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FRADKIN EQUATION

FOR A SPIN-3/2 PARTICLE IN THE PRESENCE
OF EXTERNAL ELECTROMAGNETIC

AND GRAVITATIONAL FIELDS!

1. Introduction

Fradkin’s model for a spin-3/2 particle in the presence of external fields is investigated. App-
lying the general Gel’fand—Yaglom formalism, we develop this model on the base of a set of
six irreducible representations of the proper Lorentz group, making up a 20-component wave
function. Applying the standard requirements such as the relativistic invariance, single nonzero
mass, spin S = 3/2, P-symmetry, and existence of a Lagrangian for the model, we derive a set
of spinor equations, firstly in the absence of external fields. The 20-component wave function
consists of a bispinor and a vector-bispinor. In the absence of external fields, the Fradkin model
reduces to the minimal Pauli-Fierz (or Rarita—Schwinger) theory. Details of this equivalence
are given. Then we take the presence of external electromagnetic fields into account. It turns
out that the Fradkin equation in the minimal form contains an additional interaction term
governed by electromagnetic tensor Fng. In addition, we consider the external curved space-
time background. In the generally covariant case, the Fradkin equation contains the additional
gravitational interaction term governed by the Ricci tensor Rag. If the electric charge of a
particle is zero, the Fradkin model remains correct and describes a neutral Majorana-type spin-
3/2 particle interacting additionally with the geometric background through the Ricci tensor.

Keywords: Gel’fand—Yaglom formalism, spin-3/2 particle, Fradkin theory, external electro-
magnetic field, curved space-time, non-minimal interaction, Majorana particle.

and others (for more details, see [1-50]). Such ad-

Within the general theory of relativistic wave equa-
tions, in addition to the simplest commonly used
equations for particles of spins 0, 1/2, 1, 3/2, and 2,
more complicated equations may be proposed. These
generalized models are based on the use of extended
sets of irreducible representations of the Lorentz
group. For instance, there are known equations for
particles with several mass parameters (M, Mo, ...),
with several spin parameters (S = 0-1; 1/2-3/2),
and with additional intrinsic electromagnetic char-
acteristics such as the anomalous magnetic moment
(S=1/2, 1, 2), quadrupole moment (S = 1), polar-
izability (S = 0, 1), Darwin—Cox structure (S = 0),
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ditional intrinsic characteristics physically manifest
themselves in the presence of external fields, for in-
stance, electromagnetic and gravitational ones.

In the frames of the general theory [11, 47, 50]
of the first-order relativistic wave equations (I',0,, +
+ M)® = 0 with the use of extended sets of Lorentz-
group representations, we will examine the approach
proposed by Fradkin [12] to describe a particle with
spin 3/2. Till the present time, it is not clear which
additional structure underlies this generalized wave
equation. Below, we investigate this Fradkin model
in detail.

1 This work is based on the results presented at the XI Bolyai—

Gauss—Lobachevskii (BGL-2019) Conference: Non-Euclide-
an, Noncommutative Geometry and Quantum Physics.
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2. Gel’fand—Yaglom Basis

In this model, a 20-component wave function ¥ of
the particle transforms as the following set of six ir-
reducible representations (enumerated by 1, ...,6):

(1/230) ~1,
(1/2,1) ~6,

(0,1/2) ~ 2,
(1/2,0)" ~ 3,

(1,1/2) ~ 5,

(0,1/2)" ~ 4. M)

The corresponding linking scheme is

In accordance with the general theory, first, we
should determine the matrix I'y. Its spin-blocks may
have the structure (for more details, see [47]):

C12 cia  iV/3ers
CB) = ¢y ez V/3ess | ®a,
iv3ce2 iV3ces  Cos (2)
C(%) = 286512 ® ")/4.

Due to the uniqueness of the spin and mass of the
particle, we have restriction, cgs = 1/2, and further
simplify the spin-blocks as c3) = ﬁ(%) R Y4, c® =
=I5 ® 74. The minimal polynomial of the matrix

12 c1a iV3ers
= 32 caq iV/3c3s (3)
i\/§C62 i\/§C(54 1/2

may be of two forms:[8(2)]2 = 0 or [3(2)]> = 0. The
first variant leads to the simpler well-known Pauli—
Fierz model [3, 4]. In what follows, we examine the
second variant. After performing the needed calcula-
tions, from the cubic minimal polynomial, we derive
the following restrictions for coefficients: cg,:

)

=

/3(

c12 + ¢34 = —1/2,

C12€34 — €32€14 + 3(c15¢62 + C35C64) = 1/4,
(c12¢34 — c32¢14) + 6(ce2C34C15 + CoaCa5C12 —
— €32C64C15 — C14C35C62) = 0.
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Now, we consider the consequences of the La-
grangian description of the model. A possible struc-
ture of the relevant matrix of the bilinear form is
(a,b=+£1)

