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IN SIMPLE LIQUID ALKALI METALS

This article embraces a theoretical description of the first-order phase transition in liquid met-
als with the application of a cell fluid model. The results are obtained through the calculation
of the grand partition function without a usage of phenomenological parameters. The Morse
potential is used for the calculation of the equation of state and the coexistence curve. Specific
results for sodium and potassium are obtained. Comparison of the outcome of analytic expres-
sions with data of computer simulations is presented.
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1. Introduction

This article is based on the method we proposed in [8].
It enables one to obtain the equation of state of the
cell model in a wide range of temperatures below and
above the critical point. Particular analytic results
were conducted with the use of the Morse potential

U(T’) _ 6672(7’71?,0)/04 _ 266*(7"*30)/0‘. (1]_)

The consequence of the approach [8, 10] is a restric-
tion of the ratio between the coordinate of minimum
Ry and the effective reach « of the interaction po-
tential Ry/a < 41n2. However, according to numer-
ical results [4, 12], this ratio exceeds Rp/a = 41n2
for real substances, in particular, for fluid metals. In
the present article, the method proposed in [8] and
slightly changed in [10] is modified by means of in-
troducing a temperature-free effective interaction po-
tential. This makes it applicable in the range Ry/a >
41In 2 for a description of real metals in the region of
a first-order phase transition.

This paper is laid as follows: in Section 2, the
temperature-free effective interaction potential is in-
troduced, and the main steps of calculations toward
obtaining an exact representation of the grand parti-
tion function of the cell fluid model are shown. This
expression is restricted to p*-model and calculated in
the mean-field approximation in Section 3. Section 4
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is devoted to an equation of state of the cell fluid
applicable in a wide temperature region except for a
vicinity of the critical point. In Section 4, the analytic
result obtained in this work is compared with simu-
lation data [15] for parameters of the Morse potential
describing alkali metals Na and K. The discussion
and conclusions are presented in Section 5.

2. Representation of the Grand
Partition Function

The objective of our investigation is the description
of the behavior of a simple fluid in a wide tempera-
ture region. For this purpose within the grand canon-
ical ensemble, we will calculate the grand partition
function (GPF) of the cell fluid model as an approxi-
mation of the real continuous system and obtain the
result in the form of a function of the temperature
and the density.

The idea of the cell fluid [1, 2] consists in a fixed
partition of system’s volume V', where N particles re-
side, on N,, mutually disjoint elementary cubes, each
of volume v = V/N,,. In a formalism of the cell model,
the GPF of a system of volume V with N particles
takes the form

2= Z / dz)Nexp —g > Useps(m)psa(n)|.

Vv Ji.J2€A
(2.1)
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Here, z = eP* is the activity, 8 is the inverse tem-
perature, and g is the chemical potential. In this ex-
pression, [(dz)N = [\, dz;... [, dxy denotes the in-
tegration over the coordinates x; = (:rl(l),xz(?),xg‘g))
of all particles in the system, n = {z1,...,zy} is the
set of coordinates, and j12 = |j1 — j2| is the difference
between two cell vectors. The vectors j; and jo take
on values from the set T defined as

T = {i = Gro g do) i = emasmi = 1,2, Nus
i=1,2,3 N, = ij}.

Here, c is the linear size of each cell, N, is the num-
ber of cells along each axis. Values pj(n) are the oc-

cupation numbers of cells [6, 10, 14]. The interaction
potential has the form

0112 = 7Ul12 + \I’lma
\Ilhz = De_Z(lw_l)/aR)

(2.2)
U, = 2De~(h2=D/or

{12 is the difference between two vectors 1; and 15 from
the set

A = {l = (ll,lg,lg)ui = Cmi/Ro;
i=1,2,3; N,=NZ}.

Moreover, 13 = j12/Ro. Ro corresponds to the min-
imum of the function Uy, [U(liz = 1) = —D is
the potential well depth]. For the sake of convenience
here and henceforth, we measure the length in Ry-
units. Thus, ar = a/Ry is the effective interaction
radius « in Ry-units.

Looking at (2.2), it becomes obvious that differ-
ent particles in the same cell interact with each
other equally and irrespective of the distance between
them. The interaction between constituents of differ-
ent cells is a function Up,, of the distance between
cells.

As we had shown in [10] in terms of the Fourier
representation, GPF (2.1) contains a sum of diago-
nal terms in the exponent. It can be expressed via
N integrals over the coordinates of particles and N,
integrals over the collective variables (CV) px

[eS) 5 N _
==>" L fian)Ves [—gzszkﬁ_k] .

N=0 v keB.

X
—

(dp)™v / (dv)N" exp [27@ > velpx — ﬁk)]. (2.3)

keB.

866

Herewith,

(dp)Nv = H dpe;  (dv)Ne = H dvy.

keB, keB,
The operator py is the representation of the occupa-
tion number pj(n) in the reciprocal space

A 1 ikl
= ——Y_ p(n)e™.
Ny leA

The vector k takes values from the set B, correspond-
ing to one cell

o 7r+27r n;
e ¢ Ny’
ni=1,2,..,Na: i=1,2,3; N,= ij}.

