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INFLATIONARY MAGNETOGENESIS
WITH HELICAL COUPLING 1

We describe a simple scenario of inflationary magnetogenesis based on a helical coupling to
electromagnetism. It allows the generation of helical magnetic fields with strength of order up
to 10−7 Gs, when extrapolated to the current epoch, in a narrow spectral band centered at any
physical wavenumber after the adjustment of model parameters. The additional constraints on
magnetic fields arise from the considerations of baryogenesis and, possibly, from the Schwinger
effect of the creation of charged particle-antiparticle pairs.
K e yw o r d s: primordial magnetic fields, inflation.

1. Introduction

Magnetic fields permeate our universe on various spa-
tial scales [1]. There is a strong indication of the pres-
ence of magnetic fields in intergalactic medium, in-
cluding voids [2–6], with strengths 𝐵 & 10−16 G×
×max

{︀
1,
√︀

Mpc/𝜆
}︀
, where 𝜆 is the coherence length

of the field. These observations suggest a cosmological
origin of magnetic fields, which are subsequently am-
plified in galaxies, presumably, by the dynamo mech-
anism (see reviews [7, 8]).

Among the most attractive possibilities of generat-
ing magnetic fields is the inflationary magnetogene-
sis; it naturally explains their large coherence length,
which can be comparable to the size of a large-scale
structure. The amplification of the vacuum electro-
magnetic field during the inflation requires the vio-
lation of the conformal invariance of the field equa-
tions. A simple suggestion [9,10] is to consider a mod-
ified gauge-invariant Lagrangian for the electromag-
netic field of the form 2

ℒem = −1

4
𝐼2𝐹𝜇𝜈𝐹

𝜇𝜈 − 1

4
𝑓𝐹𝜇𝜈𝐹

𝜇𝜈 , (1)

where 𝐹𝜇𝜈 = 1
2𝜖

𝜇𝜈
𝛼𝛽𝐹

𝛼𝛽 is the Hodge dual of 𝐹𝜇𝜈 ,
and 𝐼 and 𝑓 are non-trivial functions of time on the
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inflation stage due to their dependence on the back-
ground fields such as the inflaton or the metric cur-
vature. The first term in (1) is the so-called kinetic
coupling; the second, parity-violating term, is the he-
lical coupling. Numerous versions of this model have
been under consideration in the literature (see [7, 8]
for recent reviews).

Scenarios with the kinetic coupling to electromag-
netism face the problems of back-reaction and strong
gauge coupling [11–13]. Essentially, if the function 𝐼
is monotonically decreasing with time, then it is elec-
tric field that is predominantly enhanced, causing the
problem of back-reaction on the inflation and pre-
venting the generation of magnetic fields of plausi-
ble strengths. If the function 𝐼 is monotonically in-
creasing, then the magnetic field is enhanced predom-
inantly, but there arises the problem of strong gauge
coupling invalidating the perturbative approach, be-
cause the effective gauge coupling 𝑒eff ∝ 𝐼−1 is too
large at the early stages of this process [11]. Typical
attempts at overcoming these difficulties [14–16] re-

1 This work is based on the results presented at the XI Bolyai–
Gauss–Lobachevskii (BGL-2019) Conference: Non–Euclide-
an, Noncommutative Geometry and Quantum Physics.

2 In frames of the standard model, to preserve the gauge
invariance, one should consider a coupling to the weak-
hypercharge gauge field 𝐵𝜇, but we will not go into these
subtleties, because those do not modify our results.
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quire a sufficiently low scale of inflation to produce
magnetic fields of considerable magnitudes.

In this paper, we consider model (1) with the stan-
dard kinetic term (𝐼 ≡ 1), but with a non-trivial
helical-coupling function 𝑓 . Contrary to the case of
kinetic coupling, the absolute value of 𝑓 is of no sig-
nificance (since the second term in (1) with constant 𝑓
is topological), which greatly broadens the scope of its
possible evolution – the strong-coupling problem does
not arise in this model. Typical laws of evolution of
𝑓 were previously studied in the literature. The evo-
lution in the form 𝑓 ∝ (log 𝑎)𝑠 during the inflation
(arising in the case of linear dependence of 𝑓 on the
inflaton field) generically leads to maximally helical
magnetic fields with blue power spectrum [17–19] and
with too little power on the comoving scales of galax-
ies, clusters, and voids to account for the magnetic
fields in these objects [7]. The evolution in the form
of a power law 𝑓 ∝ 𝑎𝑠 with 𝑠 > 0 [20] also allows
for only a negligible amplification of the magnetic
field [21].

