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SPECTRA OF FERMIONIC PARTICLES AND SPECTRA
OF HEAVY QUARKONIA WITH IMPROVED
HULTHEN AND HYPERBOLIC EXPONENTIAL
INVERSELY QUADRATIC POTENTIALS

In this work, the modified approximation to the centrifugal barrier term is applied to find approximate
bound-state solutions of the deformed Dirac equation for the spin and pseudospin symmetries in a
model with the improved hyperbolic Hulthén and hyperbolic exponential inversely quadratic potentials
(IHHEIQPs) using the parametric method of Bopp’s shift and the standard perturbation theory in the
extended relativistic quantum mechanics (ERQM). Our results indicate that the new energy eigen-
values are highly sensitive to the potential parameters (v1,A) and to the values of quantum atomic
numbers (4, k, 1, m,ﬂlv, m, s, s), range of the potential v, and noncommutativity parameters (©,0,5). We
found that the effect of a space-space deformation gives a correction in the energy spectrum, where
the main energy term remains due to the effect of the hyperbolic Hulthén and hyperbolic exponential
inversely quadratic potentials known in the literature. The new nonrelativistic energies are obtained
by applying the nonrelativistic limit to the relativistic spin-energy equation in the extended nonrela-
tivistic quantum mechanics (ENRQM). The proposed potential model reduces to the improved Hulthén
and exponential inversely quadratic potentials as special cases in ERQM. The present results are ap-

plied for calculating the new mass spectra Msi‘“’ of heavy mesons such as c¢, bb, b¢, bs, ¢s, and bg,

c—nl
q = (u,d) in ENRQM. It turns out that the values of masses come from the contribution of the mass

spectra M::liqp in NRQM, while the effect of a space-space deformation (SMSiqp

o 18 an infinitesimal

correction as compared with Mg;qp. Our results seem to be significant and agree perfectly with the
ones in the literature.
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Although nearly a century has passed since the emer-
gence of the four fundamental equations aimed at
the understanding of physical phenomena at high
and low energies, they still attract more attention
from researchers in various fields of physics and
chemistry. Researchers investigate the low- and high-
energy regions by searching for bound states (energy
spectrum, wave functions, and two-spinor wave func-
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tions) and scattering state solutions, at the relativis-
tic and nonrelativistic levels, of the Klein—Gordon,
Dirac, and Duffin—-Kemmer—Petiau (DKP) equations
or the Schroédinger wave equation for low-energy phys-
ical systems. Different potentials are used to describe
physical systems, and researchers use various meth-
ods to solve the equations, including the Nikiforov—
Uvarov (NU) approach, the supersymmetric quantum
mechanics method, and others. The exact solutions of
the various basic equations can only be obtained in
exceptional cases, such as a harmonic oscillator and
a hydrogen atom. For example, s-wave cases can be
considered in addition to the case of [ = 0, while, in
other general cases, which correspond to (1,k) # (0,0),
it is not possible to obtain exact solutions due to the
complexities of the centrifugal terms. In this case, it
is necessary to apply some approximations, including
the standard Greene—Aldrich approximation. The ex-
ponential potentials like the Hulthén potential and
the exponential inversely quadratic one play an at-
tractive and extensive role in describing many vi-
tal areas such as the molecular and atomic levels
and elementary particles. Antia et al. found the KGE
bound-state solutions for a deformed Hulthén poten-
tial with unequal scalar and vector potentials for any
[-state and calculated explicitly the energy eigenval-
ues and the corresponding wave functions expressed
in terms of Jacobi polynomials [1]. Using both the
NU method and the approximation scheme to deal
with the centrifugal (pseudo) term, Ikhdair and Sever
found bound-state solutions of the Dirac equation
(DE) with the Hulthén potential for all angular mo-
menta under spin and pseudospin (p-spin) symme-
tries [2]. Hamzavi et al. used the NU method to ob-
tain the energy eigenvalue equation and the corre-
sponding eigenfunctions in a closed form for the in-
versely quadratic Yukawa potential, which included
a Coulomb-like tensor potential with arbitrary spin-
orbit coupling quantum number k in the framework
of the spin and p-spin symmetries [3]. In addition to
the thermodynamic properties, Okon et al. obtained
solutions of DE for spin and pseudospin symmetries
in a model with the hyperbolic Hulthén plus hy-
perbolic exponential inversely quadratic potentials
(HHEIQP) using the parametric NU method and
the modified approximation to the centrifugal bar-
rier term [4]. The Hulthén potential was proposed
by Hulthén in 1942 [5] and is considered as a spe-
cial case of the Eckart potentiall6]. It has received
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a lot of attention for its effectiveness in describing
a variety of phenomena. It is widely applied in many
fields of physics, especially at the atomic level and for
quarks [7]. Recently, this potential has been studied
in many articles such as [8,9]. Bhaghyesh et al. used
the Hulthén potential and a linear potential to study
qq (¢ = b, ¢) and computed the spin-averaged masses

for c¢¢ and bb mesons [10]. The hyperbolic exponen-

tial inversely quadratic potential (7‘4(1#2(7’”)) is

considered to be worthy of attention because of its
important applications in nuclear and high-energy
physics [4]. Ikhdair presented an approximate ana-
lytic solution of the Klein—-Gordon equation (KGE)
in the presence of equal scalar and vector general-
ized deformed hyperbolic potential functions using
a parametric generalization of the NU method and
calculated the rotational and vibrational energies of
diatomic molecules [11]. Through this new research,
we aim to restudy the relativistic and nonrelativis-
tic energy bands resulting from this combined poten-
tial within the framework of geometric symmetries re-
sulting from a space-space deformation. This space is
known as a noncommutative phase-space or extended
quantum mechanics in the context of Schrédinger and
Dirac theories. We call it the deformed Dirac the-
ory (DDT) and deformed Schrédinger theory (DST)
for the purpose of a more profound investigation for
new energy values and searching for the possibility
of discovering new applications. In addition to the
well-known axioms that establish quantum mechan-
ics (QM) known in the literature, we have two addi-
tional axioms. The first one was known as the non-
commutative (NC) phase-phase ]/off"h’l) « piiD £
#+ jgf,s’h’i) * ;Bff’h’i); while the second corresponds to
E;(f’h’i) « B0 gl EE,(f’h’i), which is known
to specialized researchers as the NC space-space (the
symbol * denotes the Weyl-Moyal star product). Re-
searchers believe that the NC idea is the best solution
to many physical problems that have not found a con-
vincing solution within the framework of QM, such
as quantum gravity, string theory, and the divergence
problem in the standard model [12-22]. Furthermore,
the theory of noncommutativity is a very strong can-
didate to be the physical tool that unites QM with its
three interactions (nuclear strong, electromagnetic,
and nuclear weak) with the gravitational interac-
tions represented by Einstein’s general relativity and
the nonsymmetric gravitational theory of Moffat. The
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concept of extended quantum mechanics (EQM) is
not new; it was proposed by Snyder [23,24] in 1947,
and its geometric analysis was introduced by Connes
in 1991 and 1994 [25, 26]. Seiberg and Witten ex-
tended earlier ideas about the appearance of a NC
geometry in the string theory with a nonzero B-field
and obtained a new version of gauge fields in noncom-
mutative gauge theory [27]. On the other hand, the
great mathematical progress during the past decades
has encouraged researchers to rely on EQM to de-
velop an understanding of atomic and nuclear physi-
cal phenomena and to study the interactions between
molecules as well. It should be noted that we have
had two new contributions to this framework. The
first related to a study of the deformed Klein—Gordon
equation (DKGE) with generalized modified screened
Coulomb plus generalized inversely quadratic Yukawa
potential in RNCQM symmetries [28]. The second
study concerns the model with a modified unequal
mixture of the scalar-vector Hulthén—Yukawa poten-
tials for the quark-antiquark interaction, as well as
for neutral atoms [29] and in other cases[30-35]. For
this reason, our main goal is to conduct a further
investigation in the field of elementary particles. Mo-
tivated by previous works in the literature, we will
concentrate on a new physical potential, which we
call the improved Hulthén plus hyperbolic exponen-
tial inversely quadratic potential (IHHEIQP, in short)

model (Vi (7) /Viiq (7), Siiq (7) /SEiq (7)):

Vi (7) = Vhiq (r) — av‘gj r )Lz? 0 (©?), .