0
b 0@y, 1) =ILoyu, (4)
0

and we get the following restrictions on the coeffi-
cients: c¢12 and c34 are real-valued, and remaining
ones obey the constraints cg2 = acjs, cea = by, 32 =
= abci,. Thus, we arrive at the spin-block ﬂ(%) in the
form

iv3eis
iv/3css |, (5)
1/2

C12 C4
abciy, C34

iv3acts iv3bcis

while the coefficients must obey three following con-
straints:

6(%) -

c12 +c34 = —1/2,

C12C34 — ab014CT4 + 3(@0150?5 + b6350§5) = 1/4,
(012634 — abcl4c¥4) + 6(@6’{5634615 + bC§5635612 —
—aci 5015 — acacsscls) = 0.

So, the matrix I'y is constructed.

3. Spin-Vector Equations

‘We will use the notations

. 0
(0%av =14 ;|

01 0 —¢ 10
1y, _— 2y, 3)., —
(U)ab_‘l()?(a-)ab_ Z Oa(a)ab_'o 1‘

and the abridged notations for coefficients, namely,
AL = c12, X2 = c14, A3 = —iV/2¢15, Ay = 32,
)\5 = C34, >\6 = 72‘\5035, )\7 = Z‘\/§062, )\8 = ’i\/§064.

After a rather long calculation, we arrive at the 2-
spinor form of the Fradkin system:

MOy + A0™0p) + Agdi) + Myt = 0, (6)
MO0+ XD + NSl + Miby =0, ()
Na0™y + A0 + Aa0RUy") + MYt =0, (8)
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M0+ As 1" + NSy + MY, =0, (9)

2 O+ D) + o (O + G +

4 5Ot + 0ui) + My = (10)
2 @igh + o) + 2 (@ + Dby +
4500000+ 090 0) + MyleD = (1)

where 0; = %6@0(’; L The coefficients \; obey the re-
strictions

M+ ==, MAs — XM+ ()\3>\7 + A6 Ag) =
AAs—Aohy = 3[()\2)\6—)\3>\5))\7+()\3A4—)\1)\6)>\8]7
AT = A1, AL = X5, AT =13, Af = ca)s, Ag = c1e2A3,
cp = =*1, cog = =+1.

pM»—‘

Depending on the choice ¢; and ¢y, we have four
different variants. For definiteness, we will study the
variant with ¢; = +1 and ¢y = +1.

The spinors in Egs. (6)—(11) can be presented as
spin-vectors, according to the formulas

i 1 - P
v = o (ol + o),

(12)

¢ 1 ¢ e
Yaty = 506 Db + 04 Ppa),

Py = Ugbq/) wa = o_uabw#b, 7;[] = Yoa, w/d = wg

Further, the above spinor equations can be trans-
formed to the vector-bispinor form:

Uy g 1

0 oHrab

n = Yub | o= T ] olt 0| (13)
MOYu by — iXa0tho +
A2~
+ ?3{8'7#/’# =40,y + Myt =0,
i>\4(§(%1/1,¢) + )\551/)0 — 2i)g {(8#1/)H) —
1 A
- 48('7/17%)} + My =0, (14)

1 4 . 1 A
A7 {&%ﬂ/&t - 4%3%1/)#} — i) {5‘A¢o - 4%\3%} +
1 A N
+ §{37A87u1/)/L - 46)\7u7/}/t + 83¢A - 4’7)\6'#7;[}”} +
1
+ M{% - %%%}
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It should be noted that convoluting the last equa-
tion with «yy gives four identities 0 = 0. This means
that, in fact, system (14) has only 20 independent
equations among 24 ones. This correlates with the
total number of components in one bispinor and one
vector-bispinor.

System (14) can be transformed to other (equiv-
alent) form, when one equation contains the terms
M’(/)O and M’(/})\Z

i)\4é(7u¢u) =+ )\Séwo -
. 12
—2i0e{ (90) = 700ut) | + Moo =0,
1
<A7 - 2> Ox ('Y/ﬂ/’/t) +
1 A 3 A
+3 ()\1 + 33 A7+ ) NO(Vuth) —
—iAsO\o + — ()\8 — X2) 0o + Oy —
1
- 5(1 + A3)A(Oputhp) + Mipy = 0.
4. Fradkin and Pauli—Fierz Equations

Now, we consider the relationships between the
Fradkin and Pauli-Fierz equations. We start with
Eqgs. (14). Let us multiply the first equation in (14)
by A7 and the second one by (—i)g). After summing
two results, we get

(—;é + M) A7 (Vuthu) — iAstho] +

+0[(AaAs = AsAe) (o) - z‘(Aw — MAs)o] —
—2(A3A7 + A6 As)[(0p0y) — (’Y/ﬂpu)]

