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TOWARDS AN OBSERVABLE TEST
OF NONCOMMUTATIVE QUANTUM MECHANICS'

The conceptual incompatibility of spacetime in gravity and quantum physics implies the ez-
istence of noncommutative spacetime and geometry on the Planck scale. We present the for-
mulation of a noncommutative quantum mechanics based on the Seiberg—Witten map, and we
study the Aharonov-Bohm effect induced by the noncommutative phase space. We investigate
the existence of the persistent current in a manoscale ring with an external magnetic field
along the ring axis, and we introduce two observables to probe the signal coming from the non-
commutative phase space. Based on this formulation, we give a value-independent criterion to
demonstrate the existence of the noncommutative phase space.
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1. Introduction

The concepts of noncommutative spacetime and ge-
ometry in theoretical physics are proposed for set-
tling two fundamental problems in science. The first
is the incompatibility of spacetime in gravity and
quantum physics, while the second is represented by
some puzzles in particle physics and cosmology, like
the singularity, nonlocality, dark energy, and dark
matter problems. A solution to these problems can
be obtained by assuming the finite nature of length
and time (Planck’s scales), which allows us to un-
derstand consistently all phenomena in the physical
world [1-3]. The finite Planck’s length and time units
hint towards the noncommutative spacetime, and to
noncommutative algebra and geometry [1-3]. These
noncommutative concepts are generalized further to
the noncommutative phase space as a generaliza-
tion of the Heisenberg algebra in quantum mechanics
[5,7]. In Fig. 1, we show the set of noncommutative
spacetimes and their algebras. The use of noncom-
mutative concepts and techniques can be expected to
lead to a solution to the singularity and nonlocality
problems in particle physics, quantum gravity, and
quantum cosmology [1-3].

In fact, noncommutative phase-space phenomena
also arise in condensed matter physics [1-3], like, for
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example, the analogy between the two-dimensional
electron gas in the presence of a magnetic field and
the free-particle system in the noncommutative phase
space [7]. This analogy reveals that the noncommuta-
tive phase space effect can occur beyond the Planck
scale, even though the physics in a noncommutative
space has not been understood completely.

Several techniques have been proposed to imple-
ment the idea of noncommutative phase space [5],
such as the canonical formulation, Bopp shift, Moyal
product, path integration, Weyl-Wigner phase space
[8, 9], and Seiberg—Witten map [6, 10-12]. The non-
commutative phase space generalizes the uncertainty
principle and smears the phase space, leading to some
new physical effects arising from the noncommutative
nature of the phase space, such as the Aharonov—
Bohm effect [13-16], quantum Hall effect [17], mag-
netic monopoles [18], and Berry phase [6].

However, up to now, no direct experimental evi-
dence to detect the effect of a noncommutative space
is known. The main difficulty in directly observing
the phenomena in noncommutative spaces is caused
by that the effects of noncommutative space or phase
space are too weak and are relevant on the Planck
scale only.

1 This work is based on the results presented at the XI Bolyai—
Gauss—Lobachevskii (BGL-2019) Conference: Non—Euclide-
an, Noncommutative Geometry and Quantum Physics.
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Fig. 1. Family of noncommutative geometries and their algebras

The present paper is organized as follows. In Sec-
tion 2, we will present the mathematical formula-
tion of the noncommutative phase space and give
the Heisenberg representation of a noncommutative
phase space based on the Seiberg—Witten map [6,10—
12]. The noncommutative algebra yields an effec-
tive magnetic vector potential. In Section 3, we will
present the Aharonov—Bohm effect induced by the
effective magnetic vector potential. In Section 4, we
will study the persistent current in a nanoscale ring
with an external magnetic field along the ring axis in
the noncommutative phase space. The effective mag-
netic vector potential leads equivalently to an effec-
tive magnetic flux in the ring, which drives the ex-
tra persistent current. In Section 5, we introduce two
variables associated to the persistent current in the
ring to probe the signal coming from the noncommu-
tative phase space. We will give a value-independent
criterion to detect the existence of a noncommutative
phase space in Section 6. Since the persistent current
and magnetic flux in mesoscopic rings have been al-
ready used in nanotechnology, it can be expected to
probe the noncommutative phase-space effect by this
scheme. We conclude our results in Section 7.