In this paper, we describe a different scenario, in
which 𝑓 evolves monotonically during some period
of time, interpolating between two asymptotic con-
stant values. By adjusting the two free parameters
of this model (the evolution period duration and the
change Δ𝑓 during this period), helical magnetic fields
of strength of order up to 10−7 Gs at the current
epoch can be generated in a narrow spectral band
that can be centered at any reasonable wavenumber.

Within the standard model of electroweak inter-
actions, the magnetogenesis proceeds as follows. De-
pending on whether or not the electroweak symmetry
is broken during the inflation, either an electromag-
netic or weak-hypercharge field is generated. After re-
heating, the electroweak symmetry is restored, and
only the weak-hypercharge part of the magnetic field
survives, making the field hypermagnetic. This field
evolves till the electroweak crossover at a temperature
about 160 GeV, during which it is gradually trans-
formed to the usual magnetic field that survives till
the present epoch [22, 23].

Helical hypermagnetic fields source the baryon
number in the hot universe [24, 25], opening up an
interesting possibility of baryogenesis [26–31]. The re-
quirement of not exceeding the observed baryon num-
ber density then imposes additional constraints on
the strength and coherence length of the maximally
helical primordial magnetic field.

2. Scenario

We consider the model with Lagrangian (1), in which
𝐼 ≡ 1, and 𝑓 is a function of time through its depen-
dence on the background fields (such as the inflaton
and/or the metric curvature).

We work with a spatially flat metric in confor-
mal coordinates, 𝑑𝑠2 = 𝑎2(𝜂)

(︀
𝑑𝜂2 − 𝛿𝑖𝑗𝑑𝑥

𝑖𝑑𝑥𝑗
)︀
, and

adopt the longitudinal gauge 𝐴0 = 0 and 𝜕𝑖𝐴𝑖 = 0 for
the vector potential. In the spatial Fourier represen-
tation and in the constant normalized helicity basis
𝑒ℎ(𝑘), ℎ = ±1, such that i𝑘 × 𝑒ℎ = ℎ𝑘𝑒ℎ, we have
𝐴 =

∑︀
ℎ 𝒜ℎ𝑒ℎ𝑒

i𝑘𝑥. The helicity components then
satisfy the equation

𝒜′′
ℎ +

(︀
𝑘2 + ℎ𝑘𝑓 ′)︀𝒜ℎ = 0, (2)

where the prime denotes the derivative with respect
to the conformal time 𝜂.

The spectral densities of quantum fluctuations of
the magnetic and electric fields are characterized, re-
spectively, by the usual relations 3

𝒫𝐵 =
𝑑𝜌𝐵
𝑑 ln 𝑘

=
𝑘4

8𝜋2𝑎4

∑︁
ℎ

|𝒜ℎ(𝜂, 𝑘)|2 , (3)

𝒫𝐸 =
𝑑𝜌𝐸
𝑑 ln 𝑘

=
𝑘4

8𝜋2𝑎4

∑︁
ℎ

⃒⃒⃒⃒
𝒜′

ℎ(𝜂, 𝑘)

𝑘

⃒⃒⃒⃒2
, (4)

in which the amplitude of the vector potential is nor-
malized so that 𝒜ℎ(𝜂) ∼ 𝑒−i𝑘𝜂 as 𝜂 → −∞. The fac-
tor in front of the sums in (3) and (4) is the spectral
density of vacuum fluctuations in the flat space-time
in each mode at the physical wavenumber 𝑘/𝑎.

For sufficiently low values of 𝑘, the term ℎ𝑘𝑓 ′ in
the brackets of Eq. (2) dominates over 𝑘2. For the
helicity, for which this term has negative sign, one
expects a regular growth of the corresponding mode.

Based on this observation, we considered a linear
dependence of 𝑓 as a function of the conformal time
in [21]: 𝑓 ′(𝜂) = const, 𝜂1 ≤ 𝜂 ≤ 𝜂2, joining the time
epochs with constant values of 𝑓 . The growth of 𝒜ℎ

in this case is exponential for one of the helicities in
the interval 𝜂1 < 𝜂 < 𝜂2. In the present paper, we
consider a qualitatively similar but smooth evolution
of 𝑓(𝜂), for which the problem is also exactly solv-
able. By conveniently shifting the origin of the cos-
mological time 𝜂, we take the coupling function in

3 We are using units, in which ~ = 𝑐 = 1.
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the form

𝑓(𝜂) =
1

2
Δ𝑓 tanh

(︂
2𝜂

Δ𝜂

)︂
, (5)

in which Δ𝜂 > 0 is its temporal width. Then 𝑓 ′
0 ≡

≡ 𝑓 ′(0) = Δ𝑓/Δ𝜂. We assume that the evolution of
𝑓 essentially completes by the inflation end.

