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DECOHERENCE IN A PT-SYMMETRIC QUBIT

We investigate the decoherence in a PT -symmetric qubit coupled with a bosonic bath. Using
canonical transformations, we map the non-Hermitian Hamiltonian representing the PT -sym-
metric qubit to a spin boson model. Identifying the parameter a that demarcates the hermiticity
and non-hermiticity in the model, we show that the qubit does not decohere at the transition
from the real eigen spectrum to a complex eigen spectrum. Using a general class of spectral
densities, the strong suppression of the decoherence is observed due to both vacuum and thermal
fluctuations of the bath, and the initial correlations hold, as we approach the transition point.
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1. Introduction

The fundamentals of quantum mechanics were
thought of just as an academic interest, but ever since
more and more non-hermitian systems became ex-
perimentally accessible [1-4], the notion changed. In
fact, recent experiments have shown that the her-
miticity postulate of quantum mechanics may not as
fundamental as thought [5, 6]. It was just mere con-
venience to say that every quantum system should be
represented by Hermitian operators, as they have real
spectrum, but the converse is not necessarily true, one
could have real eigen values with non-Hermitian oper-
ators as well. One of the examples are PT-symmetric
Hamiltonians which have been realized in many dif-
ferent setups, such as optical [7, 8], optomechanical
[9] or microcavity-based experiments [10]. In a nut-
shell, one could define PT-symmetric systems to be
those which are invariant under the joint time rever-
sal T and parity P operations. It has been shown that
PT-symmetric Hamiltonians not only admit a real
spectrum, but can also be mapped into Hermitian
Hamiltonians with suitable transformations [11].
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When a quantum system of interest interacts with
an environment, its evolution becomes non-unitary
and displays the decoherence [12]. Decoherence is the
fundamental mechanism by which fragile superposi-
tions are destroyed thereby producing a quantum to
classical transition [13,14]. In fact, the decoherence is
one of the main obstacles for the preparation, obser-
vation, and implementation of multiqubit entangled
states. The intensive work on quantum information
and computing in recent years has tremendously in-
creased the interest in exploring and controlling the
decoherence effects [15-27]. A natural question would
pertain to the decoherence in PT-symmetric systems
and how the decoherence varies with a change in the
“amount of hermiticity” of the Hamiltonian.

It has been observed that the non-hermiticity leads
to a slowing of the decoherence [10, 11] in the long
time limit of the dynamics. In this work, for the first
time we address the question pertaining the decoher-
ence in a PT-symmetric qubit without any approx-
imation on the dynamics. We consider both the sit-
uations, where the qubit and bath are initially un-
correlated, as well as correlated; we will show that
the decoherence imparted by the initial correlations
(as well as in uncorrelated case) is significantly sup-
pressed, as we change the hermiticity in the model.

This work is organized as follows. We introduce the
PT-symmetric qubit model in Section 2. This Hamil-
tonian depends on the parameter a which separates
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the real and complex eigen spectra of the system. We
map the non-Hermitian Hamiltonian to spin boson
model with suitable canonical transformations. Assu-
ming the system and bath at the thermal equilibrium
at times before ¢t = 0, we make a projective mea-
surement on the system only, which results in a bath
state that depends on the state vector of the sys-
tem. In Section 3, we study the decoherence due to
this state-dependent bath, as well as due to uncor-
related initial states, and show that the decoherence
due to these initial correlations is strongly modified
by a change in the parameter o controlling the na-
ture of the model Hamiltonian. We make finally con-
clusions in Section 4.

2. PT7-Symmetric Model
Hamiltonian Coupled with a Bosonic Bath

The system under consideration is a P7-symmetric
qubit coupled to a bosonic bath described as

H=Hs®lIp+1s® Hp + Hy, (1)

where Hy = iao® 4+ 0% is a PT-symmetric qubit
Hamiltonian [11, 28]. We see that H, has two eigen-
values Fy = £v/1 — a?. Thus, for |a] < 1, we will
have real eigenvalues. a = 1 would, therefore, corre-
spond to the transition point separating the real and
complex eigen spectra. For future references, o will be
called the hermiticity or hermiticity parameter and,
hence, defines the hermiticity in the Hamiltonian.
Hp =3, wkblbk represents the bosonic bath with by,
as an annihiliation operator of kth bosonic mode with
energy wg. The interaction between the qubit and
bath is given by Hr =), (ico® + o) (grbr + g,’;b%).

