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1. Introduction

The paper is devoted to the development of a microscopic description of the critical behavior
of a cell fluid model with allowance for the contributions from collective variables with nonzero
values of the wave vector. The mathematical description is performed in the supercritical tem-
perature range (T > T.) in the case of a modified Morse potential with additional repulsive
interaction. The method, developed here for constructing the equation of state of the system by
using the Gaussian distribution of the order parameter fluctuations, is valid beyond an imme-
diate vicinity of the critical point for wide ranges of the density and temperature. The pressure
of the system as a function of the chemical potential and density is plotted for various fixed
values of the relative temperature, both with and without considering the above-mentioned con-
tributions. Compared with the results of the zero-mode approximation, the insignificant role of
these contributions is indicated for temperatures T > T.. At T < T, they are more significant.

Keywords: cell fluid model, equation of state, grand partition function, Morse potential,
zero-mode approximation.

number of strongly interacting degrees of freedom

We dedicate this paper to the 75th anniversary of
Academician L.A. Bulavin, the outstanding Ukrai-
nian physicist, who made a remarkable contribution
to the development of the experimental base in the
field of phase transitions and critical phenomena in
simple and multicomponent liquid systems [1-4].

A large number of works are devoted to the descrip-
tion of the critical properties of liquid systems. The
detailed bibliography can be found, for example, in
books [5-8] and review papers [9, 10]. For decades,
the interest in this problem persists, because the lig-
uid near its critical points is the most convenient ob-
ject, which simulates a class of systems with a large
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[6,7]. On the other hand, due to their specific proper-
ties, the critical fluids are frequently used in various
technological processes [11]. In this regard, construct-
ing the equation of state of critical fluids becomes an
important applied task.

The main difficulty of a successive theoretical cal-
culation of the equation of state by methods of sta-
tistical physics is the need for correctly accounting
for the complex structure of the interparticle interac-
tion. Therefore, when calculating, it is necessary to
use simplified models, the scope of which is limited
and is either established in each case, or based on in-
ternal characteristics of the model, or is determined

1 This article is dedicated to the 75th anniversary of Academi-
cian L.A. Bulavin.
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by comparison with the more accurate solutions and
experimental results.

In our previous studies [12-14], we proposed a cell
fluid model, which was used to describe a first-order
phase transition applying different types of interac-
tion potentials. In this work, a modified Morse po-
tential with a term describing a soft wall repulsion
is used to calculate the equation of state of the cell
fluid model.

We consider a system of N interacting particles in
the volume V' conditionally divided into N, cells (V =
=ouN,, v = ¢ is the cell volume, and c is the linear
size of a cell) [14, 15]. Note that, in contrast to the
lattice gas model (where it is assumed that the cell
may or may not contain only one particle), in this
approach, the cell may contain more than one parti-
cle. The interaction potential

C“r)=:C&I{Ae_”“T_R“/“—Fe_VW_Rw/a—
_26_(T_Ro>/a} (1)

of such cell fluid model involving the repulsive and
attractive interactions (the second and third terms
that form a Morse-type potential) includes an addi-
tional repulsive interaction (the first term) [16]. Here,
Ry corresponds to the minimum of the function U (r),
r is the distance between particles, « is the effective
interaction radius, v and ng are the parameters of the
model, A =(2—7)/ng, Cuy = Dng/(no+~ —2), and
D determines the dissociation energy. The quantities
Ry, a, and D are specific to a particular physical sys-
tem. In the case of sodium (Na), we have [17, 18]

Ro=53678 A, 1/a=05504 A",

(2)
Ro/a =2.9544, D =0.9241 x 1073 ergs.

The following expressions form a lattice analog of
potential (1):

(i)(r) — CvHe—’Y(llz—C)/(OéRC)7

l12
B = 20ye(ha=e)/ one), 3)
@112 — CHAe*TLO(llz*C)/(aRC)v
where l15 = |l — 15| is the distance between cells 1y

and 1o , ag = /Ry is the dimensionless quantity. In
what follows, we will use the Fourier transforms of
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interaction potentials (3), which read

2
1+ (a> Ak
g

O (k) = Cy16me!/*a® [1 + 02c2k?] ™, (4)

2
1+ (a> c2k2]
no

Hereinafter, to simplify the notation, « should be un-
derstood as the quantity ag, and ¢ is cg = ¢/Rp. It
is easy to see that

3
™) (k) = Cy8re/® <a>
v

3
(k) = Cp A8memo/® <a)
no

®@(0) = B&™M(0), B=2y3el77)/
(0) (0), v ;