Introducing the dimensionless time 𝜏 = 2𝜂/Δ𝜂 and
the wavenumber 𝑝 = 𝑘Δ𝜂/2, one can write the gen-
eral solution of (2) in terms of the Ferrers functions
[32, Chapter 14]:

𝒜ℎ(𝜏) = 𝑐+P
𝜇
𝜈 (tanh 𝜏) + 𝑐−P

−𝜇
𝜈 (tanh 𝜏), (6)

with
𝜇 = i𝑝, 𝜈 = 𝑞 − 1

2
, 𝑞 ≡ 1

2

√︀
1 + 2ℎΔ𝑓𝑝. (7)

The asymptotics 𝒜ℎ ∼ 𝑒−i𝑘𝜂 = 𝑒−i𝑝𝜏 as 𝜏 → −∞ de-
termines the constants 𝑐+ and 𝑐− in (6). By consider-
ing the opposite asymptotics 𝒜ℎ ∼ 𝛼𝑘𝑒

−i𝑝𝜏 + 𝛽𝑘𝑒
i𝑝𝜏

as 𝜏 → ∞ in (6), one reads off the Bogolyubov’s coef-
ficients 𝛼𝑘 and 𝛽𝑘. Skipping a simple calculation, we
present here the result:

𝛼𝑘 =
Γ(1− i𝑝)Γ(−i𝑝)

Γ
(︀
1
2 + 𝑞 − i𝑝

)︀
Γ
(︀
1
2 − 𝑞 − i𝑝

)︀ , (8)

𝛽𝑘 = −i
cos(𝜋𝑞)

sinh(𝜋𝑝)
, (9)

with the required property |𝛼𝑘|2 − |𝛽𝑘|2 = 1. After
the evolution of the coupling, the mean number of
quanta in a given mode is

𝑛𝑘 = |𝛽𝑘|2 =
cos2(𝜋𝑞)

sinh2(𝜋𝑝)
. (10)

For the helicity satisfying ℎΔ𝑓 < 0, the quantity 𝑞
given by (7) is purely imaginary for 𝑝 > 1/2|Δ𝑓 |. In
the approximation 𝑝 ≫ max {1/2|Δ𝑓 | , 1/𝜋}, we
then obtain

𝑛𝑘 ≈ 𝑒
2𝜋

(︁√
|Δ𝑓 |𝑝/2−𝑝

)︁
= 𝑒

𝜋|Δ𝑓 |
(︁√

𝑘/𝑘0−𝑘/𝑘0

)︁
, (11)

where 𝑘0 = |𝑓 ′
0| is the wavenumber, at which spec-

trum (11) reaches unity during the exponential de-
cline. The exponent of this expression reaches the
maximum at 𝑘m = 𝑘0/4 with the maximum mean
occupation number 𝑛m = 𝑒𝜋|Δ𝑓 |/4, which is exponen-
tially large for |Δ𝑓 | ≫ 1. Spectrum (10) is plotted
in Figure on a logarithmic scale for a typical value

Spectrum (10) on a logarithmic scale for the helicity satisfying
ℎΔ𝑓 < 0 and for |Δ𝑓 | = 250

|Δ𝑓 | = 250 (see below). The mean occupation num-
bers for the opposite helicity can be neglected.

The spectral densities (3) and (4) are of compa-
rable magnitudes, and, since one of the helicities is
dominating in 𝑛𝑘, we have, using (11),

𝒫𝐵 ≈ 𝒫𝐸 ≈ 𝑘4

4𝜋2𝑎4

[︂
1 + 𝑒

𝜋|Δ𝑓 |
(︁√

𝑘/𝑘0−𝑘/𝑘0

)︁]︂
. (12)

We observe that the spectral densities are peaked
at the central value 𝑘 = 𝑘m with width Δ𝑘 ≃
≃ 𝑘m/

√︀
|Δ𝑓 | ≪ 𝑘m for |Δ𝑓 | ≫ 1. Thus, the electric

and magnetic fields are generated in this scenario with
similar spectra in the spectral region of amplification.

Using the Gaussian approximation to (12), one can
estimate the total excess (over vacuum) of the elec-
tromagnetic energy density and the magnetic field:

𝜌em ≃ 2𝑘4m
𝜋2𝑎4

1

|Δ𝑓 |1/2
𝑒𝜋|Δ𝑓 |/4, (13)

𝐵 ≃ √
𝜌m ≃

√
2𝑘2m
𝜋𝑎2

1

|Δ𝑓 |1/4
𝑒𝜋|Δ𝑓 |/8. (14)

Expressions (12)–(14) contain two free parameters
of the theory, Δ𝑓 and 𝑘m = 𝑘0/4 = |Δ𝑓 |/4Δ𝜂, which
can be adjusted to produce magnetic fields of desir-
able strength with spectral density centered at the
wavenumber 𝑘m. For instance, in order to obtain
𝐵0 ≃ 3×10−16 Gs at the current epoch with the spec-
trum peaked on the comoving scale 𝑘m/𝑎0 ≃ Mpc−1,
we require |Δ𝑓 | ≈ 250.