S () = Suiq (1) — 22O () .
and

Vitiq (F) = Vhiq (r) — W%‘W% +0(0?), )

S0 ) = Siag (1)~ 250V EO 6 gy

where (Vhig (7) , Shiq (7)) are the vector and scalar po-
tentials in the commutative quantum mechanics and
are known as [4]:

_ _ ngexp(—vr)  Agexp(—vr)
Vi ) = 1 xp (o) Ty
S (1) = s1qexp (—vr) 3 Agqexp (—vr)
hig )= 1 qexp (—vr) r2 ’
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where 14 (s1) is the potential depth, A (Ay) is a real
constant parameter q = cosh (w), w is the optimizing
parameter v = b, while b is the screening parame-
ter that represents the strength of the potential, (7

and r) are the distances between the two particles
in a deformation of Dirac theory symmetries and QM
symmetries, respectively. The two couplings (L® and
i@) are the scalar product of the usual components
of the angular momentum operators L(Ly, L,, L)/
/E(Ew,iy,iz) and the modified noncommutativity
vector ©(feya, Oeag, Be13)/2 which are related to the
noncommutativity elements. The modified algebraic
structure of covariant canonical commutation rela-
tions (MASCCCRs), canonical structure (CS), Lie
structure (LS), and quantum plane (QP) in the DDT
in the representations of Schréodinger, Heisenberg,
and interaction pictures are as follows (we have used
the natural units i = ¢ = 1) [36-44]:

{f&s,h,i)tﬁls,h,i)} = ihegt 0y,

{g(s,h7i)>:/x\l(js7h,i)} _

n
i€,,0 with €, € IC, CS,
= Lifo,zlm? with f2, € IC, LS,

iCopR M IFED itk Cof € 1C, QP.
|:‘/T\l(ts’hﬂ)t€/tl/0:| 0 { (8,h,7) % [ (Vs,h,i)’,‘fc\ésah,i)ﬂ =0.
3)

These postulates within the framework of QM are
known in the literature in the following simplified
form:

{xﬁ’h’i)7p,(f’h’i)} = ihd,, and [m&s’h’i),mg’h’i)} =0.
(4)

The new NC generalized coordinates in the DDT
S(sh) o (s
Pu )

symmetries (7, are equal ((z7, 552,
i) and (D5, Plt, Pl,)), while the corresponding gen-

(s,h,1) (s,h,i))

eralizing coordinates (x;,"" and pj, are equal
ho i

((xfu mluv xnc,u) and (p;u p;m p;)) in QM symine-
tries, respectively. The symbol IC' denotes the com-
plex number field. In EQM symmetries, the above al-
gebraic structures allow us to reformulate the uncer-
tainty relations as

0] /2 for CS,
AZEPDATEMD] > L f /2 for LS,
Cn/2  for QP.
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Here, f,, and C,, present the average values

3 3
|<Z ( Sy./f&s:h’i))> and <Z (Cﬁffgs,h,i)fgs,h,z))> :

« a,B

respectively, in addition to the usual uncertainty re-
lation:
2 heﬁéul//2

‘A‘%\&s,h,i)Aﬁjs,h,i) (52)

which is obtained by substituting A with new val-
ues feg. It is worth to note that Egs. (3) and (4)
are covariant equations (the same behavior of E&S’h’i))
under the Lorentz group transformation SO (1,3),
which includes boosts and/or rotations of the ob-
server’s inertial frame. We extended the modified
equal-time noncommutative canonical commutation
relations (METNCCCRSs) to include the Heisenberg
and interaction pictures in DDT. Here, heg = h is the
effective Planck constant, 6, = €,,0 (0 is the NC
parameter, and €, is just an antisymmetric number
(€uy = —€y, =1 with p # v) and e, = 0) which is
an infinitesimal parameter, if compared to the energy
values and elements of antisymmetric (3 x 3) real ma-
trices, and 6,, is the Kronecker symbol. The new
deformed product can be expressed with the Weyl-
Moyal star product h(z) x f(z) in the symmetries of
DDT symmetries as follows: [45-50]:

h(z) = f(z) =
exp (ie"00:02) (hf) (x),CS,

_Jexp <Zx£fg,’z’f>gk (i, iaﬁ)) hf) (@)1, (6)

2
3 u,A, u’ A ’
iqCUsN OO0 (u, ) f (o, )2, QP.
with
1
Faw', ') = =l AL f o+l AL (NG —ul ) 1 fr o

In the current paper, we apply the MASCCCRs to the
DDT, which allows us to rewrite it in the following
simple form in the first order of the noncommutativity
parameter €6 as follows [49-51]:

(hx ) (x) = (hf) (2) =
e o

2
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Oh (2) 0L f () |gn—av + O (67). (7)

The indices (p, v =1,2,3) and O (6?) stand for the
second and higher-order terms with the NC parame-
ter. Physically, the second term in the last equation
presents the effects of space-space noncommutativ-
ity, and, on the other hand, the fields have to be
considered as dependent not only on z*, but also
on €,,,0. The present study aims at constructing the
IHHEIQP model for the application to heavy-light
mesons HLM, such as c¢, bb, be, b3, ¢35, and by,
q = (u,d). The present paper is organized as fol-
lows: The first section includes the scope and pur-
pose of our investigation, while the remaining parts
of the paper are structured as follows. A review of the
DE with the Hulthén plus hyperbolic exponential in-
versely quadratic potential without tensor interaction
is presented in Sect. 2. Section 3 is devoted to study-
ing the deformed Dirac equation (DDE) by applying
the usual Bopp’s shift method and the Greene—Al-
drich approximation for the centrifugal terms to ob-
tain the effective potentials of the IHHEIQP model
in DDT symmetries. Furthermore, via standard per-
turbation theory, we find the expectation values of
some radial terms to calculate the corrected relativis-
tic energy generated by the effect of the perturbed
effective potentials of the IHHEIQP model. We will
derive the global corrected energy with the IHHEIQP
model in the DDT symmetries. We will also treat
some important special cases, including the study
of relativistic cases as an NR limit in the next sec-
tion. The present results are applied to calculate the
mass spectra of the previously mentioned HLM sys-
tems. In Sect. 6, a brief conclusion of the work is
presented.

2. Background and Preparation

2.1. An overview of DE
under the HHEIQP model

In this section, in order to achieve complete solutions
with the IHHEIQP model in the DDT symmetries,
we will mention the most important results of solu-
tions corresponding to this problem within the frame-
work of relativistic mechanics in the literature. A
relativistic physical system influenced by the hyper-
bolic Hulthén plus hyperbolic exponential inversely
quadratic potential (HHEIQP) n the context of the
following DE:

Hp W (r,0,0) = B Ui (1,0, 0). ®
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Here,
ﬁgq _ &p—i—g(M + Shiq (r))—iB?U (1) +Vhiq () (9)

denotes the Dirac Hamiltonian operator, M is the
reduced rest mass, p = —i,AV is the momentum,
and U (r) is the tensor interaction. The vector poten-
tial Vhiq (1) due to the four-vector linear momentum
operator A" (Whiq(r), A =0), and the space-time
scalar potential Syiq (r) due to the mass, E,j repre-
sents the relativistic eigenvalues, (n, k) represent the
principal and spin-orbit coupling terms, respectively,
a; = anti — diag(o;,0;), 8 =diag (Jax2, —Iax2) and
o; are the usual Pauli matrices. Since the HHEIQP
model has spherical symmetry, this allows us to get
the solutions of the known form:

\I}l
\Ijnk = <\I/B:),

with ¥l and U2, are equal F"%(T)Yfm (0,¢) and

Z%ij (0, ), respectively. The two expressions

Fri (r) and G, (r) represent the upper and lower
components of the Dirac spinors W,,;, while lem (0, 9)

and le:-ﬁ (0, ) are the spin and pseudospin spherical
harmonics, and m is the projection on the z-axis. The
upper and lower components satisfy the two uncou-
pled differential equations as follows:

> k(k+1)

ﬁ — T — (M+Enk _Ahiq(T)) X
X (M —Eu + 2hiq (T)) +

dA 1iq(7n) d k

n v R

r

M + Ep — Anig (1)

e (1) =0 (10)

and
2 k(k-1
ﬁ—%—(M“FEnk_Ahiq(T))x

X (M — Epg 4 Xniq (1)) +
dShig(r) (d K
4 dr ( )

dr T

M + Epp + Zhiqg (1)

Gk (r) =0, (11)

here Zpiq (1) = Vhiq (1) + Shiq (r) and Apiq (1) =
= Vhiq () — Shiq (r) are determined by:

exp (—2ar) exp (—ar)
hiq (1) = A——5—— = B——, (12)
dApiq (1) . .
0 0 For spin s, limit
r
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and
exp (—2ar exp (—ar
Ahiq (T) =A p( 2 ) -B p(r )7 (13>
dzhiq (T) —0F . .
- or p-spin s,. limit

