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The statistical analysis of the distributions of the 0+ state energies in actinide nuclei is carried
out, by using the Brody distribution function. It reveals an intermediate character of the exper-
imental 0+ spectra between order and chaos. This function is turned out to be different for the
available experimental data and the calculated ones in the frame of the quasiparticle-phonon
model.
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Multiple 0+ states were observed in deformed nuclei,
in particular in the actinide region [1–4]. The excita-
tion of 0+ states has an advantage over excitation of
other states. They are easily identified via the angular
distributions of the cross-section in the (𝑝, 𝑡) reactions
in otherwise complicated and dense excitation spec-
tra. The shape of the angular distribution is rather
independent of the specific structure of the individual
states, as well as of the transfer configurations. The
0+ states are strongly excited in the one-step pro-
cess as the natural-parity excitations. Therefore, the
measured spectra of 0+ states have to be complete, al-
lowing a statistical analysis, namely the possibility of
the analysis in terms of the ordered or chaotic (mixed)
nature of the energy spectra. Information on the de-
gree of mixing of nuclear levels can be obtained by
evaluating the distances between the nearest neigh-
bors and the energy difference between the levels of
the same spin and parity [5], the 0+ levels in this
case. In the case of strong mixing, we can describe
the distribution of distances between nearest neigh-
bors with the Wigner distribution. In the case of a
small mixing of configurations, the Poisson distribu-
tion more accurately describes the distribution of the
nearest neighbor spacing.
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Another goal of such an analysis is the problem of
the energy location of the 0+ spectra. All experiments
were performed at energies below 3 MeV. Figure 1
shows the 0+ state spectra in the studied actinide
nuclei. As one can see, the 0+ states in this limited
area are observed in the form of bumps. As follow
from [1–4], the local groups of 2+, 4+, and 6+ states
are shifted relative to 0+ states in the direction of
higher energies. The assumption that the 0+ states
are localized mainly in a limited region, and that the
density of 0+ levels above 3 MeV is, at least, negligible
was made in [1]. To this purpose, the triton spectra
from the 232Th(𝑝, 𝑡)230Th reaction were measured in
the energy range 3÷4 MeV, but only for the angles
12.5∘ and 26∘. Two lines in the spectra meet the con-
dition for the 0+ state, but not only; they meet the
conditions for 6+ states as well.

At the same time, the interacting boson model
(IBM) [6] and the quasiparticle-phonon model (QPM)
[7] predict an increase in the number of 0+ states with
the energy. The impact of the inclusion of these addi-
tional levels can be seen from the statistical analysis
of the level density for actinide nuclei, experimen-
tal data in the energy interval of 0–3 MeV and pre-
dicted by the QPM in an energy interval of 0–4 MeV
(Fig. 3). The Brody distribution was used for the fit-
ting of the normalized nearest-neighbor energy spac-
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Fig. 1. (Color online) Location and the (p,t) strength of 0+

states in 228Th, 230Th, 232U, and 240Pu. Horizontal lines in-
dicate limitations in the investigation energy

Fig. 2. (Color online) Histogram of 0+ state energy spacings
in 230Th, showing the method of fitting of a quadratic func-
tion to the level distribution for the extraction of a normalized
effective nearest neighbor spacing distribution, 𝑁eff

Fig. 3. (Color online) Normalized nearest-neighbor spacing as
a function of the dimensionless spacing variable 𝑠 and the fit
with the Brody distribution: experimental data for 228,230Th,
232U, and 240Pu in the energy interval of 0–3 MeV (a), calcu-
lated by the QPM data for 228,230Th and 232U in an energy
interval of 0–4 MeV (b)

ing as a function of the dimensionless spacing variable
𝑠 [8]. The Brody distribution describes systems with
intermediate degrees of the level mixing depending
on the parameter 𝑞 in Eq. (1). It ranges from 0 for a
Poisson distribution (ordered nature) in the case of
small configuration mixing to 1 for the Wigner distri-
bution (chaotic nature) in the case of strong configu-
ration mixing. The used procedure is a standard un-
folding method [10]. To transform the energy spacing
into the dimensionless variable, a quadratic function
𝑁eff was fitted to the histogram plot of the number of
assigned 0+ states for each nucleus individually as a
function of the excitation energy. The procedure can
be understood from Fig. 2. The difference 𝑠𝑖 = Δ𝑁eff

was determined for every energy spacing, thus gen-
erating a space distribution. The Δ𝑁eff distributions
for each nucleus were then binned, and the resulting
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distribution of the energy spacing as a function of
the dimensionless spacing variable 𝑠 was fitted by the
Brody distribution

