛽 > 0,

𝑇− (𝛽, 𝜑) =
2√︀
𝜋 |𝛽|

exp (− |𝛽|𝜑)

√
|𝛽|𝜑∫︁
0

𝑑𝑦 exp
(︀
𝑦2
)︀
,

𝛽 < 0.

Here, the “erf” represents the error function.
In this paper, the electron density is defined from

the Vlasov equations involving the free and trapped
electrons as

𝑛𝑒 (𝜑) =

∝∫︁
−∝

𝑓𝑒 (𝑥, 𝑣) 𝑑𝑣 =

= 𝐾0

[︃
exp (𝜑) erfc

(︁√︀
𝜑
)︁
+

1√
𝛽1

×

×

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

exp(𝛽1𝜑) erf
[︁√︀

|𝛽1𝜑|
]︁

for 𝛽1 ≥ 0,

2√
𝜋
exp

[︁
−
{︁√︀

| (−𝛽1𝜑) |
}︁2

×

×

√
|(−𝛽1𝜑)|∫︁
0

exp(𝑋2)𝑑𝑋
]︁

for 𝛽1 < 0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Here, erf(𝑥) = 2√
𝜋

∫︀ 𝑥

0
𝑒−𝑡2𝑑𝑡, erfc(𝑥) = 1− erf(𝑥), 𝐾0

is some constant, 𝑓𝑒(𝑥, 𝑣) is the electron distribution
function, 𝛽1 =

𝑇𝑒𝑙,𝑓

𝑇𝑒ℎ,𝑡
is the temperature ratio of free

(𝑇𝑒𝑙,𝑓 ) and trapped (𝑇𝑒ℎ,𝑡) electrons at low and high
temperatures.

Here, we consider the case 𝛽1 >0 and take

𝑛𝑒 (𝜑) = exp (𝜑) erfc
(︁√︀

𝜑
)︁
+

1√
𝛽1

×

× exp (𝛽1𝜑) erf
[︁√︀

|𝛽1𝜑|
]︁
= exp (𝜑)

[︁
1− erf

(︁√︀
𝜑
)︁]︁

+

+
1√
𝛽1

exp (𝛽1𝜑) erf
[︁√︀

|𝛽1𝜑|
]︁
=

= exp (𝜑)

[︃
1− 2√

𝜋

√
𝜑∫︁

0

exp
(︀
−𝑡2

)︀
𝑑𝑡

]︃
+

+
1√
𝛽1

exp (𝛽1𝜑)

[︃
1− 2√

𝜋

√
𝛽1 𝜑∫︁
0

exp(−𝑡2) 𝑑𝑡

]︃
.

The normalized electron density 𝑛𝑒 (𝜑) for a two-
temperature non-isothermal electron plasma is ob-
tained by the Taylor series expansion from above un-
der the condition 𝜑≪ 1 as

𝑛𝑒 = 𝑛𝑒𝑙 + 𝑛𝑒ℎ =

=

[︃
1+

(︂
𝜑

𝜇+𝜈𝛽1

)︂
− 4

3
𝑏𝑙

(︂
𝜑

𝜇+𝜈𝛽1

)︂3
2

+
1

2

(︂
𝜑

𝜇+𝜈𝛽1

)︂2
−

− 8

15
𝑏
(1)
𝑙

(︂
𝜑

𝜇+ 𝜈𝛽1

)︂5
2

+
1

6

(︂
𝜑

𝜇+ 𝜈𝛽1

)︂3
+ ...

]︃
+

+ 𝜈

[︃
1+

(︂
𝛽1𝜑

𝜇+𝜈𝛽1

)︂
− 4

3
𝑏ℎ

(︂
𝛽1𝜑

𝜇+𝜈𝛽1

)︂3
2

+
1

2

(︂
𝛽1𝜑

𝜇+𝜈𝛽1

)︂2
−

− 8

15
𝑏
(1)
ℎ

(︂
𝛽1𝜑

𝜇+ 𝜈𝛽1

)︂5
2

+
1

6

(︂
𝛽1𝜑

𝜇+ 𝜈𝛽1

)︂3
+ ...

]︃
=

= 1 + 𝜑− 4

3

(︁
𝜇𝑏𝑙 + 𝜈𝑏ℎ𝛽

3
2
1

)︁
(𝜇+ 𝜈𝛽1)

3
2

𝜑
3
2 +

1

2

(︀
𝜇+ 𝜈𝛽2

1

)︀
(𝜇+ 𝜈𝛽1)

2𝜑
2 −

− 8

15

(︁
𝜇𝑏

(1)
𝑙 + 𝜈𝑏

(1)
ℎ 𝛽

5
2
1

)︁
(𝜇+ 𝜈𝛽1)

5
2

𝜑
5
2 +

1

6

(𝜇+ 𝜈𝛽3
1)

(𝜇+ 𝜈𝛽1)
3𝜑

3 − ..., (8)

𝑛𝑝 = 𝜒𝑒−𝜎𝑝𝜑, (9)

𝑏𝑙 =
1− 𝛽𝑙√

𝜋
, 𝑏ℎ =

1− 𝛽ℎ√
𝜋

, 𝑏
(1)
𝑙 =

1− 𝛽2
𝑙√

𝜋
,

𝑏
(1)
ℎ =

1− 𝛽2
ℎ√

𝜋
, 𝛽1 =

𝑇𝑒𝑙,𝑓
𝑇𝑒ℎ,𝑡

, 𝛽𝑙 =
𝑇𝑒𝑙,𝑓
𝑇𝑒𝑙,𝑡

,

𝛽ℎ =
𝑇𝑒ℎ,𝑓
𝑇𝑒ℎ,𝑡

, 𝜇+ 𝜈 = 1,

𝜎𝑝 =
𝑇eff
𝑇𝑝

, 𝜎𝑖 =
𝑇𝑖
𝑇eff

, 𝜎𝑗 =
𝑇𝑗
𝑇eff

, 𝑄 =

(︂
𝑚𝑗

𝑚𝑖

)︂1
2

,

𝑖 is for positive ion, 𝑗 is for negative ion, 𝑇eff =
= 𝑇𝑒𝑙 𝑇𝑒ℎ

𝜇𝑇𝑒ℎ+ 𝜈 𝑇𝑒𝑙
; for the non-isothermal plasma, 0 < 𝑏𝑙

or 𝑏ℎ < 1√
𝜋

and 0 < 𝑏
(1)
𝑙 or 𝑏(1)ℎ < 1√

𝜋
.