The upper and lower components of DE with equal
scalar and vector potentials without tensor interac-
tion are given as:

(dz kD)
dr? r2
e (M~ B+ Sig <r>>) 50 (r) =0 (14)
and
(dz k(=1
dr? r2
s (M + E7} — B <r>>) G (=0, (15)

with k(k—1) and k(k + 1) to be equal to I(l — 1)
and [ (l+1), respectively. The authors of Ref. [4]
used the NU method and Greene—Aldrich approx-
imation for the centrifugal term to obtain the ex-
pressions for the wave function as hypergeomet-

A/ — 52b2’2 731
( ’ ’ k) (1 — 2scosh(w)) and

ric polynomials Py

A /,ﬁp52b2,213”[’3v
Pn< ) (1 —2scosh(w)) in RQM symme-
tries as

Fuk (s) = By (s COSh(w))\/W (1- scosh(w))":if ,

(V=52 265,

P, (1 —2scosh(w)), (16)

ps

Gk (5) = By (s COSh(w))\/m(l — scosh(w))™*,

P, 273) (1 — 2scosh(w)), (17)

with s = exp (—vr), while 85, 827, vs, Vps, 5%, 8PS,
sp ps :
N, and 7., are given by

Bz, =cosh(w) +
. \/ 4k (s + 1) (cosh(w))? —
—8A~; (cosh(w))™+ (cosh(w))

+2cosh(w)/—B2b2 — 2¢/—p52b2 — 2,

s — cosh(w) + 4k (k — 1) (cosh(w))® —
— 8Avps (cosh(w))?® + (cosh(w))? + 2 cosh(w) x
X \/— P20 — 2,/—3Ps2p2 — 2,
Vs = M"‘Efm - Csa’yps = M —Eii +Cp57
ﬁs2 _ EZ% — M? , Bps2 _ ng _ M27

2 +

ISSN 2071-0194. Ukr. J. Phys. 2023. Vol. 68, No. 5



The Influence of a Space-Space Deformation

and
nh = —\/=B2b2 — 2 cosh(w)+/—B2b% —
I 4k(k 4 1)(cosh(w))?—
— _2 cosh(w) + 2\/_ 8 Ay, (cosh(w))*+ (cosh(w))? ]’
P = —/=BP32b2 — 2 cosh(w)/—BPs2b2—

__ cosh(w 4k(k — 1)(cosh(w))?—
2 cosh(w) + 2\/gA%S(cosh(w))2+(cosh(W))2]’

while B, and B} are the normalization con-
stants. For the spin symmetry and the p-spin sym-
metry, the equations of energy are given by:

(Ene — M) (Exp + M) =

_ 1 gk (k+1) = 2q (B3, + M) v,

B2 2 2 5
(2n+ 1) + g/ (2k + 1)* — 8A (E2, + M)

(n*+n+3)g+q@2n+1)x

x\/(2k+1)2—8A(E;k+M)

) as
(2n+1)* + q\/(% +1)° —8A(E:, + M)

+

_|_

and

S S 1
(M +EMN) (M- EF) = TR

( ak (k —1) — 29 (Ep; — M) b
(

+
on+1)° + q\/(% — 1) —8A(E" — M)

(2k — 1) —
—8A(EP, — M) )

(2n+1)> + q\/(2k —1)> —8A(EP; — M)

(n2+n+§)q+q(2n+1)\/
_|_

(19)
From the definition of Jacobi polynomials, we have
F'n4+c,+1)
nl (¢, +1)
o (—m,n+c, +dn+ 1; 1+ ¢p, ).

plemdn) (1 - 25) =
(20)

We obtain that F?, (r) and G%3 (r) represent the
upper and lower components of the Dirac spinors
U,k (r,0,0) in terms of the wave function as hy-
pergeometric polynomials o Fy (—n, D% K*, ¢s) and
oFy (—n, D275 KP5 qs) as follows:

s sn /—Bs2p2 sp
nk (S) = Bnk (qs) ’ (1 - qs)nnk ’
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oF1 (—n, D% K*, qs) (21.1)
and

G (5) = B ()Y 7 (1= o)

oF1 (—n, D?} KP° qs), (21.2)

with
DU =4 /=BEr20? 4 2857 41,
K(s:ps) — 1 + _ﬁ(s,ps)zbg7
P (n+ /=577 + 1)

psn __ DS
BPS™ — B

Il (\/—51)8%2 n 1)

The lower component G4 (s) of spin symmetry and
the upper component F*; (s) of p-spin symmetry are
obtained as

1 d k
Sp _ . _ S
Gnk (5) - M + Ezk _ Cs <dr + 7'> nk (S) (22)
and
oY pp—— . VEC U WG %)
MR M — BN 4+ Cy \dr )

3. New Solutions of DDE
under the IHHEIQP in DDT symmetries

3.1. Review of Bopp’s shift method

In this subsection, we are going to solve the DDE with
the THHEIQP model by using the BS method. We
can find the DDE expression using the concepts of
the Weyl-Moyal star product mentioned in the in-
troduction. These data allow us to rewrite the upper
and lower components F?, (r) and G (r) without
tensor interaction in Egs. (14) and (15) in the DDT
symmetries as follows:

?  k(k+1)
R R CFL (=0 (24)
s (M = Ej + Zniq (1))
and
& k(k-1)
a2 x* GPY (r) = 0. (25)

— Vps (M + Eﬁ; - Ahiq (7‘))

Among the possible paths to find solutions of
Egs. (24) and (25), we indicate, according to the ap-
plication of the Connes method [25, 26], the Seiberg—
Witten map [27]. The star product construction that
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we saw in the above two equations can be con-
verted to the normal product process using what is
known as Bopp’s shift (BS) method. F. Bopp was
the first who considered pseudo-differential operators
obtained from a symbol by the quantization rules
(x,pz) > (T = — %%, Do = Px + %a%) instead
of the ordinary correspondence (z, p,) — (T = z,
Do = px—l—%a%), respectively. This procedure is known
as the BS method for the researchers, and this quan-
tization procedure is known as Bopp quantization
[62-55]. This method has achieved a considerable suc-
cess in recent years. In the search for solutions of the
NR deformed Schrédinger equation DSE under the
influence of several different potentials [56-64]. The
success of this method was not limited to the DSE,
but was extended to the study of various relativistic
physics problems, for example, for the DKGE [65-71],
for the DDE [72-80] and the deformed DKP equa-
tion [81, 82]. Thus, the BS method allows us to sim-
plify second-order linear differential equations of the
DSE, DKG, DDE, and DDKPE with the Weyl-Moyal
star product to the second-order linear differential
SE, KGE, DE, and DKP equations with the ordinary
product with simultaneous translation in the space-
space. Therefore, the two differential equations (24)
and (25) will take the following form:

d? P

g REFDTT= Apsy =0 (26)
[ =7 (M = B3 + i (7))

and

- 2

— = —1)7F - s

a2 FEEDTEE e =0 1)
_*(M+E£k*Ahiq(7’))’Yps

In Egs. (3), the METNCCCRs with the notion of a
Weyl-Moyal star product become new METNCCCRs
with ordinary products in the literature, as follows:
(see, e.g.,[52-55]):

{Elgs,h,i)’ﬁl(js,h,i)} = il Oy,

h,i hi (28)
R B
The BS method enables us to express the general-
ized Hermitian operators (2" and p{¥"™") in the
deformation Dirac theory symmetries on the corre-

sponding parameters (xif’h’i) and p,(f’h’i)
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) in ordinary

QM as [52-55]:

3 .
~(s,h,i h.i e h.i
xff’ ) xff’ ) QZ g“’pl(/s, ,1)7

v=1

(29)
s,h,i s,h,i

This allows us to find 72 equal (r? — L®) and (r? —
—LO) for the spin and p-spin symmetries, respec-
tively [72-80] which we will use in the next subsection.

3.2. Constructing the IHHEIQP
Model in DDT symmetries

In this subsection, we aim to find the expressions of
Thiq (F) and Ayiq (7) in the DDT symmetries, which
will allow us to find the values of new energies in the
framework of extended symmetries, and, accordingly,
this allows us to compare them with their known
counterparts in the relativistic framework, which, of
course, results from the effects of both Xy (r) and
Ayiq (7). To achieve this goal, we begin to search for
the new operators Viiq (7), Viie (7), k (k +1) 72 and
k (k — 1) 72 which we can obtain through the follow-
ing operations:

_ 8Vhiq (T) Le

V}fiq (?) = Vhiq (’I’) or TT +0 (@2)7
S s~ 8V1 T f;@
Vhliq (’I“) = Vhiq (T) — %%”y + O (@2),

E(k+1)72=k(k+1)r 2+
+k(k+1)rLO + 0 (0?),
k(k—1)F2=k(k—1)r2+
+k(k—1)r*LO + 0 (6?).