2. Noncommutative Quantum Mechanics
2.1. General formulation

Even though there are many schemes of noncommu-
tative spacetime or algebra in physics, we focus here
on the so-called noncommutative phase space, which
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is a generalization of the Heisenberg noncommutative
phase space,

[z*,2"] = 0, (1a)
[p",p"] = 0, (1b)
[x*,p”] = ihd"", (1c)

to the noncommutative phase space written as [6,10—
12]

3,2 = 0",
[p',p"] = ",
[, 9] = ihA™,

(2¢)

where 0¥ and n*¥ are the noncommutative strength
parameters. The hatted operators in Eq. (2) act in
the noncommutative phase space, while the nonhat-
ted operators in Eq. (1) act in the Heisenberg phase
space.
The generalized Schrédinger equation in a noncom-
mutative phase space can be obtained as
L0 s
zh& U (z,y,2) = HY(Z,7,2), (3)
where the Hamiltonian in the noncommutative phase
space is written in general as
77 1 2 2 2 ~ o
H= o (P2 +p, +p2) + V(Z,7,2). (4)
Based on the quantization principle, the physical
observables are described by operators in terms of the
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position and momentum operators, 9} (Z;,pi)- For ex-
ample, the angular momentum operator in a noncom-
mutative phase space is generalized to L = ¥ xp. The
expectation value of observables can be obtained as

(0) = (¥|0|¥) = Tr(p0), ()

where p = |U ) ( ¥| is the density matrix in the non-
commutative phase space. In principle, in the non-
commutative QM, we have a formulation similar to
Heisenberg’s QM, but it is given in the noncommu-
tative algebra of Eq. (2). However, to implement the
noncommutative algebra of Eq. (2), we need the op-
erator representations of the position and momen-
tum operators in the noncommutative algebra of
Eq. (2). There are many methods to implement this
noncommutative algebra [5]. Seiberg and Witten pro-
posed a map between the noncommutative algebra
and Heisenberg’s noncommutative algebra, [6,10-12],
which provides an efficient way to implement the non-
commutative QM.

2.2. Heisenbereg’s representation
of the noncommutative quantum mechanics

The Seiberg—Witten (SW) map provides an efficient
way to map the operators in the noncommutative
phase space to the Heisenberg’s algebra. The basic
idea of the Seiberg-Witten (SW) map is that the
quantum objects can be represented in the noncom-
mutative phase space with the help of a map that
maps the noncommutative algebra into the Heisen-
berg algebra, so that we can still work with the Hei-
senberg algebra even in the noncommutative phase
space. However, the noncommutative effects emerge
as a result of the use of the SW map.
The SW map can be expressed as [6,10-12]

X A B\ (X
(5= 5) () v
ST ~ ~ T DT ~ o~ ~\T T
where X = (l‘yy,Z) 5 P = (pmapyva) ) X =

= (av,y,z)—r and PT = (pw,py,pz)—r. The coefficients
A, B, C, and D satisfy the conditions

ADT —BCT = A, (7a)
AB"T — BAT = % (7b)
CD" —-DCT = % (7¢)
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where A = (4;;) is the unit matrix in the approxi-
mation n/h? — 0, which sets the diagonal elements
to be ].; e = (01]) and © = (nij)a where 9]-1- = 791']'

and 7;; = —1n;; are antisymmetric. The transforma-
tion matrices can be obtained as
100 0 —0/2h —0/2h
A=D=|010]|; B=|6/2h 0 —0/2h];
001 0/2h 0/2h 0

0 n/2h n/2h )

-n/2k 0 n/2h].
—n/2h —m/2h 0

C:

By substituting the matrix representations of the co-
efficients in (8), the SW map can be expressed as

z z7§(py+pz)
yl=1y+ 57 (pac —p2) | (93)
z 2+ g5 (s +1y)
D Do+ 55 (Y + 2)
by | =|py— 27771 (x—2) (9b)
D> P: — 55 (T +y)

This representation of the coordinate and momentum
operators can be regarded as a Heisenberg-type repre-
sentation of the noncommutative QM. Any operator
in the noncommutative phase space can be mapped
to Heisenbereg’s representation, O (7,p) — O (r,p)
by the SW map.

The Heisenberg representation of the momentum
operators in the noncommutative phase space can be
rewritten as

P=p+qA, (10)

where

B 205 (Y +2)

A= |35 @@-2) (11)
— e (2 +)

is the effective magnetic vector potential.