The dependence of |Δ𝑓 | on the magnitude 𝐵0 is
quite weak (logarithmic); thus, for 𝐵0 in the range
10−30–10−7 Gs on the same scale, one requires |Δ𝑓 | ≃
≃ 165–300.
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3. Back-Reaction on Inflation
and Baryogenesis

A back-reaction on the inflation and on the dynamics
of the inflaton field in the scenario under considera-
tion was estimated in [21] with the upper bound

𝐵0 ≪ 3× 10−7𝑔−1/6
𝑟 Gs (15)

on the magnetic field extrapolated today, assuming
that its generation was completed right by the infla-
tion end. Here, 𝑔𝑟 is the number of relativistic degrees
of freedom in the universe after the reheating.

One of the most interesting effects of evolving he-
lical hypermagnetic fields is the baryon number gen-
eration in the early hot universe [24, 25]. This opens
up an intriguing possibility of explaining the observed
baryon asymmetry (𝜂b = 𝑛b/𝑠 ∼ 10−10, where 𝑛b is
the baryon number density, and 𝑠 is the entropy den-
sity in the late-time universe) [26–31]. According to
the recent estimates [30], the resulting baryon asym-
metry, when expressed through the current strength
𝐵0 and the coherence length 𝜆0 of the (originally max-
imally helical) magnetic field, turns out to be (with
some theoretical uncertainty in the exponent)

𝜂b ∼ 10−(9–12) 𝜆0

Mpc

(︂
𝐵0

10−21 Gs

)︂2
. (16)

One can see that the present model of magneto-
genesis can also support the baryogenesis. On the
other hand, as follows from (16), to avoid the baryon
number overproduction, a model of magnetogenesis
should respect a constraint on the current strength
and coherence length of a magnetic field, provided it
was originally maximally helical and existed prior to
the electroweak crossover:

𝐵0 . 10−21

(︂
Mpc
𝜆0

)︂1/2

Gs. (17)

With 𝜆0 ∼ 𝑎0/𝑘m, this constrains the possible values
of 𝐵0 and 𝑘m in the present scenario.

4. Summary

We proposed a simple model of inflationary magne-
togenesis based on the helical coupling in Lagrangian
(1). In our case, the coupling 𝑓 evolves monotonically
during a finite time interval, interpolating between
two constant values in the past and in the future. The

duration of the transition Δ𝜂 and the corresponding
change Δ𝑓 are the two parameters of the model that
can be adjusted to produce the magnetic field of any
strength in a narrow spectral band centered at any
reasonable comoving wavenumber 𝑘m = |Δ𝑓 |/4Δ𝜂.
For the simple inflation based on a massive scalar
field, this scenario allows for the production of mag-
netic fields with extrapolated current values up to
𝐵0 ∼ 10−7 Gs.

Primordial helical hypermagnetic fields may be re-
sponsible for generating the baryon asymmetry of the
universe [26–31]. This imposes the post-inflationary
constraint (17) on the admissible values of 𝐵0 and 𝑘m
in our simple scenario of a monotonic evolution of 𝑓 .
Other constraints on models of this type may arise
from the considerations of the created baryon num-
ber inhomogeneities [24,25] that can affect the cosmic
microwave background and the primordial nucleosyn-
thesis. This problem, specific to the discussed baryo-
genesis scenario, requires a special investigation. An-
other important issue that awaits for a future analysis
in the present scenario is the Schwinger effect of the
creation of charged particle-antiparticle pairs during
the magnetogenesis [15, 33–35].
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IНФЛЯЦIЙНИЙ МАГНIТОГЕНЕЗ
З ГЕЛIКАЛЬНИМ ЗВ’ЯЗКОМ

Р е з ю м е

Описано простий сценарiй iнфляцiйного магнiтогенезу,
оснований на гелiкальному зв’язку з електромагнетизмом.
Вiн дозволяє генерувати гелiкальнi магнiтнi поля з напру-
женiстю до 10−7 Гс у сучасну епоху у вузькiй спектральнiй
смузi, центрованiй на довiльному фiзичному хвильовому
числi, через налаштування параметрiв моделi. Додатковi
обмеження на магнiтне поле виникають iз теорiї барiогенезу
та, ймовiрно, з ефекту Швiнгера народження заряджених
пар частинок-античастинок.
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