(30)

Substituting Egs. (30) into Egs. (26) and (27), we ob-
tain the following two Schrodinger-like equations:

[ FEAD ey

dr? r2 hiq ;k (T) =0 (31)
|~ (M = B2 + Shiq (7))
and
[ d®  k(k—1) pert

T R
| — (M + EPY — Apig (1) Yps
with

k(k+1) 75 OVhiq (7)

pert _ —_ !

Ehiq (T) = ( r4 or or L® (33)
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and
r k(k_l) ’Ysthi (T) T
pert _ _Ip q
Apiq (1) = ( — ) Le. (3)

By comparing Eqs. (14) and (15) with (Egs. (31)
and (32)), we observe two additive potentials Eﬁfgt (r)
and Aﬁfgt (r). Moreover, these terms are propor-
tional to the infinitesimal noncommutativity vector
©. From the physical point of view, this means that
these two spontancously generated terms XP*(r)

and Aﬁieét (r), as a result of the topological proper-
ties of the space-space deformation, can be consid-
ered very small compared to the fundamental terms

Thiq (r) and Apiq (1), respectively. A direct calcula-

tion gives 8\/%2(7‘) as follows:
OVhig (r) _ wvvigexp(-vr) N
or (1 — gexp (—vr))?

Av 24
+ Tzq exp (—vr) + T?’q exp (—vr).

(35)
Substituting Eq. (35) into Egs. (33) and (34), we ob-
tain the spontancously generated terms SPe ' (r) as
follows:

St (1) =

k(k+1)

4

vU1qys exp (—ur)

2r (1 — gexp (—Vr))2 -

r

Avqysexp (—vr)  Agysexp (—vr)
— _ L
o : @ (36)

Whereas, the generated potential Aﬁzt (r) can be ob-

tained by applying the two simultaneous transforma-
tions from Eq. (36):

APert (T‘) _ ypert (T‘) Vs = Vpss L-L

g Ma Y and k(k4+1) — k (k- 1)]' (87)

Furthermore, using the unit step function (also known
as the Heaviside step function 6 (z) or simply the
theta function), we can rewrite the globally induced
two potentials Etpjltiq (r) and Affrhtiq (r) for spin and
p-spin symmetries corresponding upper and lower
components (F5, (s) and G5 (s)) and (FP; (s) and
G5 (s)), respectively as:

chrt (’I‘) _ Epcrt (7’) 0 (Egicqfs) _

t_hiq hiq
S ()0 (-B) =

(38.1)

{Eﬁf;t (r) for upper component of spin s,,

72pcrt

hiq (r) for lower component of spin s.
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and
AT (1) = AL ()0 (B9 -
_ Apert (7“) 0 (_Egicq—l)) —

hiq

o hiq

APert (r) for upper component of p-spin s,,
—Aﬁfét (r) for lower component of p-spin sy.
(38.2)

Here, the step function @ (x) is given by:

1 for x > 0,
()= {

38.3
0 for z < 0. ( )

For the spin symmetry, we first consider Eq. (31),
which contains the improved Hulthén plus hyperbolic
exponential inversely quadratic potential in the defor-
mation of Dirac theory symmetries. It can be solved
exactly only for £k = 0 and kK = —1 without tensor
interaction, since the two centrifugal terms (propor-
tional to k(k+1)r~2 and k(k+ 1)r~*) vanish. In
the case of arbitrary k, an appropriate approximation
needs to be employed on the centrifugal terms. We
apply the following improved approximation which
was applied by Greene and Aldrich [83-86, 90]:

1 v2qe VT v2qs

27 (1—gevr)? (11— gs)?

1 Vql/Qefgr
r

1/2 .1
= nsE (39)

54
1—gs

T 1—gevr

For the p-spin symmetry, we now consider Eq. (32)
and will follow similar steps with the spin symme-
try case in the deformation of Dirac theory symme-
tries. As above, Eq. (31) cannot be solved exactly for
k =0 and k = 1 without tensor interaction, since the
two centrifugal terms (proportional to k (k —1)7r~2
and k (k — 1)r7~%). Applying approximations (38) to
the centrifugal terms of Egs. (36) and (37), the gen-
eral form of the additive potentials ¥P"(s) and

hiq
AP (5) will be as follows:

hiq
S S 3
Ep_ert (s) _ 5711k82 57211@‘92 4
i (1-gs)"  (1-gs)°
533 5/2 §4s g3
4omk® Ok )1, (40.1)
(1—gs)” (1—gs)
and
. 5ips 52 52Ps 3
AEieqt (s) = Sy 2+
(L—gs)”  (1—qs)
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53PS ¢5/2 5ips 3 _
k4 ek ® ) 1@, (40.2)
(1—gqs)” (1—gs)
with
ok = vk (k+ 1), 0% = g
A s
638 = V2q gt , 5ds = — Agdys1,
1ps 4 2 2ps u2V1q3/2'y (41)
Opp =Vk(k—=1)q°, 6 = =58,
Aty .
L

It is important to remember that the approxima-
tion used in our study is valid in the case vr <
1, which corresponds to the short-hand distance,
and it is very suitable for us. We have replaced the
terms (k(k+1)r=* and k (k — 1)r~?*) with the ap-
proximation in Eq. (38). The Hulthén plus hyper-
bolic exponential inversely quadratic potential under
spin(pseudo) symmetries without tensor interaction
is extended by including two new additive potentials
(2P (1) and AP (1)) expressed in terms propor-

hiq hiq
tional to the radial terms:

52 s3 s%/2 5°

to become the improved Hulthén plus hyper-
bolic exponential inversely quadratic potential un-
der spin(pseudo) symmetries without tensor inter-
action in deformation Dirac theory symmetries. The

generated new two effective potentials Zﬁﬁit( ) and

Aﬁf;t( ) are also proportional to the infinitesimal
vector ®. This allows us to consider the new ad-

ditive parts of the effective potential SP:* (s) and

A}plf;t( ) as perturbation potentials compared with
the main potentials Xyiq (s) and Apiq (s), the par-
ent potential operator in the symmetries of the

deformation Dirac theory, i.e., the two inequali-
ties (P (), AT (5)) <€ (Siia (), Awig (5) are
achieved to calculate the expectation values of the
previous radial terms. In other words, all physical
justifications for applying the time-independent per-
turbation theory become satisfied. This allows us to
give a complete prescription for determining the en-
ergy level of the generalized (n,l,m,s,l,m,s)" ex-
cited states.
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3.3. The expectation values
under IHHEIQP in the DDT
for spin symmetry

For the purpose of finding the energetic correc-
tions resulting from the topological deformations of
space-space, we devote this subsection to calculat-
ing the expectation values. In the case of defor-
mation Dirac theory symmetrles we find RS( hiq

1(nlms)?’
Rs hiq Rs hiq and R

2(nlms)’ ~"3(nlms) 4(nlm s)

() (L VT
(1—gs)* (nlms)’ (1—gs)® 7 \(1—gs)® (nlms)

which are equal to

(nlms)

3 s—hiq
<(1—ST)4> (nims)’ respectively, for the spin symmetry,
by applying the perturbative theory accounting for
the unperturbed wave function of the HHEIQP model
seen previously in Eq. (21.1). Thus, after straightfor-

ward calculations, we obtain the following results:

sn2

Rs hiq

1(nlms) —

/ VP2 (1—gs) 2 4Ddr, (42.1)

sn2
s—hiq ép+3/2 2n,5 -3
R ime) = 3/2/ — qs)?"k=3Ddr,

(42.2)
s—hiq BZZQ *P+5/2 2"57773Dd
3(nlms) — 5/2 Q) " T,

0
(42.3)
sn2 pop
R ime) = / gs)"" T3 (1—gs)?Mk~Ddr, (42.4)
0
with p°P = —B6% and D = [pFi(— nDnIl)w
K*,qs)]?>. We have used the useful abbreviations

<R(s)>§;l};li) = (n,l,m. |R(s)|. n,l,m) to avoid the
extra burden to write equations. Furthermore, we
have applied the property of the spherical harmon-

ics, which has the form:

fre

with dQ = sin (0) dfdy. As we saw in the second
section, performing a change of variables via s =
= exp(—vr) in Egs. (42), we map the region 0 <
< r<oointo 0 < ¢gs < ¢. This allows us to obtain

GV (0, 0)dQ = 611/ B (43)
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dr = fg—i. Now, we transform Egs. (42,7 = 1,4) into
the following form:
s—hi
Rl(nl:w)
+q
By