This Jamiltonian can be mapped to a Hermitian
Hamiltonian H via an operator T which preserves
quantum canonical relations. Identifying

0
=2 (7 2)a, 2)
with s = \/2(1+a) and A = % (jz D, we can
write

H=THsT '®@Ip+Is@THgT ' +TH; T ' =

Eo, + Zwkb]zbk + Z an(gkbk + 91?92% (3)
k k

with £ = /1 — 2. It is clear that the transformed
Hamiltonian is Hermitian with g F as the effective
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coupling. Making the transformation o, — o,, we
get

H=FEo.+> wbibe + Y Eo.(gibe +gibl), (4)
k k

which is the well-known spin-boson model. The dis-
tinctive feature of this dephasing model is that the
average populations of the qubit states do not depend
on time.

3. Decoherence
3.1. Uncorrelated state

Suppose that, at time ¢ = 0, the state of the compos-
ite system is described by the initial density matrix
p(0). Then, at the time ¢, the density matrix in the
interaction picture is given by

p(t) =U (1) p(0) UM, ®)

where U(t) = T e~ Jo 4'Hi(t) ig the time evolution
operator, Hy(t) is the interaction Hamiltonian in the
interaction picture, and T is the chronological time
ordering operator. Our main interest is to calculate
the reduced density matrix of the system by tracing
over the degrees of freedom of the bath:

ps(t) = TrplU(t) p(0) U ()], (6)

We assume the initial density matrix of the total sys-
tem as a direct product state:

0(0) = 05(0) ® 05, 05 =e /7y, (7)

where § = 1/kgT, and Zj is the bath partition func-
tion. Note that pg(0) may be a pure state, as well as
a mixed state of the qubit.

Then we write

U(t) = Te™? JS drH(7) _ eid)(t)eng\(t)

)

where ¢(t) is a function of the time only, and f\(t) =
0 — a0 with ) — By ==

Wi
Therefore, we can write, for the qubit state |¢)) =

= al0) 4 b[1):
ps(t) = Trg[U(t) p(0) U ()] =
= Teple” 201p) (4] © ope™ V) =

al>  ab*em®
= (ba*e_’“(t) |b|2 ) (8)
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with 1 (t) defined as

7)== I <exp [ak(t)b; - a;;(t)bk} >B, 9)
k

where the symbol (...) 5 denotes averages taken with
the bath distribution gg. After a straightforward al-
gebra, we find

1 — coswt

1n(0) = (1= ) [ do () coth (Bi0/2) ~— 5,
0

(10)

where the continuum limit of the bath modes is per-
formed, and the spectral density J(w) is introduced
by the rule [12]

S 4lg, ? () = / deo T (@) ().
k 0

Expression (10) is the exact result for the decoherence
function in model (4) under the uncorrelated initial
condition (7). We observe that the decoherence func-
tion is scaled by the factor E2 = 1 — 2. Thus change
of a from zero to 1 results in a suppression of the
decoherence. At the transition point from the Hermi-
tian Hamiltonian to a non-Hermitian one, o = £1, no
decoherence results in making the qubit state maxi-
mally robust. In the next ssubection, we will see the
same effect in correlated initial states.

3.2. Correlated initial States

We assume the total system plus bath are in the ther-
mal equilibrium state at times ¢ < 0, and a measure-
ment is made on such state at the time ¢ = 0, when
we have [29-31]

1 _
pl0) = - > Qe 1Al (11)

where €, are the projection operators on a desired
state of the system and/or bath; Z is the normal-
ization constant called a partition function. Now, we
make a particular case of the selective measurement,
a projection by taking [30]

Q= [¢) (Y| © I,

where I is the identity operation on the state of the
bath, and |¢)) is a pure state of the qubit. Therefore,

(12)
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we write

p(0) = [¥) (| @ p(¥),

where pp(¥) = £ (¢le PH 1)) represents the density
matrix of the bath and clearly depends on the state
of the qubit |¢)

ps(t) = Trp[U(1) p(0) U(H)],

= Trple” M) (] @ pp(v)e= A,

(13)

(14)
(15)
Now, to evaluate the above expression, we take the

general state of the qubit as |¢) = a|0) + b|1), while
we relegate the derivation to appendix 5. We have

0 = (s ) “0), (16)
where
|a|2e—ﬂwo/2ei(1—a2)<1>(t)+
2,Bwo/2,—i(1—a?)®(t
F(t) = Jlra||i|eeiw2;2€+ |(b|2663"0;2) ]e_'yl(t), (17)

2
with ®(t) = Y, 4‘5’;‘ sinwyt. Using the relations
. k

lal? + |b]* =1 and (o) = |a|* — |b|?, we can write

|a|267ﬂw0/26i(17a2)‘1>(t) + ‘b|2eﬂw0/267i(17042)<1>(t)

|a|2e=Bwo/2 1 [b[2efwo/? —

sinh 820 — (5. cosh 2«0
= cos(1 — a*)B(t) —i2 (o) 2
cosh 7% — (o) sinh =5°

x sin(1 — a?)®(t). (18)