In this case, 𝜇 and 𝜈 are, respectively, the unper-
turbed number density of low-temperature and high-
temperature electrons; 𝑇𝑒𝑙,𝑓 , 𝑇𝑒ℎ,𝑓 are, respectively,
the temperatures of free electrons at low and high
temperatures, whereas 𝑇𝑒𝑙,𝑡, 𝑇𝑒ℎ,𝑡 are the tempera-
tures of trapped electrons at low and high tempera-
tures. Moreover, 𝛽1, 𝛽𝑙 and 𝛽ℎ are the temperature
ratio for free and trapped electrons at low and high
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temperatures; temperature ratio of free and trapped
electrons at low temperature and temperature ratio of
free and trapped electrons at high temperature. Here,
the mass ratio 𝑄 is taken with respect to Refs. [10,
28, 29].

The charge neutrality condition is

1 + 𝑍𝑛𝑗𝑜 = 𝑛𝑖𝑜 + 𝜒. (10)

The boundary conditions are 𝑛𝑖 → 𝑛𝑖𝑜, 𝑛𝑗 → 𝑛𝑗𝑜,
𝑢𝑖 → 𝑢𝑖𝑜, 𝑢𝑗 → 𝑢𝑗𝑜, 𝑝𝑖 → 𝑝𝑖0, 𝑝𝑗 → 𝑝𝑗0, 𝑛𝑒 → 1,
𝑛𝑝 → 𝜒 and 𝜑→ 0 at |𝑥| → ∞.

The above equations (1) to (9) are normalized in
the following ways: densities 𝑛𝑖, 𝑛𝑗 , 𝑛𝑒, and 𝑛𝑝 are
normalized by their equilibrium values 𝑛0; velocities
𝑢𝑖, 𝑢𝑗 by the ion-acoustic wave speed in the mixture

𝐶𝑠 =
√︁

𝐾𝑇eff

𝑚𝛼
, where 𝑚𝛼 is the mass of ions, 𝑇eff is

the effective temperature of electrons, and 𝐾 is the
Boltzmann constant; pressures 𝑝𝑖, 𝑝𝑗 by 𝑝0 = 𝐾𝑛0𝑇𝛼,
where 𝑇𝛼 is the temperature of ions; potential (𝜑) by
𝐾 𝑇eff

𝑒 , where 𝑒 is the electron charge; time (𝑡) by the
inverse of the ion-plasma frequency in the mixture
𝜔−1
𝑝𝛼

=
√︁

𝑚𝛼

4𝜋𝑛0𝑒2
and the space coordinate (𝑥) by the

Debye length 𝜆D =
√︁

𝐾 𝑇eff

4𝜋𝑛0𝑒2
, where 𝛼 = 𝑖 stands for

positive ions, and 𝛼 = 𝑗 stands for negative ions.
Using the boundary conditions and the Galilean

transformation 𝜂 = 𝑥 − 𝑉 𝑡, where 𝑉 is the velocity
of the solitary waves, we observe that Eqs. (3) and
(6) are consistent with the equation of state 𝑝𝑖 =

𝑝𝑖0
(︀

𝑛𝑖

𝑛𝑖0

)︀3 and 𝑝𝑗 = 𝑝𝑗0
(︀ 𝑛𝑗

𝑛𝑗0

)︀3 in the one-dimensional
motion; i.e., we consider the adiabatic case, and,
hence, 𝑝𝑖0 = 1 and 𝑝𝑗0 = 1. After some calcula-
tions (taking terms up to 𝜑4), we get finally from
the above equations, by using the Sagdeev pseudopo-
tential method:

𝜓(𝜑) =

[︂
− 𝜑− 1

2
𝜑2 +

+
8

15

𝜇𝑏𝑙 + 𝜈𝑏ℎ𝛽
3
2
1

(𝜇+ 𝜈𝛽1)
3
2

𝜑
5
2 − 1

6

𝜇+ 𝜈𝛽2
1

(𝜇+ 𝜈𝛽1)2
𝜑3 +

+
16

105

𝜇𝑏
(1)
𝑙 + 𝜈𝑏

(1)
ℎ 𝛽

5
2
1

(𝜇+ 𝜈𝛽1)
5
2

𝜑
7
2 − 1

24

𝜇+ 𝜈𝛽3
1

(𝜇+ 𝜈𝛽1)3
𝜑4
]︂
+

+
1

6

√︃
𝑛3𝑖𝑜
3𝜎𝑖

[︃{︃(︂
𝑉 − 𝑢𝑖𝑜 −

√︂
3𝜎𝑖
𝑛𝑖𝑜

)︂2
− 2𝜑

}︃3
2

−

−

{︃(︂
𝑉 − 𝑢𝑖𝑜 +

√︂
3𝜎𝑖
𝑛𝑖𝑜

)︂2
− 2𝜑

}︃3
2

+

+

(︂
𝑉 − 𝑢𝑖𝑜 +

√︂
3𝜎𝑖
𝑛𝑖𝑜

)︂3
−
(︂
𝑉 − 𝑢𝑖𝑜 −

√︂
3𝜎𝑖
𝑛𝑖𝑜

)︂3 ]︃
+

+
1

6

√︃
𝑄3𝑛3𝑖𝑜
3𝜎𝑗

[︃{︃(︃
𝑉 − 𝑢𝑗𝑜 −

√︃
3𝜎𝑗
𝑄𝑛𝑗𝑜

)︃2
+

2𝑍𝜑

𝑄

}︃3
2

−

−

{︃(︃
𝑉 − 𝑢𝑗𝑜 +

√︃
3𝜎𝑗
𝑄𝑛𝑗𝑜

)︃2
+

2𝑍𝜑

𝑄

}︃3
2

+

+

(︃
𝑉 − 𝑢𝑗𝑜 +

√︃
3𝜎𝑗
𝑄𝑛𝑗𝑜

)︃3
−

(︃
𝑉 − 𝑢𝑗𝑜 −

√︃
3𝜎𝑗
𝑄𝑛𝑗𝑜

)︃3 ]︃
+

+
𝜒

𝜎𝑝
(1− 𝑒−𝜎𝑝𝜑). (11)

Here,

𝑛𝑖 =
1

2

√︃
𝑛3𝑖𝑜
3𝜎𝑖

[︃√︃(︂
𝑉 − 𝑢𝑖𝑜 +

√︂
3𝜎𝑖
𝑛𝑖𝑜

)︂2
− 2𝜑−

−

√︃(︂
𝑉 − 𝑢𝑖𝑜 −

√︂
3𝜎𝑖
𝑛𝑖𝑜

)︂2
− 2𝜑

]︃
,

𝑛𝑗 =
1

2

√︃
𝑄𝑛3𝑗𝑜
3𝜎𝑗

[︃⎯⎸⎸⎷(︃𝑉 − 𝑢𝑗𝑜 +

√︃
3𝜎𝑗
𝑄𝑛𝑗𝑜

)︃2
+

2𝑍𝜑

𝑄
−

−

⎯⎸⎸⎷(︃𝑉 − 𝑢𝑗𝑜 −
√︃

3𝜎𝑗
𝑄𝑛𝑗𝑜

)︃2
+

2𝑍𝜑

𝑄

]︃
.

Expanding 𝜓 (𝜑) in a power series in 𝜑 by the Taylor
formula, one may obtain

𝑑2𝜑

𝑑𝜂2
= 𝐻1𝜑−𝐻2𝜑

3
2+𝐻3𝜑

2−𝐻4𝜑
5
2+𝐻5𝜑

3−... = −𝜕𝜓
𝜕𝜑

(12)
and

𝜓(𝜑) = −1

2
𝐻1𝜑

2+
2

5
𝐻2𝜑

5
2−1

3
𝐻3𝜑

3+
2

7
𝐻4𝜑

7
2−1

4
𝐻5𝜑

4.

(13)
Here,

𝐻1 =

[︃
1− 𝑛𝑖0

{︂
(𝑉 − 𝑢𝑖0)

2 − 3𝜎𝑖
𝑛𝑖0

}︂−1

−

−𝑍2𝑛𝑗0

{︂
𝑄(𝑉 − 𝑢𝑗0)

2 − 3𝜎𝑗
𝑛𝑗0

}︂−1

+ 𝜒𝜎𝑝

]︃
,

𝐻2 =
4

3

(︁
𝜇𝑏𝑙 + 𝜈𝑏ℎ𝛽

3
2
1

)︁
(𝜇+ 𝜈𝛽1)

3
2

,
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𝐻3 =
1

2

[︃
𝜇+ 𝜈𝛽2

1

(𝜇+ 𝜈𝛽1)
2−

𝑛
3
2
𝑖0

2
√
3𝜎𝑖

{︃(︂
𝑉 − 𝑢𝑖0 −

√︂
3𝜎𝑖
𝑛𝑖0

)︂−3

−

−
(︂
𝑉 − 𝑢𝑖0 +

√︂
3𝜎𝑖
𝑛𝑖0

)︂−3
}︃
+

+
𝑍3𝑛

3
2
𝑗0

2𝑄
√︀
3𝑄𝜎𝑗

{︃(︃
𝑉 − 𝑢𝑗0 −

√︃
3𝜎𝑗
𝑄𝑛𝑗0

)︃−3

−

−

(︃
𝑉 − 𝑢𝑗0 +

√︃
3𝜎𝑗
𝑄𝑛𝑗0

)︃−3}︃
− 𝜒𝜎2

𝑝

]︃
,

𝐻4 =
8

15

(︁
𝜇𝑏

(1)
𝑙 + 𝜈𝑏

(1)
ℎ 𝛽

5
2
1

)︁
(𝜇+ 𝜈𝛽1)

5
2

,

𝐻5 =
1

2

[︃
1

3

𝜇+ 𝜈𝛽3
1

(𝜇+ 𝜈𝛽1)
3−

𝑛
3
2
𝑖0

2
√
3𝜎𝑖

{︃(︂
𝑉 −𝑢𝑖0 −

√︂
3𝜎𝑖
𝑛𝑖0

)︂−5

−

−
(︂
𝑉 − 𝑢𝑖0 +

√︂
3𝜎𝑖
𝑛𝑖0

)︂−5
}︃
+

+
𝑍4𝑛

3
2
𝑗0

2𝑄2
√︀
3𝜎𝑗𝑄

{︃(︃
𝑉 − 𝑢𝑗0 +

√︃
3𝜎𝑗
𝑄𝑛𝑗0

)︃−5

−

−

(︃
𝑉 − 𝑢𝑗0 −

√︃
3𝜎𝑗
𝑄𝑛𝑗0

)︃−5}︃
+
𝜒𝜎3

𝑝

3

]︃
. (14)

Now, the conditions for the formation of double
layers are:

(i) 𝜓(𝜑) = 0 at 𝜑 = 0 and 𝜑 = 𝜑𝑚

(ii)
𝜕𝜓

𝜕𝜑
= 0 at 𝜑 = 0 and 𝜑 = 𝜑𝑚

(iii)
𝜕2𝜓

𝜕𝜑2
< 0 at 𝜑 = 0 and 𝜑 = 𝜑𝑚

(iv) 𝜓 (𝜑) < 0 for 0 < 𝜑 < 𝜑𝑚 and 𝜑 > 𝜑𝑚

(15)

Using these conditions, the following relations are ob-
tained finally for small-amplitude ion-acoustic mono-
tonic double layers:

𝐻1 =
2

3
𝐻3𝜑𝑚 and 𝐻2 =

5

3
𝐻3𝜑

1
2
𝑚, (16)

𝜓 (𝜑) = −1

3
𝐻3𝜑

2
(︁√︀

𝜑−
√︀
𝜑𝑚

)︁2
, (17)

𝜕𝜓 (𝜑)

𝜕𝜑
= −1

3
𝐻3𝜑

(︁√︀
𝜑−

√︀
𝜑𝑚

)︁(︁
3
√︀
𝜑− 2

√︀
𝜑𝑚

)︁
, (18)

𝜑DL =
1

4
𝜑𝑚

[︃
1− tanh

(︃√︂
𝐻3𝜑𝑚
24

𝜂

)︃]︃2
, (19)

where 𝐻3 > 0.

The double layers are localized asymmetric poten-
tial structures with a net potential drop. It can ac-
celerate or decelerate or reflect plasma particles. The
existence of ion-acoustic double layers has also been
observed in auroral and magnetospheric plasmas. In
this paper, the trapping and reflecting parameters
for electrons are two important and useful parame-
ters determined self-consistently [1, 2, 6, 7] from the
phase velocity of the perturbation and its amplitude
in a kinetic description. The monotonic double layer
described in this paper cannot trap particles, but it
reflects them. Thus, the role of reflecting parameters
for electrons is mainly responsible for the formation
of ion-acoustic monotonic double layers in the small-
amplitude case. It is further observed from Ref. [27]
that the distribution state of reflected particle is con-
trolled by the trapping parameters 𝛽𝑙 and 𝛽ℎ for the
two-temperature non-isothermal electron plasma at
low and high temperatures. So, we discuss the pro-
files of the Sagdeev potential function 𝜓 (𝜑) against
𝜑 and double-layer solutions 𝜑DL against 𝜂 for small-
amplitude double layers under the variation of the
trapping parameters for electrons instead of the re-
flecting parameters for electrons. In the presence of
warm negative ions and positrons, we will now show
the profiles of the Sagdeev potential function 𝜓 (𝜑)
and the double-layer solution 𝜑DL for small-amplitude
(weak) monotonic double layers in a two-temperature
non-isothermal electron plasma with warm positive
ions under the variation of the trapping parameters
for electrons (𝛽𝑙𝛽ℎ), concentration of positrons (𝜒),
and mass ratios (𝑄) of heavier negative ions (𝑚𝑗) to
lighter positive ions (𝑚𝑖).

3. Results and Discussions

In this paper, the author has studied the profiles of
the Sagdeev potential function 𝜓 (𝜑) against 𝜑 and
the double-layer solution 𝜑DL against 𝜂 for small-am-
plitude compressive monotonic double layers in a two-
temperature non-isothermal electron plasma under
the variation of the trapping parameters for electrons
(𝛽𝑙, 𝛽ℎ), concentration of positrons (𝜒), and mass ra-
tios (𝑄) of heavier negative ions (𝑚𝑗) to lighter posi-
tive ions (𝑚𝑖) given in Figs. 1–6. As the distribution
state of reflected particles is entirely controlled by
the trapping parameters 𝛽𝑙 and 𝛽ℎ (Ref. [27]), we
are studying the profiles of the Sagdeev potential
function 𝜓 (𝜑) against 𝜑 and the double-layer solu-
tion 𝜑DL against 𝜂 for small-amplitude compressive
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a b

Fig. 1. Profiles of the Sagdeev potential function𝜓(𝜑) against
𝜑 under the variation of the trapping parameters (𝛽𝑙 𝛽ℎ) for
electrons in the presence (𝜒 = 0.17) and in the absence (𝜒 = 0)

of positrons for𝑉 = 1.65, 𝑢𝑖𝑜 = 0.4, 𝑢𝑗𝑜 = 0.2, 𝜎𝑖 = 1
100

, 𝜎𝑗 =

= 1
20

, 𝑛𝑗𝑜 = 0.05, 𝑛𝑖𝑜 = 0.88, 1.05, 𝑄 = 1.9, 𝑍 = 1, 𝜎𝑝 = 0.41,
0; 𝛽1 = 0.25, 𝜇 = 0.15, 𝜈 = 0.85: 𝛽𝑙 = 0.50, 𝛽ℎ = 0.49 (a);𝛽𝑙 =
= 0.734078, 𝛽ℎ = 0.290876 (b); 𝛽𝑙 = 0.40, 𝛽ℎ = 0.35 (c)

c

monotonic double layers in a two-temperature non-
isothermal electron plasma under the variation of the
trapping parameters for electrons (𝛽𝑙, 𝛽ℎ) instead of
the reflecting parameters for electrons.

In Fig. 1, the profiles of the Sagdeev potential func-
tion 𝜓 (𝜑) against 𝜑 for small-amplitude double layers
in the presence (𝜒 = 0.17) and in the absence (𝜒 = 0)
of positrons are shown under the variation of the trap-
ping parameters for electrons (𝛽𝑙, 𝛽ℎ).