= qu /(qs)p5P+2—2(1 _ qs)2’f775f,;—All)d(qs)7 (441)
0

Rs hiq

2(nlms)

Bsn2 P yaso. sp -
=L / (g5)?" F3/27 (1 — s)*"5 =3 Dd(gs), (44.2)
0

s—hiq
S(nlms)
+
By pP+5/2-1 20,5 -3
L (gs) (1 —gs)*™+~>Dd(gs), (44.3)

Rs hiq __

4(nlms)

_ B /

0

p°P 43— 1

— qs)*™m "4 Dd(gs).  (44.4)

For ¢ = 1, we can evaluate the above integrals either
in a recurrence way through the physical values of the
principal quantum number (n = =0,1,...) and then
generalize the result to the general (n, [, m, S,T, m,s)tHh
excited state, or we use the method, which was pro-
posed by Dong et al. [89] and applied by Zhang [89],
to obtain the general excited state directly. We calcu-
late the integrals in Eqs. (44,7 = 1,4) with the help
of the special integral formula:

+1
“1(1=5)"" S (c1,c0;0318) ds =

0
I'(a)T(B)

= ———= 3Fy (c1,60,085¢3, 8+ a3 1). 45
F(a—i—ﬂ)SQ(l 2, B;¢3, 8 ) (45)

Here, 3F, (c1, c2, fB; cs, B+ o5 1) equal to
:i% (féi;ﬁ%, (c1),, is the rising factorial or

Pochhammer symbol, while I" (o) denotes the usual
Gamma function. By identifying Eq. (45) with the
integrals, we obtain the following results:

(DT (n+ A3, —2),

X 3 X
Z @77+ 2 (- ) (g + X~ 1
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7”3Q+psp+25n+>‘s€gf2a

F: n 46.1

XSZ(pSF+3;q+A§i—1;1 (46.1)
s—hi

R2(nlr(rlLs) = ’yﬂ]f X

n (—1)? (n+ X% f3/2)

= (q+p™+3/2) (n—q)! 'F(q+AS” —1/2) "

—n,q+pP +3/2,n+ X% —3/2,
<l (/ﬂ” +5/2q+ A% —1/2;1 (46:2)

s—hi s
RS(nlnC}Ls) = 72]@ X
< (1) (n+ A3 —1/2),
2
= (a+pP+5/2) (n—q)! 'F(q+/\ T 1/2)

« 3F ( 1/ 2’) (46.3)

s—hiq __
R4(nlms) ’Ynk X

- (=D (n+ A% -1,

n, q+p3p+5/2 n+\NE —
PP+ T2 g+ NP +1/2:1

X X
— (¢ +p* +3) (n—q)lg'T (g + A})
n,q+pP+3,n+ X5 —1,
3% ( P+ dig+ AR 1 ’ (46.4)
with
Ak = P70+ 200,
1 Bsr}? s
i = =l (7 + 3)T (207, - 3),
sn2
Yo = —2=nll (07 +5/2) T (27, — 2),
3 Bsr]z2
/Vnz = 2EnIl (psp + 7/2) ( nk 2)7
4 Bs'r]é2 s
Ynke = ==l (0 +4) T (205, = 3)
and
T'(n+ N2 —2+4q)
Ah—2) = s
C'(n+ ML —3/2+4¢q)
Ah—3/2), = i
(’17,+ nk /)q F(n+)\21;€_3/2) )
T(n+XNE —1/2+¢q)
AP —1/2) = 1k
Ak = e = T N 1)
+ AP —1+4¢q)
xe _qy = Lo
(n+ nk )q (TL—|— /\SP _ 1)
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3.4. The expectation values
under the IHHEIQP in the DDT
for the p-spin symmetry

Now, we apply the perturbative theory to find

. . . ps—hiq
the following expectation values: R1 (nfiz)’
ps—hiq ps—hiq ps—hiq .
RZ(nlms)’ R3 (nii3) and R4 (nii3) which are equal to

< .2 >ps7hiq < 2 >ps‘hiq < 52 >ps7hiq .
M—as)% — v \1=es®/) - o \{1=as)® ., an
(1—gs) (nimi3) (1—gs) (nim3) (1—gs) (nlm3)

3 ps—hiq . .
<(1—ST)4> ____, respectively, for the p-spin symmetry

nlms

under thé IHHEIQP model in the DDT accounting
for the unperturbed wave function of the HHEIQP
model which we have seen previously in Eq. (21.2). It
will be used to determine the appropriate energetic
corrections resulting from the topological properties
of the space. By examining the two expressions of
the two unperturbed wave functions of the HHEIQP
model in Egs. (21.1) and (21.2), we note that there is
a possibility of passing from the upper wave function
F,i () to the lower wave function G, (1) by making
the following substitutions:

oh <= BUY", 8P < pPand ) < by, (47)
which allows us to obtain the expectation values for
the p-spin symmetry from Eqs. (46,7 = 1,4) without
recalculation, as follows:
ps—hiq _ _1s
1(nlms) Tnk X
n (~1)7 (n+ X5~ 2),

X < X
q; (g+p7*+2)(n =gl (g + Ay — 1)

_n7Q+Pps +27n+)\17-2 - 2)
F: n 48.1
e 2(pps+3;q+)\fj€—1;1 ’ (48.1)
ps—hiq __ _2s
2(nlm3) Tnk X
" (~1)7 (n+ A%, - 3/2),

X

g qz:;) (¢ +pP*+3/2) (n—q)lg'T (¢ + A}) —1/2)

—n,q+ pP +3/2,n+ N0j, — 3/2,
X sk (pps+5/2;q+)\f5€—1/2;1 , (482)

ps—hiq ___ 3s
3(nimz) Tk %

s (1! + A7~ 1/2),

= (a+p7+5/2) (n—q)l¢'T (¢ + A7} +1/2)

. —n,q+ pP*+5/2,n+ A% —1/2, (483)
PP+ T/2q+ A0 +1/2;1 ’

X
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ps—hiq

4s
a(nlmz) — Ink x
n q ps
DT+ A5 —1), y
= (q+p+3) (n—q)q'T (g + X73)
=g+ P 3 A — 1
X 312 )

X

. i (48.4)
PP+ g+ Anys 1

with

At = PP+ 2005

P =2/,
psn2

Yo = =T (o™ +3) T (2075, = 3),

Bpan

= Pl (07 4 5/2)T (20 - 2)
psn2

Yo =~ (0 +7/2)T (20— 2),
psn2

i = ZEnll (7 + 4)T (20, - 3)

and
F(n+)\ps —2—|—q)
ps_2 — nk
L(n+ M5 —3/2+¢q)
L'(n+ X5 —-3/2) 7
L(n+ M5 —1/2+¢q)
D(n+ X5 —1/2) 7
L'(n+ A5 —1+q)
L(n+ A5 —1)

(n+ A0, =3/2), =

(n+ A = 1/2), =

(n+An = 1), =

3.5. The corrected energy
for the IHHEIQP model in DDT
symmetries

In this subsection, we will focus on the physical im-
plications and will obtain the relative corrections re-
sulting from the topological properties of a physical
system that is affected by the IHHEIQP. The total
value of the relative energy resulting from the effect
of (3niq(7), Aniq(7)) gives us the main contribution,
which we saw in Sect. 2 through Egs. (18) and (19)
for the spin and p-spin symmetries, whereas the sec-
ondary contributions are caused by topological de-
fects of Eﬁfgt(s) and Aﬁf;t(s). These additional ef-
fects have an efficient action on the spontaneous gen-
eration of several intrinsic physical phenomena. The
first one is generated from the effect of the perturbed
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spin-orbit and pseudospin-orbit effective potentials
Eﬁie;t(s) and Aﬁfgt(s) and corresponds to the spin
and pseudospin symmetries. These perturbed effec-
tive potentials are obtained by replacing the cou-
pling of the angular momentums (L and L) operators
and the NC vector 1 with the new equivalent cou-
plings ©OLS and OLS for the spin and p-spin symme-
tries, respectively (with ©2 = 0%, + ©3; + ©%;). This
degree of freedom comes considering that the in-
finitesimal NC vector © is arbitrary. We have ori-
ented the spins (S,S) of the fermionic particles to
be in parallel to the vector ® which interact with
the improved Hulthén plus hyperbolic exponential in-
versely quadratic potential. Moreover, we replace the
new spin-orbit and pseudospin-orbit couplings nLS
and nLS with the corresponding new physical forms
(n/2)G? and (n/2)G?, with G? = J? — L? — S2
and G2 = J2 — L2 — S2 for a spin/(p-spin) symme-
try, respectively. Furthermore, in RQM, the opera-
tors (HM9 J2 L2, S% and J.) form a complete set of
conserved physical quantities. The eigenvalues of the
operators G2 and G2 are equal to the values:

E0Ls)=[+1) —k(k+1)—3/4)]/2
with |l —1/2| <j < |1+1/2],

2(j,1,3) = [ + 1) — k(k — 1) — 3/4)] /2
with ‘T— 1/2‘ <j< ’T+ 1/2’

for the spin and p-spin symmetries, respectively. As
a direct consequence, the partially corrected en-
ergies AEﬁfq_s(n, v, A,0,4,l,5) = AEﬁioq_s and
AES ™ (n,v,11,A,0,5,1,3) = A" due to the
. . rt Tt
perturbed effective potentials Yhiq () and APPE(r)
produced for the (n,l,m, s,l,m,s)™" excited state, in
DDT symmetries are as follows:

3
ABg =6 (iG+ 1)~ Kk 1) - 3),
(nlms) ( v,vi, A)7
so—ps L. 3 (49)
AEy;, " =6 J(J‘*‘l)—k(k_l)—z )
(n,v,v1, A).

hiq
() (nim)
The global two expectations values

<A>hiq (’ﬂ, v, 1, A)

(nlms)

(n,v,v1, A) and <A/~\>?3ﬁm
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for a spin(p-spin) -symmetry, respectively are deter-
mined from the following expressions:

(i

(nlms)

s ps—hiq
(n,v,v1, A) MR

pn(nlms)?

(50)

(R (o, 4) =S ol R

p=1
=2
4
p=1
- 24: p(nims)’
We get the coefficients 6/ and 647 from Eq. (41),
while RS ™9 - and Rps_lfl(ls) from Egs. (46,i) and

p(nims) ;L(n ms

Eqs. (48,i), (i = 1,4), respectively. The second main
part is obtained from the magnetic effect of the per-
turbative effective potentials Eﬁfgt (r) and Aﬁicét (r)
under the THHEIQP model in the deformed Dirac
theory symmetries. These effective potentials are
achieved, when we replace both (L® and L®) by
(oXL, and O‘sz), respectively, and ©15 by oR, here
(X and o) are present the intensity of the magnetic
field induced by the effect of the space-space geome-
try deformation. So that the physical unit of the orig-
inal noncommutativity parameter ©15(length)? is the
same unit of oN, we have also need to apply

<nlall7m/ L, n, l,m) = mam’m(sl’l(sn’n
with —1<m < [

and

<n/’ Z;’ 7/—7\1752717?; ﬁl> = ﬁléﬁméﬂﬁn/n
with — I/ <m/ < 1

for a spin (p-spin) symmetry, respectively. All of these
data allow the discovery of new energy shifts

AEﬁ?g_s(n, v,v1,A,0,m) and

AERT P (n, v, 01, A, 0,m)
due to the perturbed Zeeman effect created by the
influence of the IHHEIQP for the (n,l,m,s,l,m,3)"
excited state in the deformed Dirac theory symme-
tries as follows:

AE"I™% (n,v,v1, A, 0,m)

hiq _
. o
= (A) (nims) (v, 1, A)m,
AERSP (n,v,v1, A 0,m) (51)
) oR N
= <A>*(1:%ﬁ§) (n,v,v1, A) .
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We will now refer to the generation of another phe-
nomenon as a result of the influence of topological
properties in the ITHHEIQP model in DDT symme-
tries. This physical phenomenon is produced auto-
matically from the influence of the perturbed effec-
tive potentials Eﬁzt (r) and Aﬁf;t (r) which we have
seen in Egs. (39) and (40). We consider the fermionic
particles undergoing the rotation with angular veloc-
ity Q. The features of this subjective phenomenon are
determined by replacing an arbitrary vector ® with
8. We now replace two couplings (LO® and LO)
with (BLQ and Biﬂ), respectively:

L L for spin-sy,

Zep(F)al” P

L L for p-spin-sy.
Here § is just an infinitesimal real constant. We
can express the effective potential Eg‘g; % (5) and
Ahiq—rot

pert . (s) which induce the rotational movements
of fermionic particles as follows:

(52)

shia—rot (o —6<k (k1) wvmgrsexp(zvr)
pert -

7’4 2’/"(1 — qexp (_1/7"))2
B Avgys exp (—vr) B Agys exp (—vr) P (92)
27’3 T4
(53.1)
and
R R e
r 2r (1 — qexp (—vr))
_ Avgysexp (—vr)  Agysexp (—vr) i+ o@)
2r3 o .
(53.2)

To simplify the calculations, we choose the rota-
tional velocity €2 to be parallel to the (Oz) axis
(2 =Qe,). Of course, this does not change the phys-
ical nature of the studied problem and simplifies the
calculations. Then we transform the spin-orbit cou-
plings into new physical phenomena as follows:

L L,
All of these data allow us to find new corrected

. — t_ 5
energies AE™° (n,v,v1,A, B, m) and AE "

(n,v,v1, A, 8 m) due to the perturbed effective poten-

tials Zg:ﬂ;mt (s) and A};ﬁ; " () which are generated

at once by the influence of the improved Hulthén plus
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(54)

hyperbolic exponential inversely quadratic potential
for the (n,1,m, s,l,m,3)"™ excited state in DDT sym-
metries as follows:

AErC-)t_S
(AEIECI) ps) = BQ

hiq

(A)?{%ms) m
~ iq |
<A>(nl~ﬁ1§) "

It is worth mentioning that the authors of Ref. [90]
studied a rotating isotropic or anisotropic harmoni-
cally confined ultra-cold Fermi gas in the two- and
three-dimensional spaces at the zero temperature.
But, in this study, the rotational term was added to
the Hamiltonian operator in contrast to our recent

study, where two rotation operators Zg:ﬁ;wt (s) L

and Agij‘rt_mt (s)L§ appear due to the augmented
symmetries resulting from a space-space deformation
under the improved Hulthén plus hyperbolic expo-

nential inversely quadratic potential.

(55)

3.5.1. Global relativistic correction of energies

Having obtained the physical form of three main parts
of energies through the effect of the IHHEIQP, the
next task is to obtain the formula for bound-state
energies for a system moving in this potential. We
have seen that the eigenvalues E (4,1, s) and Z(4,1,5)
of the operators G2 and GZare, respectively, are equal
to

{E(j,hs) =[G +1)—1(I+1)-3/4)/2,
(,1,3) = [§(j + 1) — 1T — 1) — 3/4] /2.

Thus, for the case of spin-1/2 fields corresponding to
the up polarity and the down polarity, the possible
values of j are [+1/2 and [41/2 for the spin symmetry

(56)

(1]

= (j,1,s) and the pseudospin symmetry Z(4,1,5), are
as follows:

E(j=1+1/2,5=1/2) =

11 for Up-p: j=1+41/2, (57.1)
2 |—(+1) for down-p: j=1—1/2 ’
and

2(j=1+1/2,5=1/2) =

1 l for Up-p: j =1+ 1/2, (57.2)
2 | —(I+1) for Down-p: j = [ —1/2. .
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The global relativistic energy

Eiz}liq <n7V7 VlaA>n70-76>j7lvsvm> and
Eﬁiihlq(na v, vy, Av n, o, Bv j7 la g’ 771)

for the case of spin-1/2 with the improved Hulthén
plus hyperbolic exponential inversely quadratic
potential without tensor interaction, in the DDT
symmetries corresponding to the generalized
(n,1,m, s,1,m, )" excited states:

B3 M= B+ (A) (o

(nlms)

(n,v,v1,A) [(UN + /) m+

for Up-p: j=1+1/2, } (58.1)

o [l
Jr2{—(1—1—1) for Down-p: j =1—1/2
and

Bt =B+ (N

(n,v,v1,A) |:(O'N + Q) m+
e |1 for Up-p: j =1 +1/2

T S or Up-p: j=141/2, | (559
2 | -(+1) for Down-p: j =1—1/2

Here, E%, and E?) are usual relativistic energies un-
der the hyperbolic Hulthén plus the hyperbolic ex-
ponential inversely quadratic potential which can be
obtained from Egs. (18) and (19) in the second sec-
tion. We can now generalize our obtained energies
E;T;CS and E;ﬂ:cp ® which are produced with two

. . ert ert

globally induced potentials Ei’_hiq (r) and AP% (7)
for the spin and p-spin symmetries corresponding to
upper and lower components (F?, (s) and G (s))
and (F?} (s) and G?3 (s)), respectively, as:

R = b (| ae]) ~ B0 (~ BRI -

g—nc

_ Egicq’s Upper component of spin s, (59.1)

B —ENa=s Lower component of spin Sy. '

and

hiq— hiq— hig—

Egilncps = Enlcq psg (|Enlcq ps‘) -
hiq— hiq—

- By (- | i) =

_ [Ehia=ps  Upper component of p-spin s,, (50.2)
—EMa=Ps Tower component of p-spin s,. '
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3.6. Study of important relativistic
particular cases in the context of DDT

Here, we will examine some particular cases regarding
the new bound-state energy eigenvalues in Egs. (58.1)
and (58.2). We could derive some particular poten-
tials useful for other physical systems, by adjust-
ing relevant parameters of the IHHEIQP model in
DDT symmetries such as the improved Hulthén po-
tential and the improved Dirac exponential inversely
quadratic potential.