Similarly, multiplying the first equation in (14) by

(AAs — AsA7), and the second one by [—i(A2A7 —
— A1g)] and summing two results, we obtain

M[(AaAs — AsA7) (V) — Z'()\2/\7 — A1 Ag)vo] =
= (M5 — )\2)\4{ {( Ophy) — (’mwu)}
+ é PW('pru) - i)\SwO]}'

After some additional rather long combining of two
last equations, we derive, for a new vector-bispinor

1 1
o) = [i/u - 4%\%2/14 + TR A7yt — iXgibol, (16)
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the equivalent system

1 1 1
fﬁyutl)u — 7(‘3,\ [‘I)A — 4%\7“(1)”} + M, ®, =0,

1
[5,\ - %3} YuPpu + M[‘I’/\ — APy } +
B, — 4728, ®,] = 0.

1
+ §[88@)\ + 3’)/)\8’}/#(1)# — 48)\’)/#

These two equations can be joined (equivalently) into
one equation

1 A 1 A
! [8@% Fandnd + 40y,

14

— S»y)\aﬂfbu] + Moy =0, (17)

which coincides with the minimal equation by Pauli
and Fierz for a spin-3/2 particle. So, these two models
for a spin-3/2 particle are equivalent in the absence
of external fields.

5. External Electromagnetic Fields

Now, we start with the vector-bispinor equations (14),
but with generalized derivative D, = 0,, —ieA:

M D — Ao Dipg —

—2X3 [D#w# - iD’Yuw#] + Myutp, =0,

iXa Dy, 4+ As Dby — 2 {Dﬂwu -
D’y;ﬂbu} + M1y =0,

l:DA - 4%\D} ANy u — iXstbo] +
8D1/’>\ + 3'Y>\D7/ﬂ/’u 4D (Vb

1
+M< A 'YA’Y,LL'L/};L) =

- 47)\D/ﬂ;[}p,} +

We will use operator identities

D D [uv] (PY;L'VV 'YV'Y;L)»
D#D = DD# + 'YV(_ZGF[/W])~

D,y Dyy, =
D= D,,,

Adhering the same way as in a free particle case,
for a new vector-bispinor

- Z)\Bwo] 5

) = [% — 1%(%%)} + i%[/\ﬂwwu)
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we constructed the equation

1| = 1 - 4

g |:8D(I),\ + g’y)\D’yp(I’p + 4D>\’7pq)p — E’}//\Dp(bp +
A1As — A2

+ M(I))\ — M’y)\’yyieF[yul X

3M

1
X (@# + 4%%@,)) =0.

In comparison with the Pauli-Fierz equation, it con-
tains the additional interaction term and refers to a
particle with additional electromagnetic characteris-
tic governed by the factor (A A5 — AaAg)/3M.

(18)

6. Wave Equation in the Riemannian Space

Now, we extend the Fradkin model to the Rieman-
nian space-time. Instead of the ict-metric in the Min-
kowski space, we will use the metrical tensor gqs(x)
for a curved space-time geometry with the signature

(+,—,—, —). Correspondingly, we employ other Dirac
matrices
017 ; 0 —of
0 __ i ) .
v = I O s = U"L O N M-)ZM (19)

The derivatives are changed to a more general form
Dao(z) = Va + Ta(z) + ieda(z), D= 7 (z)Da(z),

where T', (z) stands for the bispinor connection, and
local Dirac matrices are determined through tetrads:
72 () = 19€2, ().

We should recall the following important commu-
tation rules:

D(x) = 4*(¢)Dg = Dgy*(«), D* = D* Dy,
D.Dg — DgD,, =ieF,5+ éa"”(x)R,}pag(x),
D,D — DD, = (ieF,, + %),

T = %gpg(x)Rpow(x)’ DD = D* + %(w),
S(x) = |ieFs + %U”p(z)R,,paﬁ(x) 9B (),
P (z) = 7 (@)y" () ;7%%)7”@)7

where the Riemann curvature tensor is used. The def-
inition of a general covariant matrix 7°(z) (note that
€o123 = —1) is as follows:

/l: « o
7’ (x) = y€asoa (@) (2)7" @)y ()77 (),
€Pra () = etteded | (w)eq, (w)el,) (x)el, (v).
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The covariant Levi-Civita symbol €*#77(z) is trans-
formed by the rule ¢’*%P7 () = — det[Lq;(x)]e*?P? ().
In particular, under a tetrad P-reflection, it is trans-
formed as

ePBPT (1) = (=1) P9 ().
5

We readily derive the identity 7°(x) = ~°.
All previous calculations are repeated with only mi-
nor changes. For the covariant vector-bispinor

(21)