In Fig. 1, a, the profiles of the Sagdeev poten-
tial function 𝜓 (𝜑) against 𝜑 for small-amplitude dou-
ble layers denoted by the curve 𝑎1 for 𝛽𝑙 = 0.50,
𝛽ℎ = 0.49 with 𝜒 = 0.17, cuts the 𝜑 – axis at
𝜑𝑚 = 0.229726, while the other curve 𝑏1 for 𝛽𝑙 = 0.50,
𝛽ℎ = 0.49 with 𝜒 = 0 cuts the 𝜑 axis at 𝜑𝑚 =

0.326524. It is seen from these two curves that, in
the absence of positrons, the amplitude (𝜑𝑚) is larger
than the amplitude (𝜑𝑚) in the presence of positrons
for the trapping parameters for electrons 𝛽𝑙 = 0.50
and 𝛽ℎ = 0.49 satisfying the inequality 0 < 𝑏𝑙 or
𝑏ℎ <

1√
𝜋
.

Figure 1, b shows the profiles of the Sagdeev po-
tential function 𝜓 (𝜑) against 𝜑 for small-amplitude
double layers in the presence (𝜒 = 0.17) and in the
absence (𝜒 = 0) of positrons denoted by the curves
𝑎2 for any chosen values of the trapping parameters
𝛽𝑙 = 0.734078, 𝛽ℎ = 0.290876 satisfying the inequal-
ity 0 < 𝑏𝑙 or 𝑏ℎ < 1√

𝜋
with 𝜒 = 0.17 and 𝑏2 for

the same chosen values of the trapping parameters
𝛽𝑙 = 0.734078, 𝛽ℎ = 0.290876 satisfying the inequal-
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Fig. 2. Profiles of the Sagdeev potential function 𝜓 (𝜑) against
𝜑 for a small-amplitude double layer under the variation of
the concentration of positrons (𝜒) in a two-temperature non-
isothermal electron plasma, when 𝑉 = 1.65, 𝑢𝑖𝑜 = 0.4, 𝑢𝑗𝑜 =

0.2, 𝜎𝑖 = 1
100

, 𝜎𝑗 = 1
20

, 𝑛𝑗𝑜 = 0.05, 𝑛𝑖𝑜 = 0.97, 0.93, 0.88;
𝑄 = 1.9, 𝑍 = 1, 𝜎𝑝 = 0.41, 𝛽1 = 0.25, 𝜇 = 0.15, 𝜈 = 0.85,
𝛽𝑙 = 0.734078, 𝛽ℎ = 0.290876, 𝜒 = 0.08, 0.12, 0.17

Fig. 3. Profiles of the Sagdeev potential function 𝜓 (𝜑) against
𝜑 for small-amplitude double layers under the variation of the
mass ratios (𝑄) of heavier negative (𝑚𝑗) to lighter positive
(𝑚𝑖) ions in the presence (𝜒 = 0.17) and in the absence (𝜒 =

0) of positrons for a two-temperature non-isothermal electron
plasma, when 𝑉 = 1.65, 𝑢𝑖𝑜 = 0.4, 𝑢𝑗𝑜 = 0.2, 𝜎𝑖 = 1

100
,

𝜎𝑗 = 1
20

, 𝑛𝑗𝑜 = 0.05, 𝑛𝑖𝑜 = 0.88, 1.05; 𝑄 = 1.9, 1.93; 𝑍 = 1,
𝜎𝑝 = 0.41, 0; 𝛽1 = 0.25, 𝜇 = 0.15, 𝜈 = 0.85, 𝛽𝑙 = 0.734078.
𝑏ℎ = = 0.290876, 𝜒 = 0.17, 0

ity 0 < 𝑏𝑙 or 𝑏ℎ < 1√
𝜋

with 𝜒 = 0. The curve 𝑎2 cuts
the 𝜑 – axis at 𝜑𝑚 = 0.182775, and 𝑏2 cuts the 𝜑 –
axis at 𝜑𝑚 = 0.259789 which are lower values than
in Fig. 1, a, when 𝛽𝑙 = 0.50 and 𝛽ℎ = 0.49 satisfying
the inequality 0 < 𝑏𝑙 or 𝑏ℎ < 1√

𝜋
.

Similarly, Fig. 1, c shows the profiles of the Sagdeev
potential function 𝜓 (𝜑) against 𝜑 in the presence
(𝜒 = 0.17) and in the absence (𝜒 = 0) of positrons
for small-amplitude double layers under the variation
of the trapping parameter for electrons denoted by
the curves 𝑎3 for any chosen values of the trapping
parameters 𝛽𝑙 = 0.40, 𝛽ℎ = 0.35 satisfying the in-
equality 0 < 𝑏𝑙 or 𝑏ℎ < 1√

𝜋
with 𝜒 = 0.17 and 𝑏3 for

𝛽𝑙 = 0.40, 𝛽ℎ = 0.35 satisfying the inequality 0 < 𝑏𝑙
or 𝑏ℎ < 1√

𝜋
with 𝜒 = 0. The curve 𝑎3 cuts the 𝜑 –

axis at 𝜑𝑚 = 0.348255, while the other curve 𝑏3 cuts
the 𝜑 – axis at 𝜑𝑚 = 0.494997.

It is clearly seen from Figs. 1, a, b and c that if the
chosen value of the trapping parameter 𝛽𝑙 increases,
the maximum value (𝜑𝑚) of the electrostatic poten-
tial (𝜑) decreases, and 𝜑𝑚 will be larger for smaller
values of 𝛽𝑙 in the presence (𝜒 = 0.17) and in the
absence (𝜒 = 0) of positrons. A similar result is ob-
served for increasing values of another chosen values
of the trapping parameter 𝛽ℎ. The effect of electron
trapping parameters (𝛽𝑙, 𝛽ℎ) satisfying the inequality
0 < 𝑏𝑙 or 𝑏ℎ < 1√

𝜋
is shown in the Figs. 1, a, b and c,

respectively.
It follows from Figs. 1, a, b and c that the values of

the trapping parameters used in this paper for elec-
trons are any chosen values, no specific reasons exist
for choosing those values of the concerned parame-
ters, provided the trapping parameters (𝛽𝑙, 𝛽ℎ) must
satisfy the inequality 0 < 𝑏𝑙 or 𝑏ℎ, < 1√

𝜋
. Now, we

show only the changes of the profiles of the Sagdeev
potential function 𝜓 (𝜑) against 𝜑 and double layer so-
lutions 𝜑DL against 𝜂 for small-amplitude double lay-
ers in the presence (𝜒 ̸= 0) and in the absence (𝜒 = 0)
of positrons (𝜒) under the variation of the above-
mentioned chosen values of the electron trapping pa-
rameters (𝛽𝑙, 𝛽ℎ) satisfying the inequality 0 < 𝑏𝑙 or
𝑏ℎ <

1√
𝜋
.