3.6.1. Deformed Dirac equation
with the improved Hulthén potential
without tensor interaction

The improved Hulthén potential is obtained from
the improved Hulthén plus hyperbolic exponential in-
versely quadratic potential, in DDT symmetries, as
follows:

Vi (A — i Viie (7) =
b () (A= (0.1 hia (7)
vy exp (—vr) vy exp(—vr)
= T—ep (o) T 2r 71O, (60)
l—exp(—vr) = 2r (1 —exp(-vr))

where we have used Egs. (1), (2), and (35). The
first part is the Hulthén potential in usual relativis-
tic quantum mechanics [5, 91|, while the second part
is related to the effect of topological properties on
the Hulthén potential. The global energies for the
improved Hulthén potential under the spin and p-
spin symmetries are obtained from Egs. (58.1) and
(58.2) as

Esfhp o E’Z;hp+<A>hp

nc—nk — (nlms)

(n,v,v1) |:(0N +8Q)m+

51 0 tn e 13 O
and
Ep ok =En "+
+{K%Zﬁa(nﬁgm4A)ﬁaN%—BQMﬁ+
© {l N for Up-p: j =T+~1/2, } (62)
2 |—=(+1) for Down-p: j =1—1/2

Here, Ezghp and Eﬁi_hp are the Hulthén-potential
energies under the spin and pseudospin symmetries
obtained from the energy equations:

(B = m)(E +4) = 5 =
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n?+n+3+@n+1)(2k+1)+
(k1) = 2 (B + M) mib?

3 (63)
(2n+1)° + (2k + 1)
and
s—h s—h 1

(o0 + B2 (M = ) =~

n?+n+3+@n+1)(2k—1)+

(k= 1) = 2 (B = M) ?
X (64)

(2n+1)° + (2k — 1)
The new expectation values (A>?§lms) and (7\)](1: i)
are determined from Eq. (50), by applying the com-
pensation referred to above at the beginning of the
current subsection as follows:
<A>n:1€ms ’yls RSihp J’_ 7718 RSihp

( ) nk*"1(nlms) k"Y1 (nlms) (65)

A\mt 1 —h 1 —h
<A> (nlN'fﬁg) nzsRZl)(Snlnfs) + Vnistﬁnlmps)
with
T = vk (k4 1),
525 — V2V1’Ys
nk 2 ’

,_yrllzs = V4k (k - 1)7

2
2ps _ V" V17ps
nk 2

3.6.2. Deformed Dirac improved
exponential inversely quadratic potential

When v; = 0 and g = 1, the improved Hulthén plus
hyperbolic exponential inversely quadratic potential
reduces the improved exponential inversely quadratic
potential:

()=, Jm o Viia (7) (66.1)
Which gives

=R Aexp (—vr
Vi (7) = - 2RI

A A
— Q—Sexp(—yr)—&—ﬁexp(—yr) Le. (66.2)

We have used Eqgs. (1), (2), and (35). The first part
is the exponential inversely quadratic potential (in-
verse quadratic Yukawa potential) [92], while the sec-
ond part is the effect of topological properties on the

342

inverse quadratic Yukawa potential. The global en-
ergy for this potential under the spin and p-spin sym-
metries is obtained from Egs. (58.1) and (58.2) as

E.s—iq _E,,SL;“] + <A>lq

nc—nk (nlms) <n’ v, A) |:(O'N + 59) m+
+9 l for Up polarity: j =14 1/2, (67)
2 |—({+1) for Down polarity: j =1—1/2

and

ps—iq __ 1ps—iq
Enc—nk - Enk +

+ (A

(nim3) (n,v, A) {(UN + B m+

for Up polarity: j = I+ 1/2,

o 172 (68
2 | —=(+1) for Down polarity: j =1 — 1/2

Here, E°,'? and EP; "% are the energy for the expo-
nential inversely quadratic Yukawa potential under
the spin and pseudospin symmetries obtained from
the energy equations:

(E;‘j;iq - M) (E;j;” + M) = b2x

(n4+n+3)+(2n+1)x

x \/(2k+1)2 84 By + M) 4k (k4 1)

(69)
(20 + 1) + \/(2k + 1)° = 8A (Eg, + M)
and
(0 -+ BB (M = B2 = —b72x
n2+n+14+@n+1)x °
x \/(Qk —1)* -84 (EZ;*“I - M) +k(k—1)
(2n+1)% + \/(Qk ~1)? = 8A (BT - M)
(70)

while the new expectation values (A)éilms) and

(A)iq ) are determined from Eq. (50), by applying

(nlms
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the compensation referred to above at the beginning
of the current subsection as follows:

(A) sy = Enk B iy T

R + R -

i 1gs s—1

TR iy R

with

e =vik(k+1),
€38 — _Al/74’y5

nk 2 ’
6?{2 = _Aq378V47

k. : (72)
€ =vk(k—-1),
PS5 — _m

nk 2 ’
el = Ayt

3.6.3. Deformed IHHEIQP
model problems in ENRQM symmetries

To realize a study of the nonrelativistic limit, in the
extended nonrelativistic quantum mechanics (EN-
RQM) symmetries of the IHHEIQP model, two steps
must be applied; the first step corresponds to the
nonrelativistic limit, in usual nonrelativistic quantum
mechanics. This is done, by applying the following
steps. We replace Cs, E2, + M, E3, — M, k(k + 1),
For (r) and €2 by 0, 2u, ™, I(1+ 1) and R,y (r),
respectively, which allows us to obtain the nonrela-
tivistic energy levels as:
nr __ 1

nl — _m X

(M +n+35)g+q@2n+1)x

x /(20 +1)* = 8Ap+ gl (I + 1) — 2quu b?

(2n4+1) g+ /(20 +1)* —8Apu
(73)

Now, the second step corresponds to the new coefhi-
cients:

" = v (1+1) ¢
G =g p,
52?7" — _AV4Q3M,
Sinr = — A2¢3 ut,
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which are obtained, by applying the previous limits
to Eq. (41). This allows us to reexport the relativistic

hi

expectation values <A>(,3ms)

symmetry in Eq. (50) from the corresponding nonrel-
—hi
(nims)

(n,v,v1,A) of the spin

ativistic expectation values (A) (n,v,v1,A) as:

4
() imsy, (5,01, A) =y 807 R

(nlms) nl p(nlms)

(74)

p=1

This allows us to express the nonrelativistic correc-
tion energy AEEICq_W (n, v, 11, A, ©, 0, B, j, 1, s,
m) = AEMY  produced by the new modified po-

tential problems as

AEMI = (A)7r-hia [(UN + B m+

nce—nl — (nlms)

forj:l—|—1/2,} (75)

Lol

2 |—(+1) forj=1-1/2
The global NR energy
ER L (n,0,A,B,6,0,8,j,1,5,m) = A

nc—nl nc—nr

produced with the new hyperbolic Hulthén plus hy-
perbolic exponential inversely quadratic potential
in ENRQM symmetries. A result of the topological
properties of a space-space deformation is the sum
of usual energy E™M in Eq. (73) under the Hulthén
plus hyperbolic exponential inversely quadratic po-
tential in NRQM symmetries and the obtained cor-
rection AEMY in Eq. (75) as follows:

Ehiq

nc—nl

= B (A [«m B m+

(nlms)

forj:l+1/2,}. (76)

Lol

2 |—(+1) forj=1-1/2
It should be noted that the corrected energy AE?COLM
expressed in Eq. (76) is due to the effect of the per-
turbed potential A9 (r):

nr—pert
A}'rlzirquert (T) =
= (l (I4+1)r - ;‘Wg{(”)) LO +0(e%. (17

The first term in Eq. (68) is due to the centrifu-
gal term [ (14 1)7~2 in ENRQM symmetries which
equals the usual centrifugal term [ (I + 1) r~2 plus the
perturbative centrifugal term [ (I 4+ 1) r~*L®, while
the second term is produced with the effect of the
IHHEIQP model. This is one of the most important
new results of this research.
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4. Spin-Averaged New Mass
Spectra of HLM under the IHHEIQP
Model in ENRQM symmetries

Our new theoretical model, in ENRQM symmetries,
developed so far is applicable to several QM physical
systems and to obtain the values of related quantum
physical quantities. In this section, we use the NR
energies that represent the binding energy between a
quark and an anti-quark to determine the modified
spin-averaged mass spectra of heavy and heavy-light
mesons (HLM) such as c¢, bb, b, b3, ¢35, and bg, ¢ =
(u, d) under IHHEIQP by using the following formula:

MM = mg +mg + EnL . —

nl nc—nr

— M

nc—nl —

mQ+m§—|—
1

+43
Eur

(Ere=" + Em~™ + E'~Y) for spin 1,

(78)
for spin 0.