(0) = A,7(0), A, = Ae0=D/ (5 /ng)?. ®)

This work logically complements the previous stud-
ies [16] devoted to the theoretical description of the
first-order phase transition in the cell fluid model
with potential (1). We use the phase space of col-
lective variables. The term “collective variables” is a
general name for a special class of variables specific
of every individual physical system. For magnetic sys-
tems, the collective variables are the variables asso-
ciated with the modes of spin moment density oscil-
lations; for the ferroelectrics, with the cluster state
oscillation modes; for the liquid-vapour system, with
modes of the density deviation from the critical den-
sity, etc. The set of collective variables contains the
variables whose average values are associated with or-
der parameters. For this reason, the phase space of
collective variables is most natural for describing a
phase transition. The replacement of the original set
of independent variables by the set of collective vari-
ables is accompanied by the introduction of a transi-
tion Jacobian. In [16], the equation of state of the sys-
tem in terms of the chemical potential-temperature
and density-temperature is calculated in the zero-
mode approximation. The contributions from the col-
lective variables px with nonzero values of the wave
vector were not taken into account, when obtaining
the equation of state of the cell fluid model. The pur-
pose of this work is to develop a technique for con-
structing the equation of state of the model taking
these contributions into account and to compare the
results obtained with the account for a pressure and
leaving out these contributions, as well as to assess
the influence of the above-mentioned contributions
on calculations. The equation of state obtained in
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this paper is not applicable in an immediate vicin-
ity of the critical point (|7| < 7* ~ 1072). Works
[15, 19] are devoted to the construction of the equa-
tion of state in this narrow neighborhood of T, with
regard for the non-Gaussian fluctuations. A signifi-
cant role in the development of this technique was
played by works [20-24] devoted to describing the be-
havior of a three-dimensional Ising-like system near
T, with the use of the quartic measure density (the
p* model).

2. Grand Partition
Function of the System

The grand partition function of the cell fluid model
in the approximation of the p* model is given by the
formula [15]

== 2(1\[“_1)/291,61\7“'?M /(dp)N“ exp [MNJ/%O +

1 .
T3 Z D(k)pxp-x +

keB.
gs 1
+ﬁﬁv Zk pk1-~-Pk45k1+..<+k4‘| (6)
KB,

with the following notations:

Bji? P\ Bioya 95
B, = go— 2 n (g L)+ e o)+ B
=90 gy T\ T ) ) T2 PO

N ~ 143
M = ji/W(0) + g1 + n.D(0) — =23

- - 694 (7)
D(k) = go — 1/(BW (k)),

_ 143

g2 = g2 — ia, Ne = —93/94~

The quantity i characterizes the chemical potential,
and 8 = 1/(kT) is the inverse temperature. Using
expressions (4) and (5), we can write the total
Fourier transform of the effective potential W (k) =
= @ (k) — @) (k) — U(k) + Zxo®(0) + Z¥(0)
in the form

k) = &0 b 3 1 -
W(k) = o (0){[1—1—@2021@‘2}2 i (%)202162]2
T g+ 0 e b e
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where o is some constant quantity, 7 = (T — T.) /T
is the relative temperature, and T, is the critical tem-
perature. At k = 0, we obtain

W (0) = ®"(0) [B — 1+ x0 + 7(x0 + 4,)]. (9)

The coefficients g,,, which appear in (7), are given by
the formulas [14, 25]

go=WTy, g =T/To, g2=To/To—gi,

g3 = Ts/To — g7 — 39192, (10)
91="T1/To — g1 — 69392 — 49193 — 393

The special functions T, (p, a*) are as follows:

T ( OZ*) _ i (a*)m mne—pm2 (11)
n p7 - m' °

m=0

Here, p = B.®")(0)[x0 + A,]/2, and a* ~ v (see
[16]). The expression of the grand partition function
(6) also includes the quantity

g0 = T msw (k)2

keB.

(12)

which is a function of the inverse temperature [
and the Fourier transform of the effective potential
W (k). The wave vector k runs all the values inside
the Brillouin zone

T 2w

c — k:kakak kl:_f —
B = {le=(has o o) =+ T
ni=1,2, ., Nasi=1,2,3: N, = N;”}.