In Fig. 2, the profiles of the Sagdeev potential func-
tion 𝜓 (𝜑) against 𝜑 for small-amplitude double layers
are shown under the variation of the concentration of
positrons (𝜒 = 0.08, 0.12, 0.17) in a two-temperature
non-isothermal electron plasma for a particular value
of the electron trapping parameter (𝛽𝑙, 𝛽ℎ) satisfying
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the inequality 0 < 𝑏𝑙 or 𝑏ℎ < 1√
𝜋
. The double-layer

curves formed for 𝜒 = 0.08, 0.12 and 0.17 in this fig-
ure are represented by 𝑎6, 𝑎5 and 𝑎4. The maximum
value (𝜑𝑚) of the electrostatic potential (𝜑) will be
large for a restricted higher value of the density of
positrons(𝜒).

Figure 3 shows the profiles of the Sagdeev potential
function 𝜓 (𝜑) against 𝜑 for small-amplitude double
layers in the presence (𝜒 = 0.17) and in the absence
of (𝜒 = 0) positrons under the variation of the mass
ratios (𝑄) of heavier negative ions (𝑚𝑗) to lighter
positive ions (𝑚𝑖) for any chosen values of the trap-
ping parameters for electrons (𝛽𝑙, 𝛽ℎ) satisfying the
inequality 0 < 𝑏𝑙 or 𝑏ℎ < 1√

𝜋
. The Sagdeev potential

function 𝜓 (𝜑) against 𝜑 for small-amplitude double
layers in the presence (𝜒 = 0.17) and in the absence
of (𝜒 = 0) positrons are denoted by 𝑐1, 𝑐2 for (K+,
SF−

6 ) a plasma with 𝑄 = 1.93 and by 𝑏4, 𝑏5 for (Ar+,
SF−

6 ) a plasma with 𝑄 = 1.9 [Refs. 10, 28, 29]. It is
observed from these curves that, as the mass ratio (𝑄)
increases, the above-mentioned curves cut the 𝜑 – axis
at larger values than the previous one, found both in
the presence and in the absence of positrons for this
two-temperature non-isothermal electron plasmas.

In Fig. 4, the profiles of small-amplitude double-
layer solution (𝜑DL) against 𝜂 are shown in the
presence (𝜒 = 0.17) and in the absence (𝜒 = 0) of
positrons under the variation of any chosen values of
the trapping parameters (𝛽𝑙, 𝛽ℎ) for electrons satisfy-
ing the inequality 0 < 𝑏𝑙 or 𝑏ℎ < 1√

𝜋
. The curves so

generated for double-layer solutions 𝜑DL against 𝜂 are
represented by 𝑤1, 𝑤2 and 𝑤3, when the chosen set of
trapping parameters are 𝛽𝑙 = 0.40, 𝛽ℎ = 0.35; 𝛽𝑙 =
= 0.50, 𝛽ℎ = 0.49 and 𝛽𝑙 = 0.734078, 𝛽ℎ = 0.290876
satisfying the inequality 0 < 𝑏𝑙 or 𝑏ℎ < 1√

𝜋
with

𝜒 = 0.17 shown in Fig. 4, a, while those by 𝑟1, 𝑟2
and 𝑟3 with 𝜒 = 0 shown in Fig. 4, b. In the presence
(𝜒 = 0.17) and in the absence (𝜒 = 0) of positrons, it
is found that the values of 𝜑DL will be smaller, when
𝛽𝑙 and 𝛽ℎ are increasing, and this shows the effect of
trapping parameters for electrons on the double-layer
solution 𝜑DL against 𝜂, where the electron trapping
parameters (𝛽𝑙, 𝛽ℎ) satisfy the inequality 0 < 𝑏𝑙 or
𝑏ℎ <

1√
𝜋
.

Figure 5 shows the profiles of the small-amplitude
double-layer solution (𝜑DL) against 𝜂 under the varia-
tion of the concentration of positrons (𝜒) for any cho-
sen values of the electron trapping parameters (𝛽𝑙, 𝛽ℎ)

a

b
Fig. 4. Profiles of the small-amplitude double-layer solution
(𝜑DL) against 𝜂 in the presence of positrons (𝜒 = 0.17) under
the variation of any chosen values of the trapping parameters
for electrons (𝛽𝑙, 𝛽ℎ) for 𝑉 = 1.65, 𝑢𝑖𝑜 = 0.4, 𝑢𝑗𝑜 = 0.2,
𝜎𝑖 = 1

100
, 𝜎𝑗 = 1

20
, 𝑛𝑗𝑜 = 0.05, 𝑛𝑖𝑜 = 0.88, 𝑄 = 1.9, 𝑍 = 1,

𝜎𝑝 = 0.41, 𝛽1 = 0.25, 𝜇 = 0.15, 𝜈 = 0.85, 𝛽𝑙 = 0.40, 𝛽ℎ = 0.35;
𝛽𝑙0.50, 𝛽ℎ = 0.49; 𝛽𝑙 = 0.734078, 𝛽ℎ0.290876 (a). Profiles
of the small-amplitude double-layer solution (𝜑DL) against 𝜂
in the absence of positrons (𝜒 = 0) under the variation of any
chosen values of the trapping parameters for electrons (𝛽𝑙, 𝛽ℎ)
for 𝑉 = 1.65, 𝑢𝑖𝑜 = 0.4, 𝑢𝑗𝑜 = 0.2, 𝜎𝑖 = 1