Based on the SW map given by Egs. (6) and (9), the
external potential V(T) can be expanded in a Taylor
series in r. By noticing that pyp, — pzpy = 0 in the
Heisenberg algebra, in the first-order approximation,
the potential in the noncommutative phase space is

given by [19]
e
9

V(r,t) = V(r,t)+ O ~ V(r,t). (12)
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Aharonov-Bohm effect

Fig. 2. Aharonov—Bohm effect

Similarly, the wave function in the noncommutative
phase space can be also expanded in Taylor series in
r. In the first-order approximation, the wave function
can be expressed approximately as

b)Y
h
The Hamiltonian in the noncommutative phase

space can be mapped to the Heisenberg algebra by

U(r,t) = ¢(r,t) + O ~(r,t). (13)

~ 1 2
H= (p+qA) +V(r,t), (14)
where H is the Hamiltonian in the Heisenberg QM
(or, equivalently, as the representation).

Consequently, we can use the standard quantum
mechanical formulation to study the noncommuta-
tive effects in the Heisenberg representation of the
noncommutative QM.

It should be remarked that the SW map provides
an efficient way to reveal the basic physics of the
noncommutative QM even though it is not unitary
and not canonical.

3. Aharonov-Bohm Effect
in a Noncommutative Phase Space

Let us consider a two-dimensional free electronic
system in a noncommutative phase space with the
Hamiltonian given by

~ 1 <1
where

A1 (Y

A= 2eh (—x) (16)

is the effective magnetic vector potential. The solu-
tion of the stationary Schrdédinger equation can be
expressed as

P(r) = Po(r) exp —%e/.&(r/)dﬁ : (17)
C
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Suppose that an electron moves along two semicir-
cles that meet together at a point P on the circle. We
denote the radius of the circle by R. By using the po-
lar coordinate system, the effective magnetic vector
potential is expressed as

~ R sin ¢
A=— . 18
2eh (— cos go) (18)
The effective magnetic flux is given by
S
O, = o A(r)dl = —— 19
)= pAwya=-21, (19)

where S = mR? is the area of the ring. Supposing that
n= hQIi?], we have @, = —Sn%%, where ¢g = h/e is
the magnetic flux quantum.
Thus, the wave function at the point P can be ex-
pressed as
lrp) = e 19/ (woc1 (rp) + 45> (rP)eiSRi)' (20)
The probability density at the point P can be ex-
pressed as

p(rp) = o(rp)(1+2Xcos(Sk; + @), (21)

where

o(rp) = p“(rp) + pP(rp), (22)
/P (rp)p©2(rp)

A= Q(I‘P) (23)
0o 0 (rp) g2 (rp)

S )0 (ep) 2

It can be seen that the presence of the noncommu-
tative parameter , yields an effective magnetic flux
on the two-dimensional closed path, which induces
the Aharonov—Bohm effect (see Fig. 2).

4. Persistent Currents in Nanorings
in the Noncommutative Phase Space

Let us consider a nanoring system in the noncom-
mutative phase space with an external magnetic field
along the ring axis. The Hamiltonian is written as

H= ﬁ [p +e(A+ A)] 2, (25)

where A is the effective magnetic vector potential in-
duced by the noncommutative phase space and A is
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the external magnetic vector potential. We assume
that the magnetic field is homogeneous inside the
ring. Hence, the electron states depend only on the
total magnetic flux in the ring. In the polar coordi-
nate system, z = Rcosp, y = Rsin g, the Hamilto-
nian in the noncommutative phase space is written
as [14]

[ 9 (e L (26)
2mR? | Op b0 oo 8mR2 ¢’
where ¢, = 2”;;{;” is the effective magnetic flux com-

ing from the noncommutative phase space, ¢g = % is

the flux quanta (e < 0), and ¢ is the external mag-
netic flux in the ring (see Fig. 2). For the sake of
convenience, we introduce the dimensionless magnetic
flux, f, = %2 and f= % Then the Hamiltonian of

®
the quanturﬁJ ring can be rewritten as

360 2

T n (27)

N 9 2
H = —¢ {WJri(ffn)] -

where g9 = %. The energy can be obtained as [14]

360
4
where n =0,+1,4+2, ...

It can be seen that the effective magnetic flux in-
duced by the noncommutative space modifies the en-
ergy levels. We note that n = 0,+1,42, .., and the
energies in Eq. (28) are invariant under the transfor-
mation f — f, — f — f, + 1. Hence, we can consider
only the domain of f — f, within [—%, %] (the first
Brillouin flux zone) [20,21]. Suppose there are N elec-
trons in the ring, and they occupy the energy levels
at zero temperature. By observing that N = 2k + 1
for the odd-electron ring, the ground-state energy is
E, = Zfﬁo,ﬂ,iz,... E,,. For the even-electron ring,

k-1 —k
N =2k, E; = (Zn:O,l,Q,...+Zn:71,72,...> Ey, the
ground-state energy of the ring is obtained as [14]

E,=co(n+f—fy)° 2, (28)