Singling out terms with £ = 0 from the sums over
k in (6), we obtain

= =2We=1/22'g exp[N,(E, + E(p0))), (13)
where
_ — 1~ _92 a4 _4
E(po) = Mpo + 5D(0)p5 — 5 Po> (14)
2 24
moreover, the coefficient ay = —gy > 0. The

quantity pp can be determined from the condition

OE(po)/0po = Olpo:ﬁo’ which leads to the equation

_ - a
M + D(0)po — E‘*pg = 0. (15)
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Here, M is the chemical potential, which corresponds
to an extremum of the function E(pg). At T > T,
the real solution of (15) takes the form

3M 1/3 3M 1/3
e () ()
ay a4

Qr = (— 215(0))3 + <3M>2

For the component Z’ of the grand partition function,
we have

:=/(dp) T eXp[—Zd )Pxp—x —

keB

a4 1
Poz PkpP—k —

keB.
ag 1 4
— aa E pk1-~-pk46k1+...+k4 ) (16)
24 N,
ki,....ka
k;€B.

where d(k) = —D(k). The prime next to the sum sign
means that the term with k£ = 0 is missing.

Carrying out the integration in (16) with respect
to the variables pyx with k& # 0 with the use of the
Gaussian distribution of fluctuations as the basis one,
we obtain the following expression in the zero-order
approximation:

Be
= = [[(r/da(k))"/>.

(17)
k#0
Here,
da(k) =d(k)+ A, (18)
and
d(k) = 1/(BW (k) = Go- (19)
The quantity A’ is given by the formula
I —1
A= 1 (1 +2(p Z PKP—K) (20)

keB.

It should be noted that, in the calculations, we ap-
plied the approximation

! /
D Pl Pt 3 (P poi) X

ki,....kq ki €8,
k;€B.

X ZI Pk2P—ks -

ko€B.

(21)
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Expression (20) and the relations

(Prp-1) = —
PrP—k) = =,
da(k)
0, T>1T,
2\ __
(o) = 6d(0)7 T<T (22)
aq

allow us to find the equation for A’. It is obtained
by the transition to a spherical Brillouin zone and
replacing the summation over the wave vectors by
the integration with respect to k € B.. The equation
for A’ is as follows:

Y ﬁW(k)kz
A= ATO/ 1= AW (k) (32— A)

dk, (23)

where

3

—a4— 37 TZTCa

3

a =l -

T3, c3 12d(0)
= (1- T <T,.

The quantity A’ is included in the coefficient d4 (k)
(18), through which the component of the grand par-
tition function Z’ (17) is expressed. The component
" and the quantity g, (12) are contained in the ex-
pression for = (13). Let us write the expressions for
the logarithms Z' and g,, which will be needed to
calculate the equation of state of the system.
In view of the relation

(24)

—
—

Bc
1 ~ 3. ¢ 1
=Y Inda(k)==N,— [k*In| < —Go+A"|dk
> ndalB) =y N, 5 [ s~
keB. 0
(25)
we find the following expression for In =’
InZ = N,L=/(T). (26)
Here,
1 5 'f 1
c
L=(T 1 k21 —Go + A'| dk.
—( ) 2117T 271'3/ nI:BW(k) g2 +
0
(27)
For In g,, we finally get
Ing, = NyLy, (T), (28)
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Fig. 1. Dependence of Pv/(kT) on the chemical potential M for various values of the relative temperature 7 without accounting
for the contributions from the quantities Lz/(T') and Ly, (T') (circles) and taking the mentioned contributions into account (solid

curves)
where
1 8 [ k
L (T) = filn(Qw)fg% / k2 In [m]/c(T)] dk. (29)

Expressions (26)—(29) allow us to find the sum
InZ" + Ing,. This sum together with the term
N, In2/2 appearing in E (13) from the first multiplier
will additionally be included in the equation of state
of the cell fluid model, which was obtained in [16] in
the zero-mode approximation (the mean-field approx-
imation) for potential (1). It characterizes the contri-
bution from the collective variables with nonzero val-
ues of the wave vector. The values of the quantities
d(0) and A’, as well as Lzs (27), L,, (29), and their
sum Lz/g, = L=+ Ly, , are given in the Table for var-
ious 7. Hereinafter, the calculations are performed for
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Values of d(0), A’, and contributions
from the quantities =’ and g, to the pressure
of the system at different temperatures T

T J(O) A Lar Lg, Ly, LE’91;+MT2
—0.5 | —0.081 | 0.247 | 0.459 | —0.759 | —0.300 0.047
—0.3 | —0.040 | 0.194 | 0.733 | —0.977 | —0.244 0.103
—0.1 | —0.011 | 0.097 | 0.929 | —1.061 | —0.132 0.215

0 0 0.030 | 1.054 | —1.087 | —0.033 0.314

0.1 0.010 | 0.031 | 1.086 | —1.107 | —0.021 0.326

0.3 0.026 | 0.033 | 1.135 | —1.135 0.000 0.346

0.5 0.039 | 0.035 | 1.169 | —1.155 0.014 0.360

the following set of parameters:
p=10, «a* =50, v=1.0; (30)
~v=1.330, xo = 0.070.