The LHS of Eq. (78) M"% describes the spin-
averaged mass spectra of HLM such as c¢, bb, be, bs,
cs, and bg, ¢ = (u,d) under the HHEIQP model in
usual NR QM symmetries, [93-96], while the RHS is
our generalization to this equation in ENRQM sym-
metries, mg and mg are the quark mass and the
anti-quark mass, E7] is the nonrelativistic energy un-
der HHEIQP model which is determined in Eq. (73),
while (B, E'~™, E'~!) are the modified ener-
gies of HLM which have spin 1, while £ is the mod-
ified energies of HLM which have spin 0. We need to
replace the factor Z(j =1+ 1/2,s =1/2) with new
generalized values Z" (4,1, s = 0,1) as follows:

25" (j,l,s =0,1) =j(G+1) —I(l+1) —s(s+1)=

l for: j=10+1and s =1,
-2 for: j=1land s =1,

T )1-2(+1) for:j=1—1and s=1, (79)
0 for: 7 =lands = 0.

. nc—u nc—m nc—I1 ne
Now, we can obtain (E"; ", E'/"™, E"/™") and E});

of the HLM such as c¢, bb, b¢, b3, c5, and bq, ¢ = (u, d)
as:

B = B s (1004 ) m + 0

nl (nlms)
For: j=1+1and s =1,
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(80.1)

B = Ep i+ A0y (08 + p2)m — ©)
For: j=1land s =1, (80.2)
Bt = Bpl b (M) (08 + A m = © (1+1))
For: j=1—1and s =1, (80.3)
nc i nr—hi
nl = Egcq—nl + <A>(nlms§l (UN + BQ) m
For: j =1 and s =0. (80.4)

By substituting Eqgs. (80, ¢ =1,2,3) and (76) into
Eq. (78), the new mass spectrum M7 of the me-
son systems in the ENRQM symmetries under the
IHHEIQP model for any arbitrary radial and angular

momentum quantum numbers (nl) become:

hi hi nr—hi
Mncq—z;tl = Mnlqp + <A>(nlms;l X
N Q © f in-1
» {(0’ +B8Q)m — 3 for spin-1, (81)
(oX+ Q) m for spin-0.

Thus, the spin-averaged mass spectra Mfl’liqp of HLM
such as ce¢, bb, be, b3, c5, and bg, ¢ = (u,d) in the
HHEIQP model in usual NRQM symmetries are as
follows:

T 22 .
(n*4+n+3)g+q@n+1)x

x /(20 +1)* — 8Ap+ ql (1 + 1) — 2quur b2

(2n+1)q+ /(20 +1)> —8Apu

(82)
Thus, we have 5M7};iqp

c—nl

in ENRQM symmetries:

6Mhiqp _ Mhiqp

nc—nl — nce—nl
C]
_ <Z>qyl—nr) {(UN +8Y)m — 3 for spin 1,
T (o0 4 Q) m
This allows us to obtain the physical limit:

higp __ hiqp
nc—nl — Mnl

higp _
M,"" =

(83)
for spin 0.

lim
(©,0,8)—(0,0,0)
to be achieved. It is worth to mention that, for the
three simultaneous limits (0,0, 8) — (0,0,0), we re-
cover the energy equations for the spin and p-spin
symmetries under the hyperbolic Hulthén plus hy-
perbolic exponential inversely quadratic potential.
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5. Conclusions

In summary, this work presents an approximate ana-
lytic solution of the three-dimensional deformed Di-
rac equation with a new hyperbolic Hulthén plus
hyperbolic exponential inversely quadratic potential
without tensor interaction under pseudospin and
spin symmetries with arbitrary spin-orbit coupling
quantum numbers k. To do so, we have dealt with
the centrifugal potential term using the Greene—Al-
drich approximation. We have obtained new approx-
imate bound-state energies that appear sensitive to
the quantum numbers (j, k,l,m,l,m, s,s), potential
depths (n,v1, A) of the studied potentials, potential
range, and noncommutativity parameters (0,0, /3)
under the condition of spin and pseudospin symme-
tries. As we know, the improved Hulthén plus hy-
perbolic exponential inversely quadratic potential re-
duces the improved Hulthén potential and the im-
proved Dirac exponential inversely quadratic poten-
tial. In this research, we also studied the nonrelativis-
tic limit of the IHHEIQP model in ENRQM symme-
tries. The present results are applied for calculating
the new mass spectra M M4P , of heavy-light mesons

nc—n

such as c¢, bb, be, b3, c5, and bg, ¢ = (u,d) un-
der the effect of the IHHEIQP in ENRQM symme-
tries. The new mass spectra M:ll?_’;l of heavy-light
mesons in ENCQM symmetries equal the correspond-
ing values Mf;l‘qp in ENRQM symmetries plus the
contribution of noncommutativity 5M:;ic°1f;l which is
an infinitesimal correction as compared with the main
part M:llqp . It is worth mentioning that, for all cases,
to make the three simultaneous limits (0,0,3) —
— (0,0,0), the ordinary physical quantities are cov-
ered in Ref. [4]. Finally, a feature of the noncommu-
tative geometry on the 3D deformed Dirac equation
with the improved Hulthén plus hyperbolic exponen-
tial inversely quadratic potential would be the pres-
ence of many physical phonemes which usually appear
automatically, such as the spin-orbit and pseudospin-
orbit, modified Zeeman effect, and others, and cause
the behavior of topological properties of a space-space
deformation. Our studied physical model in the cur-
rent paper may be useful in investigating many inter-
esting physical systems such as heavy-light mesons
and can also include other applications.
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A. Mepew

BILJIUB JIEG@OPMALIII [IPOCTOPIB

HA BUCOKO- TA HU3bKOEHEPIETUYHI
CIIEKTPU ®EPMIOHIB TA CIIEKTPU

BAYKKIX KBAPKOHIIB JIJ151 MOJIUPIKOBAHOI'O
IIOTEHIIAJIY XIOJIBTEHA I FIIIEPBOJITYHOTO
EKCIIOHEHIIIAJILHO OBPI3AHOI'O

OBEPHEHO KBAIPATUYHOI'O [IOTEHIIAJIY

3HaliieH0 HaOJIMKeHI PO3B’SA3KKM MOAUMIKOBAHOIO PIBHSIHHS
Hipaka mjs 3B’si3aHUX CTaHIB 3 ypaxyBaHHSIM CHiHOBOI abo
nceBAocinoBol cuMerpil. Ilpu 1bomy BUKOpUCTAHO HabJIMXKe-
HUIl BUpa3 I BiJAIEHTPOBOrO Oap’epa y BUIVISI MOTEHIia-
sa XIoJbTeHa Ta rinepboivHOro eKCIIOHEHIIaJIbHO 06Pi3aHoro
00epHEHO KBaIPATUIHOIO IIOTEHINaly, MeTo 3cyBy Bomma ta
Teopito 30ypeHb B y3arajbHEHIN pesiTUBICTUYHIN KBAHTOBIM

.. hi
mexaHini. Pospaxosano cnektpu mac M, Cq_pn

; Ba’KKHX ME30HIB
cc, bb, be, b5, 5 Ta bg, ¢ = (u,d). Pesynbraru 106pe ysromKy-
IOTHCS 3 JAHUMHU IHIIUX PODIT.

Katowoei cnao6a: HEKOMYTATUBHI pocTopH, piBHAHHS [li-
paka, piBusaus [IIproginrepa, norennian XomapreHa 3 rinepbo-
JIYHUM €KCIIOHEHIiaJIbHO 0OpidaHnM OOGEpHEHO KBaJAPATUIHUM
IIOTEHIiaJIoM, MeTOJ| 3cyBy Dorra, Me30HMU.
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