N3 - N 3
12+N{(f—fn)2—4n2],
for N =2k + 1,
— 3
Ey(f) =¢eo N;;QN—N(f—fy,)—F (29)
-|-N[(f—fn)2—?1 3]7 for N = 2k.
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Fig. 3. Persistent current in the nanoring

Moreover, the ground-state energy is symmetric
for f — f, = 0. Hence, we can restrict our attention
to a half of the first Brillouin flux zone, [0, %] The
persistent current in the ground state is defined by
J(f) = —aif;, and it can be obtained as [14]

—2Nf( —i:’), for N =2k + 1,

J(f) =Jo f (30)
N—2Nf< —;), for N = 2k,

where Jo = 1¢&o. The persistent current depends

on both the external magnetic flux and the effec-
tive magnetic flux induced by the noncommutative
phase space (Fig. 3). This relationship between the
persistent current and the magnetic flux in Eq. (30)
provides a way to detect the noncommutative phase
space effect.

5. Signals from Noncommutative Phase Space

In order to detect the effects of the noncommutative
phase space experimentally, we introduce two vari-
ables defined by [14]

Af) = a% (‘]{) for N = 2k + 1, (31)
o(f):= % (J_fNJO), for N = 2k. (32)

These variables can provide two signatures to detect
the effects of the noncommutative phase space exper-
imentally. Thus, we get

) = —2NJ0%, for N = 2k +1, (33)
o(f) = 72NJ0%, for N = 2k. (34)

It can be seen that if the noncommutative phase

space does exist, both A and o are proportional to f—zl,
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which diverges in the limit of small external magnetic
fluxes.

For a given parameter 1 < 1.76 x 1070 kg®m?2s~
[6, 12], and a mesoscopic ring with the radius R =
=1 pm, f, < ZH0 = 0 — 15898 < 1075, Sup-
pose that the effective electron number in the ring is
about N ~ 10*+10°. Then both A(f) and o(f) are
proportional to —2.Jys,/f?, where s, = Nf, ~ 1 is
the signal from the noncommutative phase space.

Based on this result, we propose a criterion to di-
rectly detect the existence of the noncommutative
phase space.

Criterion: if, by varying the external magnetic
flux f A, o becomes divergent with decreasing f, then
this effect yields the existence of the noncommutative
phase space.

2

6. Experimental Scheme for Detecting a
Noncommutative-Phase-Space Effect

The persistent current in the nano-sized ring inspires
us to propose an experimental scheme to probe ex-
plicitly the existence of the noncommutative phase
space via a specific signal.

Experimental Scheme: The
scheme includes the following steps:

1) Setting up an experimental system containing a
nano-sized ring with an external magnetic field.

2) Measuring the persistent current J versus the
external magnetic flux f.

3) Calculating A and ¢ based on the experimental
data of the persistent current and the external mag-
netic flux.

4) Plotting A and o versus f.

When we observe that A or o diverges as f ap-
proaches zero, we capture the signal coming from the
existence of the noncommutative phase space.

It should be remarked that the criterion is based
on the divergent behaviors of A and o as the exter-
nal magnetic flux decreases, a behavior which does
not depend on the numerical values of A and o. This
result should be meaningful and valid for all qualita-
tive levels, because we do not know actually the exact
values of these parameters. In other words, the diver-
gent behavior 1/f2 of A or o from the experimental
data provides a way to predict the values of the non-
commutative parameter n. In practice, we can plot
log A ~ log f such that we can verify the divergent
behavior 1/f? as a linear relation.

988

experimental

The persistent current in mesoscopic rings has
been studied both theoretically and experimentally
in the past two decades [22-24]. Buttiker first pre-
dicted that a persistent current occurs in mesoscopic
rings and oscillates with an AB flux [22]. The am-
plitude of the persistent current reaches the value
(1072+-2)evp /27 R, where vp is the electronic velocity
at the Fermi level. The experimental results of an iso-
lated Au ring and GaAs/Al,Ga;_,As in the diffusive
region at low temperatures agrees with the theoretical
predictions [23-25]. However, they did not study the
effect of the noncommutative phase space. Actually,
nanotechnology provides an efficient way to probe
the effects coming from the noncommutative phase
space. We strongly suggest to rerun the persistent-
current experiment to turn out more precise data on
the persistent current versus the external magnetic
flux, by which we can plot the relation between (X, o)
and f and prove the existence of the noncommutative
phase space.