ISSN 2071-0194. Ukr. J. Phys. 2020. Vol. 65, No. 12
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Fig. 2. Pressure as a function of the average density for various values of the relative temperature. The results were obtained by
accounting for the contributions from the collective variables with nonzero values of the wave vector (solid curves) and without

them (circles)

The value of the ratio Ry/« is given in (2). For the
quantities ng and A, taking (30) into account, we
have

no =1.541, A, =0.521. (31)

Let us go over to calculating the equation of state
of the system.

3. Equation of State of the Model

with Allowance for Gaussian Fluctuations
Applying the well-known relation

PV =kThhZ (32)
and the formula (13), we find the explicit form of the
equation of state for T' > T, that is either

P 1

]T‘T/ =InZ +Ing, + Ny | 5In2+ B, (M, T) +
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7~ Lo\ o Qs 4
+Mp0+§D(O)pOfﬂpo (33)
or
Po 1
ﬁ:LE’(T)+LQU(T)+§1n2+Eu(MaT)+

- 1 - _ Qay _

M —D(0)p2 — — P 4
+Mpo + 5D(0)p5 — 5,70 (34)
Here,

BW©O) (i V| -
E,(M,T) =gy — Mn, —

N( ’ ) gO 2 (0) + n

n? - 1 g3
— e Do) - —23

5 D0) — 5% (35)

i - 1g3
———=M—-—g; —n.D0) + ==

(0) ' 053
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The expression for the pressure (34) at T > T, is a
monotonically increasing function of M [the variable
M in the formalism of the grand canonical ensemble
in coordinates (7, M)] (see Fig. 1).

Equation (34) describes the dependence of the pres-
sure on the temperature and chemical potential. Let
us now go over to obtaining the dependence of the
pressure on temperature and density.

With regard for the expression of the grand parti-
tion function (13), we can find the average number of
particles

N = 36
or the average density

N
n— —. 37
TN (37

Considering relations (14) and (35), we get the equa-
tion

i =ny — M + goryr o (38)

connecting the density of particles n with the chemi-
cal potential M. Here,

B 1
ng = g1 + o — égg/gi
1+ Xo + A,
14 wer’ B—1+x0

(39)

Vr

Substituting M from (15) in expression (38), we ar-
rive at the cubic equation for py (see [16]). Among
the three solutions of this equation, only one solution

925, \1/2
po2n = —2 (;2) cos (ay, /3 +7/3) (40)
4
has a physical sense. Here,
— 7 2 23\
Q, = arccos (ng n), Ny = = (gQ) ) (41)
Ny 3 \ayg

Relations (38) and (40) allow us to express the chemi-
cal potential M in terms of the average density n. We
have

M = poangayr — (FL - ng)~ (42)

The equation of state of the cell fluid model at T" >
> T, in terms of the temperature and density takes

1086

the form
Pv 1
— =Le(T)+ Ly (T)+ zIn2+ E,(n,T)+
kT 2
— 1~ . ayq _
M ZD(0)p2 — =p2. 43
+Mpo+ 3 (0)pp 5470 (43)

The expression for M from (42) should be substituted
in (43), as well as in the solution py of equation (15)
and in the relations

1 I )2 -
E.(n,T)=90— 50— | 777n | + Mn.—
2 ) =0 20277 (

w(0)
ng - 1 gs
-0 - 5%, (a4)
i _ N
— =M - c T

The behavior of pressure (43) with increasing the den-
sity n is shown in Fig. 2 for various 7.

4. Conclusions

In the temperature range T' > T, the procedure for
constructing the equation of state of the cell fluid
model is developed with regard for Gaussian fluctu-
ations of the order parameter. The Gaussian fluctua-
tion distribution is used as the basis one, when calcu-
lating contributions from the collective variables with
nonzero values of the wave vector.