In order to get the dephasing or time-dependent
frequency shift explicity, we define

_sinh(Bwo/2) — (0.) cosh(Bwo/2)
tan[x(#)] = cosh(ﬁw(())/Z) —(02) Sinh(ﬂw2/2)
x tan[(1 — a?)®(t)]

(19)
so that F(t) simplifies to F(t) = eX(Ne=11(H)=7(t) =
= XM= with y(t) = v, (t) + 7.(t) and

Ye(t) =

1[0 (st - ahe)

2 (cosh(Bwo/2) — (o,) sinh(Bwo/2))? |
(20)
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Fig. 1. Time dependence of the exponential of the total de-
coherence function e=7(®) for the initially correlated state for
different values of a with fwo = 1 and the initial condition
(02) = 0,98 =1 in all the subohmic s = 0.2 (a) ohmic s =1
(b) and superohmic s = 2 cases (c)

The term 71 (t) represents the decoherence due to vac-
cum and thermal fluctuations of the bath, while ~.(¢)
represents the decoherence due to initial correlations
of the composite system. Thus, we see that the de-
coherence function v1(t) gets scaled by a factor of
1 — a?, while as a different functional dependence on
« is found for ~.(t). The reduced dynamics of a PT-
symmetric qubit can be calculated as T p4(t)T.

In order to understand the effect of the parameter
« on the decoherence dynamics, we define a spectral
density function for the bath J(w) = >, 4|gx[*0(w —
—wy). It is convenient to describe J(w) phenomeno-
logically by assuming the power law form with a cer-
tain frequency cut-off. Therefore, we write J(w) =
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Fig. 2. Time dependence of the exponential of the decoher-
ence due to initial correlations e=7e(!) for different values of
a with fwg = 1 and the initial condition {(o.) = 0,28 =1 in
all the subohmic s = 0.2 (a) ohmic s = 1 (b) and superohmic

s =2 cases (¢)

= As(w/Q)*Qe=w/? where ), is the dimensionless
coupling constant, and  is the cutt-off frequency.
The values s determine the nature of the bath. If
s = 1, we call it the ohmic bath. While, if s < 1 or
s > 1, it is called the subohmic or superohmic bath,
respectively.

Figure 1 shows the variation of the total decoher-
ence e~ 7®) with respect to Qt for different values of a
in the subohmic s < 1, ohmic s = 1, and superohmic
s = 2 regimes, where y(t) = 71 (t)+7.(t). We see from
Figure 1, a that, for a = 0, we observe strong oscilla-
tions of e~ 7). However, as « increases from 0 to 1,
the oscillations freeze out. The oscillations observed
in e=7® are due to the initial correlations in the sub-

ISSN 2071-0194. Ukr. J. Phys. 2023. Vol. 68, No. 2
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ohmic regime, as can be seen from Figure 2, a. The
period of oscillations increases from a finite value to
the infinite one, and the freeze out occurs at the value
of @ = 1. These features are due to the fact that it
takes a longer time for the system to complete one
Hilbert space oscillation resulting in the extremely
slow dynamics near the boundary o = 1 on which
the dynamics completely freezes.

Now, we turn to the ohmic case s = 1. In this case,
using the explicit form of J(w), we can write the ex-
plicit form of decoherence functions in closed form
as [31]

1 (t) = (1 —a?) % In(1 + Q%) +

Lo\ [InT(1 +1/08) — %m ID(1+1/Q8 + it/B) 2],

d(t) = A\ tan~ 1 (Q1). (21)
Figures 1, b and 2, b show the variation of e=7(") and
e~ () with respect to Qt for different values of cv. It
can be seen from the plot that the hermiticity param-
eter increases from 0 to 1, and the slowing down of
the decoherence is observed. We mention the sudden
transition at a = 1 with no decoherence at all. This
feature can be attributed to the frozen dynamics of
the system Hamiltonian at o = 1.

In the superohmic case, no oscillatory behavior is
found unlike the subohmic case (see Figs. 1, ¢ and
2, ¢). This is in complete contrast with the subohmic
case where the oscillation time period becomes in-
finite. Although, in both superohmic and subohmic
cases, the dynamics kicks off at ¢ = 0, the bath has
a rapid correlation-dependent effect on the qubit ex-
plaining the initial minima in the graphs. But, in the
long time limit, the qubit settles in a steady state
completely independent of the initial dynamics for
the superohmic case, whereas no such steady state
is formed in the subohmic case. Nevertheless, both
the dynamics have the same physical consequences;
namely, the intial correlations disappear. In other
words, it would be no matter whether the system was
initially prepared independently, or a projective mea-
surement was made on the thermalized system and
bath, both will result in approximately the same dy-
namics near the boundary of separation of the phys-
ical and unphysical Hamiltonians.