On the other hand, Carroll et al. studied the non-
commutative field theory and Lorentz violation. They
gave an upper bound of the noncommutative parame-
ter, n < (10 TeV)~2 [26]. Falomir et al. also proposed
a scheme to explore the spatial noncommutativity of
the scattering differential cross-section by the AB ef-
fect [27]. It relies on the particle physics experiment
involving energies between 200 and 300 GeV for n <
(10 TeV)~2 and estimating the typical order of the
cross-section for neutrino events 10~3 [27]. Obviously,
those experimental schemes are much more difficult to
be implemented than this scheme, because the experi-
mental scheme proposed in the present paper involves
eV energy scales and nanoscale physics.

In fact, up to now, there has not been any di-
rect experimental evidence to prove the existence
of noncommutative space and phase space. Hence
it should be worth studying and exploring differ-
ent aspects and different energy scales, even though
the concept of noncommutativity originates from the
Planck scale physics. Actually, many phenomena in
condensed matter physics contain the characteristics
of a noncommutative space in nonrelativistic quan-
tum mechanics, such as the analogy between the Lan-
dau levels of a two-dimensional electron gas in the
presence of a magnetic field and the free electron
in the two-dimensional noncommutative phase space
[8,9,28], as well as the quantum Hall effect [29]. Hence
it should be expected that some possibilities to cap-
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ture the signal of noncommutativity may exist espe-
cially in the nanoscale condensed matter physics.

7. Conclusions

The conceptual incompatibility of spacetime in grav-
ity and quantum physics inspires to propose the exis-
tence of a noncommutative spacetime and a noncom-
mutative geometry for the understanding of the fun-
damental physics behind gravitational and quantum
behaviors. The physical spacetime territory extends
from 10735 m and 10~** s (Planck scale) to 10°1¢,
(Universe scale). Even if the noncommutative space-
time and geometry appear on the Planck and/or Uni-
verse scales, this influences the macroscopic physical
behavior. However, up to now, there have not been
any direct observational evidences to indicate the ex-
istence of noncommutative spacetime effects.

In the present paper, we have presented the for-
mulation of the noncommutative quantum mechanics
based on the Seiberg—Witten map, and we have stud-
ied the effects of the noncommutative phase space
on the Aharonov—Bohm effect and on the persistent
current in a nano-sized ring. We propose an experi-
mental scheme to prove the existence of a noncom-
mutative phase space by using a nano-sized quantum
ring. We have introduced two variables A and o as in-
dicators for the detection of the effects coming from
the noncommutative phase space, based on the rela-
tion between the persistent current and the external
magnetic flux in the ring. The divergent behavior of
(X, o) versus f provides a value-independent method
for the experimental measurement of the effects of
the noncommutative phase space. This method can
be expected to give answer to the question whether
the noncommutative phase space does exist in nature.

S.-D. Liang thanks the Natural Science Fundation of
Guangdong Province (Grant No. 2016A030313313)
for the financial support.
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HA ILJISAXY JO EKCIIEPUMEHTAJIBHOI ITIEPEBIPKU
HEKOMYTATUBHOI KBAHTOBOI MEXAHIKU

Peszmowme

Konnenryanpaa HecyMicHICTL mpocTopy-tuacy B Teopil rpasi-
Tamil Ta KBaHTOBIN (di3uii o3Ha4Ya€ iCHYBaHHS HEKOMYTATHB-
HHUX IIPOCTOPY-4Yacy Ta reoMeTpil Ha IJIAHKIBCBKMX BiJICTaHSX.
Mu npeacraBiasseMo (hpOPMYIIOBAHHS HEKOMYTATUBHOI KBAHTO-
BOI MexXaHIKM Ha OCHOBI BijobpaxkenHs 3aiibepra—BiTrena i Bu-
Buaemo edekr AapoHoBa—BoMma, MOPOJXKEHMII HEKOMYTATUB-
HUM dazoBuUM IpocTtopoM. JlocmijkeHo icHyBaHHs IMOCTiitHO-
ro CTPyMy B HAHOPO3MIPHOMY KiJIbIli i3 30BHIIIHIM MarHiTHUM
IIOJIEM B3JOB2K OCI KiJIbIiA 1 BBEJIEHO JBi CIOCTEpEerKyBaHi st
30H/yBAaHHSI CUTHAJLY, IO HAJXOJUTH 3 HEKOMYTATHUBHOIO (a-
30Boro npocropy. Ha ocuosi mporo dopmysioBamis gaHo He3a-
JIEZKHUM BiJl BEJIMYMH KPUTEPIi JJIs iATBEP/KEHHS ICHY BAaHHS
HEKOMYTaTHUBHOIO (pa30BOro IPOCTOPY.
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