100
, 𝜎𝑗 = 1

20
,

𝑛𝑗𝑜 = 0.05, 𝑛𝑖𝑜 = 1.05, 𝑄 = 1.9, 𝑍 = 1, 𝜎𝑝 = 0, 𝛽1 = 0.25,
𝜇 = 0.15, 𝜈 = 0.85, 𝛽𝑙 = 0.40, 𝛽ℎ = 0.35; 𝛽𝑙 = 0.50, 𝛽ℎ = 0.49;
𝛽𝑙 = 0.734078, 𝛽ℎ = 0.290876 (b)
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Fig. 5. Profiles of the small-amplitude double-layer solution
(𝜑DL) against 𝜂 under the variation of the concentration of
positrons (𝜒) in a two-temperature non-isothermal electron
plasma, when 𝑉 = 1.65, 𝑢𝑖𝑜 = 0.4, 𝑢𝑗𝑜 = 0.2, 𝜎𝑖 = 1

100
,

𝜎𝑗 = 1
20

, 𝑛𝑗𝑜 = 0.05, 𝑛𝑖𝑜 = 0.97, 0.93, 0.88; 𝑄 = 1.9,
𝑍 = 1, 𝜎𝑝 = 0.41, 𝛽1 = = 0.734078, 𝛽ℎ = 0.290876, 𝜒 = 0.08,
0.12, 0.17

Fig. 6. Profiles of the double-layer solutions (𝜑DL) against
𝜂 for small-amplitude double layers under the variation of the
mass ratios (𝑄) of negative (𝑚𝑗) to positive (𝑚𝑖) ions in the
presence (𝜒 = 0.17) and in the absence (𝜒 = 0) of positrons
for a two-temperature non-isothermal electron plasma, when
𝑉 = 1.65, 𝑢𝑖𝑜 = 0.4, 𝑢𝑗𝑜 = 0.2, 𝜎𝑖 = 1

100
, 𝜎𝑗 = 1

20
, 𝑛𝑗𝑜 = 0.05,

𝑛𝑖𝑜 = 0.88, 1.05; 𝑄 = 1.93, 1.9; 𝑍 = 1, 𝜎𝑝 = 0.41, 0; 𝛽1 = 0.25,
𝜇 = 0.15, 𝜈 = 0.85, 𝛽𝑙 = 0.734078. 𝛽ℎ = 0.290876, 𝜒 = 0.17, 0

satisfying the inequality 0 < 𝑏𝑙 or 𝑏ℎ < 1√
𝜋
. The

small-amplitude double-layer solution (𝜑DL) curves
against 𝜂 are represented by 𝑔1, 𝑔2 and 𝑔3 for 𝜒 =
= 0.08, 0.12 and 0.17. The curve 𝑔1 for 𝜒 = 0.08, 𝑔2
for 𝜒 = 0.12 and 𝑔3 for 𝜒 = 0.17 cut the 𝜑DL- axis
at 0.054617, 0.050354 and 0.045694, respectively. The
curve 𝑔1 for 𝜒 = 0.08 cuts the 𝜑DL axis at larger val-
ues than those of the curves 𝑔2 for 𝜒 = 0.12 and 𝑔3 for
𝜒 = 0.17. It is thus concluded that the value of 𝜑DL

will be higher for smaller values of the concentration
of positrons (𝜒).

In Fig. 6, the profiles of the samall-mplitude
double-layer solution (𝜑DL) against 𝜂 in the presence
(𝜒 = 0.17) and in the absence of (𝜒 = 0) positrons
under the variation of the mass ratios (𝑄) of heavier
negative ions (𝑚𝑗) to lighter positive ions (𝑚𝑖) for any
chosen values of the trapping parameters for electrons
(𝛽𝑙, 𝛽ℎ) satisfying the inequality 0 < 𝑏𝑙 or 𝑏ℎ < 1√

𝜋
. In

the presence (𝜒 = 0.17) and in the absence (𝜒 = 0) of
positrons for (K+, SF−

6 ) a plasma with 𝑄 = 1.93,
the profiles of small-amplitude double-layer solutions
(𝜑DL) against 𝜂 are denoted by 𝑓1 (𝜒 = 0.17) and
𝑘1 (𝜒 = 0), while those for (Ar+, SF−

6 ) a plasma with
𝑄 = 1.9 [Refs. 10, 28, 29], the profiles of small-
amplitude double-layer solutions (𝜑DL) against 𝜂 are
denoted by 𝑓2 (𝜒 = 0.17) and 𝑘2 (𝜒 = 0). It is ob-
served from these figures that, in the absence of
positrons (𝜒 = 0), the respective curves cut the 𝜑DL –
axis at larger values than in the presence of positrons
(𝜒 = 0.17) for the two values of the mass ratio (𝑄).