ISSN 2071-0194. Ukr. J. Phys. 2023. Vol. 68, No. 2

4. Conclusions

In this work, we have studied a P7T-symmetric qubit
coupled to a bosonic bath. Using a canonical transfor-
mation, we mapped the PT-symmetric model to the
well-known spin-boson model which is a purely de-
phasing model. Using a projective measurement on
the system only in a thermalized state of the sys-
tem plus bath, we arrive at a correlated initial state
with the bath state depending on the degrees of free-
dom of the system. We have shown that the decoher-
ence due to these initial correlations is strongly mod-
ified in the subohmic regime. Moreover, it is found
that the total decoherence is slowed down with an
increase in the hermiticity parameter .. At the tran-
sition point that seperates the Hermitian and non-
Hermitian regimes, the dynamics of the qubit freezes
out making the qubit more robust against external
perturbations. A similar dynamics is also observed
in the Kibble-Zurek mechanism applied to the one-
dimensional Ising model [32,33]. We see that the de-
coherence due to initial correlations in all the sub-
ohmic, ohmic, and superohmic cases is suppressed in
the physically relevant regime for « near to 1. This
results in approximately the same dynamics of the
initially correlated and uncorrelated states.
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APPENDIX A

In this appendix, we derive the time evolution of the reduced
density matrix ps(t) given in Eq. (16). Since the Hamiltonian
H given in Eq. (4) is a purely dephasing model, which results
in no dynamics of the diagonal terms of the density matrix
ps(t). Observing that

e PH|1) = e PrePHT L),

e=BH|0) = Bre=BH™ gy,
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with HE = Xk:wkblbk + %E(gkbk +g,’;b£) and p = @, we

can write the (1|ps()|0) = pO(t) as
ab* _ A _BHT
pI0(0) = - (ale T ple?A O] 4

+ [b2ePrTrg[e2A (D= FH ),

where the partition function Z is given by

(A1)

Z = |af?e P Trple PH ] + b|2eP  TrglePH .
Now, we define a unitary transformation O+ = exp[£ >, % X
X (gxby — g;bl)] such that HE = OL'(Hp — €)O4 with ¢ =

2 ~ ~
=5, Bl and 2A(t) = OZ'[2A(t) + iE2®(t)]O<. There-
fore, we have

Trp [eQA(t)efﬁHi] =

_ TrB[O:—tle2f\(t)j:iE2<I>(t)OiO;IE—BHBJngOi} _
_ TrB[OileQA(t)iiE%D(t)efﬁHBJngOi} _

— Fi(1=a®)2(t) 7 o=71(1) BE

where Zp = Trgle~#HB]. This makes the partition function
Z to be

Z = ZpeP&(|a?e™ P + |b|2ePH).

Substituting all the above results in the expression for the off-
diagonal element p1°(t), we have

ps’(t) = ab* x

[|a|2673“]708i(1—a2)<1>(t) T ‘6‘266%6—2'(1—&)@(,5)]

x e—11(t)
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JIEKOTEPEHIIIST
B PT-CUMETPUYHOMY KVYBITI

Mu BuB4UaEMO BTpPaTy KOME€PEHTHOCTI B PT -CUMETPUIHOMY KYy-
6iTi, sikuii B3aeMozi€ 3 G0O30HHUM OTOYEHHSIM. BUKOPUCTOBYIO-
9M KaHOHIYHI IIepeTBOPEHH, MU 3HAMIIIN HEepMiTiB ramisibTo-
HiaH, mwo onucye PT-cumerpuynuii Ky6it, B Mozesi 6030HIB 31
crinom. Mu Bu3Ha4IMIN DapaMeTp o, KU PO3MeKOBYe 0bJia-
cti epMiTOBOCTI 1 HEepMiTOBOCTI B MOZEJ, 1 3HAWNILIN, IO KYy-
6iT He BTpada€ KOME€PEHTHOCTI IIpX IepeXoi BiJ AifiCHOTrO Bia-
CHOT'O CIIEKTPa J0 KOMILJIEKCHOr0. BUKOpucTOByI0oUun 3arajbHuit
KJIaC CIIEKTPAJbHUX I'yCTHUH, MU IIOKa3y€EMO, 1110 Ma€ Miciie 3Ha-
“HE 3MEHIICHHS BTPATH KOI€PEHTHOCTI 3aBASKHU BAKYyMHUM Ta
TEIVIOBUM (DJIyKTyallisiM CEPEJIOBUINA, 1 110 BUXIJIHI KOpessmil
36epiraroTbCst IpU HAGIMXKEHH] JO TOUYKH [I€PEXOMY.

Karwwoei caosa: PT-cumerpis, HeKOrepeHIlis, KOPEJAil
Mi>K CHCTEMOIO Ta CEPEIOBUIIEM.
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