The contributions to the pressure of the system
from the collective variables pyi with k #£ 0 are calcu-
lated for temperatures below and above the critical
one T, (see the quantities L=/, Ly, , and L=/g, in Ta-
ble). As is seen from the Table, the quantity L= (27)
increases with the temperature, whereas Lg, (29) de-
creases. The total contribution of Lz/y, = Lz + Lg,
to the pressure at temperatures T < T, (7 < 0) is
more significant compared with the case of T' > T,
(t > 0). This is evidenced by the magnitude (mod-
ule) of the total contribution Lz, for various 7 (see
the Table).

The equation of state of the cell fluid model is ob-
tained in terms of the chemical potential-temperature
and density-temperature with allowance for the abo-
ve-mentioned contributions. The comparison of the
behavior of system’s pressure in the presence and ab-
sence of these contributions, which is shown in Fig. 1
and Fig. 2, indicates the insignificant role of contribu-
tions in the case of T' > T,. For example, the magni-
tude of the total contribution to the pressure from the
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collective variables with nonzero values of the wave
vector (from L=s4,) with changing the density n at
7 = 0.1 (Fig. 2) does not exceed 4.5%. At 7 = 0.3
and 7 = 0.6, this magnitude of the contribution be-
comes even smaller.

A specific feature of the proposed description lies in
the possibility to use exclusively the microscopic char-
acteristics of a fluid (parameters of the interaction
potential) for calculating the macroscopic quantities
(pressure and other thermodynamic quantities). The
results of studies obtained at T" > T for the given val-
ues of potential parameters show that Gaussian fluc-
tuations of the order parameter with nonzero wave
vectors make insignificant changes in the pressure of
the cell fluid model. The evolution of the pressure
with increasing the chemical potential or density is
the same as in the case of the zero-mode approxima-
tion, when the collective variables with only zero val-
ues of the wave vector are taken into account. We can
neglect Gaussian fluctuations in the studied ranges of
the density and temperature.

Thus, it is established that, in the region of su-
percritical temperatures (T° > T.), the inclusion of
Gaussian fluctuations has a negligible effect on the
equation of state of the cell fluid model. Therefore,
at T' > T,, the zero-mode approximation is enough
for calculating the equation of state.

The authors are sincerely grateful to Professor
M. P. Kozlovskii for the helpful advice and the de-
tailed discussion of the results obtained.
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PIBHAHHS CTAHY KOMIPKOBOI

MOZIEJII TIJIMHY 3 BPAXYBAHHAM I'’AYCOBUX

®JIVKTYAII ITAPAMETPA TTOPSIJIKY

Pezmowme

Pobory npucBsiueHO PO3BUTKY MiKPOCKOIIIYHOI'O OIIUCY KPUTH-
9HOI MOBEIHKU KOMIPKOBOTO (DJIIOIY, TIPU SIKOMY BPaXOBYIO-
ThCsI BHECKU Bi/l KOJIEKTUBHUX 3MIHHUX 3 BiAMIHHUMU Bij HyJIs

1088

3HAYEHHSIMU XBHJIBOBOI'O BeKTOpa. MareMaTudHui onuc 3aiii-
CHeHO y ajamazoni HagrkpurnaHux temueparyp (T > T.) nisa
BHIAAKy MoaudikoBamoro moreHriairy Mopse 3 momaTkoBOIO
BIJIIIITOBXYBAJIbHOIO B3aEMOJIi€l0. Po3BunyTuii crnoci6 mobyro-
BH DIBHSIHHSI CTaHy CHCTEMH 3 BUKOPHUCTAHHSIM I'ayCOBOIO PO3-
nozxiny uiyKTyaniii mapaMerpa MOpsSiAKYy CIPaBeIJIMBUANA 1032
6e3rocepeHiM OKOJIOM KPUTUYHOI TOYKM I IIUPOKOTO Ji-
amazony rycrunu i temmneparypu. IIpusemeno rpadiku 3ase-
JKHOCTEH THCKY CHUCTEMH BiJl XiMIYHOIO IIOTEHIAJLY Ta I'YCTUHHU
U1 PI3HMUX 3HAYEHb BiJHOCHOI TeMIlepaTypH K i3 BpaxyBa-
HHSIM BHIIEBKa3aHUX BHECKIB, Tak i 6e3 ix BpaxyBauHs. [l
Temrieparyp 1 > T, BKa3aHO Ha HE3HAYHY POJIb IIMX BHECKIB
Yy NOpIBHSAHHI 3 pe3yJbTaTaMu HAOJIMXKEHHSI HYJIbOBOI MO/JIH.
Ilpu T' < T, BHeCKM y THCK CHCTEMH BiJirpaioTh CyTTEBIILYy
pOJIb.
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