4. Conclusions

The profiles of the Sagdeev potential function 𝜓(𝜑)
against 𝜑 and the double-layer solution 𝜑DL against
𝜂 for small-amplitude monotonic double layers have
been investigated theoretically under the variation of
the trapping parameters (𝛽𝑙, 𝛽ℎ) for electrons satisfy-
ing the inequality 0 < 𝑏𝑙 or 𝑏ℎ < 1√

𝜋
, concentration of

positrons (𝜒), and mass ratios (𝑄) of heavier negative
ions (𝑚𝑗) to lighter positive ions (𝑚𝑖). This present
theoretical attempt shows that the distribution state
of reflected particles is controlled by the trapping pa-
rameters of the two-temperature non-isothermal elec-
trons at low and high temperatures (observed by Tae
Han Kim, 2006, Ref. 27) for the formation of small-
amplitude monotonic double layers. So, we have dis-
cussed the Sagdeev potential function 𝜓(𝜑) against 𝜑
and the double-layer solutions 𝜑DL against 𝜂 in favour
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of the trapping parameters for electrons instead of re-
flecting parameters for electrons. The effects of trap-
ping parameters for electrons (𝛽𝑙, 𝛽ℎ) are shown in
Fig. 1, a to Fig. 1, c for the presence (𝜒 = 0.17)
and absence (𝜒 = 0) of positrons, while Fig. 2 shows
the effects of the concentration (𝜒) of positrons, and
Fig. 3 represents the effects of the mass ratios (𝑄)
of heavier negative ions (𝑚𝑗) to lighter positive ions
(𝑚𝑖). On the other hand, Figs. 4 to 6 show the ef-
fects of the trapping parameters for electrons (𝛽𝑙, 𝛽ℎ)
where the trapping parameters (𝛽𝑙, 𝛽ℎ) satisfy the in-
equality 0 < 𝑏𝑙 or 𝑏ℎ < 1√

𝜋
, the concentration of

positrons (𝜒) and mass ratios (𝑄) of heavier negative
ions (𝑚𝑗) to lighter positive ions (𝑚𝑖) on the pro-
files of small-amplitude monotonic double-layer solu-
tions (𝜑DL) against 𝜂. It is also found that the present
system supports small-amplitude compressive mono-
tonic double layers, when the ratio (𝜎𝑗) of the tem-
peratures of negative ions (𝑇𝑗) and electrons (𝑇eff) is
greater than such ratio (𝜎𝑖) for positive ions (𝑇𝑖) and
electrons (𝑇eff). Ion-acoustic double layers have been
observed in the magnetospheric and auroral plasmas
and also exist in those plasmas, where negative ions
are present. In the presence (𝜒 = 0.17) and in the ab-
sence (𝜒 = 0) of positrons, the profiles of the Sagdeev
potential function 𝜓(𝜑) against 𝜑 and the double-
layer solution 𝜑DL against 𝜂 for small-amplitude ion-
acoustic monotonic double layers are presented along
with the variation of the amplitudes for (K+, SF−

6 )
and (Ar+, SF−

6 ) plasmas. The most important obser-
vation is the effect of the trapping parameters for non-
isothermal electrons on the Sagdeev potential func-
tion 𝜓(𝜑) and the double-layer solution 𝜑DL. It is seen
that if the trapping parameters (𝛽𝑙, 𝛽ℎ) for electrons
are increasing, the amplitudes of the double layers are
decreasing which is an important situation. The am-
plitudes are also increasing for the increasing values
of the concentration of positrons (𝜒) and mass ra-
tios (𝑄) of heavier negative ions (𝑚𝑗) to lighter posi-
tive ions (𝑚𝑖) for ion-acoustic small-amplitude mono-
tonic double layers. The higher order trapping of elec-
trons in the potential well yields new findings of spiky
and explosive solitary waves along with double layers
which are not yielded from “Freja Scientific Satellite
observations”. Moreover, this indicates that the or-
der of non-linearity causes by the degree of trapped
electrons which might show several acoustic modes in
the space. The degree of non-isothermality can be ad-
justed by controlling the experimental plasma param-

eters from outside and the desired features of differ-
ent double-layer structures can be observed. We note
that double layers can be created in discharge tubes,
where the sustained energy is provided within the
layer for the electron acceleration. Finally, we would
like to point out that the results presented in this pa-
per may be helpful in understanding the acceleration
of charged particles to high energies in space and as-
trophysical plasmas. The future plan of the present
author is to find large-amplitude ion-acoustic double
layers in magnetized plasmas consisting of warm neg-
ative ions, warm positive ions, and two-temperature
isothermal electrons by the Sagdeev pseudopotential
method.

The author is very much grateful to the anony-
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also to thank Dr. S.N. Paul for his valuable sugges-
tions and discussions in the preparation of this paper
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С.Чаттопадхяй

IСНУВАННЯ НИЗЬКОАМПЛIТУДНИХ
ПОДВIЙНИХ ШАРIВ МАЛОЇ АМПЛIТУДИ
У НЕIЗОТЕРМIЧНIЙ ПЛАЗМI
З ДВОМА ТЕМПЕРАТУРАМИ

Методом псевдопотенцiалу Сагдєєва теоретично дослiдже-
но iонно-акустичнi монотоннi подвiйнi шари малої амплiту-
ди у плазмi, яка складається з розiгрiтих позитивних iонiв,
позитронiв i неiзотермiчних електронiв з двома температу-
рами, при змiнi параметрiв захоплення електронiв, концен-
трацiї позитронiв i спiввiдношення мас важчих негативних
iонiв до легших позитивних iонiв. Iонно-акустичнi поодино-
кi хвилi та подвiйнi шари спостерiгалися в авроральнiй та
магнiтосфернiй плазмi з двотемпературним розподiлом еле-
ктронiв, як у лабораторних умовах, так i в космосi. У данiй
роботi показано вплив параметрiв захоплення електронiв,
концентрацiї позитронiв i вiдношення мас важчих негатив-
них iонiв до легших позитивних iонiв на потенцiальну фун-
кцiю Сагдєєва 𝜓(𝜑) i розв’язки подвiйного шару 𝜑DL для
монотонних подвiйних шарiв малої амплiтуди. Результати
подано графiчно.

Ключ о в i с л о в а: неiзотермiчнi електрони з двома тем-
пературами, метод потенцiалу Сагдеєва, бiльш важкi нега-
тивнi iони, подвiйнi шари, розв’язки з подвiйним шаром.
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