1 1 .
Dy = [¢A‘—7x7”¢ui +-17u[A77“¢m-—lAs¢0L

4
we get

1
8 6

(A1As — A2Aq)
_ Moo — L7 724
3M

. 1 . 14
<8D<I>O‘ + Dy P, + 4D, — 3'yaDp<I>p) —
yo"y"[ierM(x) + Z,,H(x)} X

x [@M + iyw%p] = 0. (22)

In view of the symmetry properties of the Riemann
tensor, and the multiplication rule for three Dirac ma-
trices, we can transform the last term in Eq. (22) as
follows: v*(ieF,, + ¥,,) = 7" (ieF,, — 3R,,), where
R,, is the Ricci tensor. Therefore, Eq. (22) can be

presented as
ib@a+iab PO +1Da o, oD |-
g T Ee g e T 7 P

(AMAs — Aag)
3M

1
X ,yu ((I)“ + 4’)/“’)/’)(1)/)) =0.

1
— Mo~ — v (teF,, — §Rvu) X

(23)

This is the Fradkin equation for a spin-3/2 particle in
the presence of the curved space-time background. If
the electric charge of the particle is zero, the last
equation becomes simpler: the term with the tensor
F,,, vanishes, and D, =V, +T',(x).

It should be noted that, in any of Majorana
bases [2], the following properties of the Dirac ma-
trices with respect to the complex conjugation hold:
(v*)x = =%, ([y)* = +T,. For this cause, the wave
equation does not mix the real and imaginary parts
of the wave function. This means that the theory is
valid for a neutral Fradkin spin-3/2 particle as well.
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PIBHAHHS ®PAIKIHA
JIJISI YACTUHKU 31 CTITHOM 3/2

YV 30BHINIHBOMY EJIEKTPOMATHITHOMY
TA TPABITALIIMTHOMY TIOJIAX

Peszowme

Hocaimkeno monens Ppajkina st 4acTUHKA 31 ciHoM 3/2 y
[IPUCYTHOCT] 30BHIMIHIX IOJIiB. 3aCTOCOBYIOUMH 3arajJbHuil hop-
majizm lenbdanga—drioma, MU pPO3BHHYIU IO MOJEIbL HA
OCHOBI HabOPY i3 IIeCTH HE3BiAHUX IPEICTABIIEHb BJIACHOI IPy-
nu Jlopewnra, 1mo nopomxye 20-KOMIOHEHTHY XBHJIBOBY (DyH-
Kiito. Hakmanaroun craggapTHI BUMOTH, TakKi SIK PeJISTHBICT-
cbKa IHBapiaHTHICTH, HeHyJbOBa Maca, cmin S = 3/2, P-
CUMeTpisl Ta iCHyBaHHS JIarpaHrKiaHy JIJIsl Ii€] MOJEJIi, MU CIIO-
YaTKy OTPUMYEMO CHCTEMY CIIHODHHUX PiBHAHB 3a BiJICyTHOCTI
30BHIIHIX 1osiB. XBuiiboBa 20-KOMIIOHEHTHA (DYHKINS CKJla-
HaeTbcst 3 Gicminopa i BekTOp-cmiHopa. fIKmo 30BHIMMHI MO
BizmcyTHi, Mogenb Ppajkina 3BOAUTHCH 10 MiHIMaJIbHOT Teopil
ITayni—@ipna (abo Papitu—IIIsinrepa). lerasbHo pO3IiIsiHyTa
s exkBiBaseHTHICTS. [laji Mu BpaxoBy€MO 30BHIIIIHE €JIEKTPO-
martiTHe mosie. BusiBiisieTbest, mo piBHaHHA Ppajkina y Mi-
HIMaJIbHIN HOpMi MICTUTBH JOJATKOBUN YIE€H B3a€MOJil, SKUN
BU3HAYAETHCA €JIeKTPOMar"iTHuMm Tenzopom F,g. Kpim toro,
MH BPaXOBYE€MO BHKPHUBJIEHICTH MIPOCTOPY-4acy. ¥ 3arajbHO-
KOBapiaHTHOMY BHHIaJKy piBHsiHHs PpajKiHa MICTHTH I07a-
TKOBUI YJIEH IPaBiTAI[ilHOT B3A€MO/IiT, AKUIl BU3HAYAETHCS TEH-
sopom Piudi R, 5. SIKio enexTpuwanmit 3apsi/i 9aCTUHKY PiBHAI
Hynesi, mozenb Opajkina 3aIuIa€ThCA IPABUIBHOIO 1 OIUCYE
HEeHTpaJIbHY YaCTUHKY MaiopaHiBCbKOro Tuily 3i crinom 3/2,
sKa JO/IaTKOBO B3a€MOJIE€ 3 BUKPUBJIEHHSIM IIPOCTODPY depe3
Ten3op Pigui.
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