𝑁eff = 𝐴𝑠𝑞 exp (−𝑏𝑠𝑞+1), (1)

where the parameters 𝑏 and 𝐴 are determined by the
value of 𝑞:

𝑏 = [Γ((2 + 𝑞)/(1 + 𝑞))]𝑞+1

and 𝐴 = 𝑏(1 + 𝑞). To get the value of 𝜒2, the param-
eter 𝐴 was left free. In such a way, the experimen-
tal data for 228,230Th [1, 2], 232U [3], and 240Pu [4]
are fitted by the Brody distribution for 𝑞 = 0.6 with
𝜒2 = 0.011.

The theoretical data from [9] can be fitted by the
Brody distribution for 𝑞 = 0.5, but only with a worse
𝜒2 = 0.027. In both cases, the obtained values of the
parameter 𝐴 are close to 𝐴 = 𝑏(1 + 𝑞). A much bet-
ter fit is obtained for the Poisson distribution with
𝜒2 = 0.012. This means that the experimental 0+
spectrum in an energy interval of 0–3 MeV is interme-
diate between ordered and chaotic ones in structure,
while the ordered nature is preferred for the theoreti-
cal spectrum in an energy interval of 0–4 MeV. In ad-
dition, the mean number of 0+ states observed in one
nucleus in an energy interval of 0–3 MeV is about 18,
while the number of theoretically predicted 0+ states
in an energy interval of 0–4 MeV is about 80. There-
fore, it is important to investigate at least the region
3–4 MeV for the presence of additional 0+ excita-
tions. Such an experiment is planned for nuclei 158Gd
and 184W, for which the energy calibration is possible
in this energy region.

The phenomenologic IBM even in its simplified
two-parametric form is known for its capability to
study chaos and transitions between order and chaos
in the properties of low-lying collective states of even-
even nuclei [10, 11]. In the microscopic QPM, the in-
troduction of multiphonon states (three and more)
seems to be necessary to move from order toward
chaos [12]. This idea is supported by the analysis per-
formed for odd nuclei [13, 14], where the addition
of one-quasiparticle plus two-phonon states (i.e. 5-
qp states) to the standard one-quasiparticle and one-
quasiparticle plus one-phonon states led to a fit of
the calculated 17/2+ 209Pb spectra to the Brody dis-
tribution with the parameter 𝑞 = 0.6, thus corre-
sponding to a transitional region between order and
chaos.

In conclusion, the comparison of the experimen-
tal nearest-neighbor spacing distribution of the 0+

states in an interval of 0–3 MeV for four actinide iso-
topes (228,230Th, 232U, and 240Pu) to the Brody dis-
tribution has revealed an intermediate character of
the experimental 0+ spectrum between ordered and
chaotic ones in structure. A similar distribution for
the data obtained from the QPM calculations in an
interval of 0–4 MeV somewhat differs from the exper-
imental one and is closer to the ordered one. Thus,
the increased role of multiphonon states in the model
at higher energies means the movement to chaos. In
any case, these results provide the means for estimat-
ing the future microscopic calculations. The (𝑝, 𝑡) and
(𝑝, 𝑡𝛾) experiments for higher energies could provide
the additional information on the nature of 0+ exci-
tations.
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СТАТИСТИЧНИЙ АНАЛIЗ
ЕНЕРГIЙ 0+ СТАНIВ В ЯДРАХ АКТИНIДIВ

Р е з ю м е

Для статистичного аналiзу розподiлу енергiй 0+ станiв
в ядрах актинiдiв використана функцiя розподiлу Бро-
дi. Аналiз виявив промiжний характер експериментальних
спектрiв мiж порядком i хаосом. Цей розподiл виявився рi-
зним для експериментальних даних i розрахованих в рам-
ках квазiчастинково-фононної моделi.
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