Bo={k=(k1, k2, ko)

The Fourier transform of the Morse potential (2.2)
Uk) =—-U(k)+ ¥(k) (k= |k|) is as follows:

Uk) = U(O)(1+oz2Rk2)_2, U (k) = ¥(0) <1+a?1k2>_ .

o’ od
U(0) = 16Dr—Lefo/e (0) = Dr—L 2o/,
v v

Hence, x is a real positive parameter (x > 0), which
is fixed for each particular substance. v = v/R},
Be = 1/kpT,, kp is the Boltzman constant, T, is some
fixed temperature, which will be defined later. Let us
transfer a part of the repulsive interaction x¥(0) > 0
from the initial interaction potential U(k) > 0 to
the Jacobian of the transition from individual coor-
dinates to collective variables in order to write its ac-
curate representation. The similar idea was used by
us in [10]. Now instead of U(k), we introduce the ef-
fective potential of interaction

W(k)=U(k) — (k) + x¥(0). (2.4)
It is easy to see that a sum of x¥(0) and —W (k) is
equal to the initial potential of interaction (2.2).

The difference between (2.4) and an analogous ex-
pression in [8, 10| is that the present explicit ex-
pression of the effective potential of interaction is
temperature-free. The GPF of the model in the rep-
resentation of collective variables py has the following
form:

E= /(dp)Nvexp [5%00 + g ZW(k)pkp—k] X

keB.

N, %) m
<11 lZ ey — m)]- (2.5)
=1

m=0
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Note that py is the representation of py in the direct
space, [ = |l|, and the parameter p is a function of
the temperature:

p(T) = xBY(0)/2,

which is different from an analogous temperature-free
parameter in [8,10]. This complicates the calculation
of GPF (2.5).

The second modification of the previously de-
veloped method [7, 8] is the application of the
Stratonovich-Hubbard transformation to the term,
which contains the effective potential of interaction

exp [g > W(k‘)pkp-k] =

keB.

= gw/(dt)NrueXp [-;B Z % +Z tkpk‘|- (2.7)

keB. keB.

(2.6)

Note that W (k) > 0 for all xy > 0. We have

gw = [ @rsw (k)2

keB.

The variables ti are complex values ty = tl(f) - itl(:),

for which tl(f) and tl((s) are real and imaginary parts,
respectively.

3. Application of the Cumulant
Representation

When using the method of collective variables, it is
convenient to represent the Jacobian of the transition
J(p1) as a cumulant expansion [8, 16]

z@n—«mp[Ej“ﬁ?%$
n=0 '

. (3.1)

We calculated the functional form of cumulants
an(T):

= _ln v a _ _Tl(vvp(T))
aO(T) - Clr,-(TO( E;E?))v 1(T) To(U,p(T))’
2\V,p .
)=~
as(T) = _gzgzzg;; — (T) + 3ay (T)as(T); (3:2)
(1) =~ B + () — 6 (Taa(T) +

+4a1(T)as(T) + 3a3(T);
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However, in contradiction to [10], all the cumu-
lants a,(T") are now functions of the temperature,
since they contain a temperature-dependent param-
eter p(T) (2.6). This should be borne in mind, but,
for convenience, we will denote these coeflicients as
an(T) = ay. Due to the condition p(T") > 0, the spe-
cial functions T}, (v, p) are rapidly convergent series

2
mte—P(TIm”

To(v,p(T)) = > (3.3)

Taking (2.7) and (2.6) into account, we now find a
precise representation of the GPF of the model:

2
E=gwe (‘l”%)]\’%df)m X

X exp lm<w/% — a1> to — % ZD(kJ)tth:k —

keB.
oo
an 2;n - -
- E HNU E ticyetie,, Oy 4. 4k, |5 (3.4)
n=3 ki,...k,
k;€B.

where we denoted

D(k) =ag +

1
W(k)B
4. An Approximate Calculation
of the Grand Partition Function

Expression (3.4) is comparable to the one obtained
in [8,10], but there is a crucial difference in the present
case. This expression is true for any

Ro/a > 41n2, (4.1)

as well as for arbitrary values of the parameter x > 0.
Inequality (4.1) is peculiar for the description of alkali
metals (particularly, Cs, Rb, K, Na, and so on) by the
Morse potential [1,4,12].

It is impossible to calculate (3.4) in the general
form, since there is an infinite power series in the vari-
able fy in the exponent. In connection with this, we
use an approximation of the p*-model, which consists
in the cutting-off of the terms proportional to the fifth
power of the variable #), and more (ng > 5). In this
case, (3.4) looks like the functional representation of
the 3D Ising model in an external field and, respec-
tively, belongs to the same universality class [9]. In
our case, the chemical potential u corresponds to an
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external field. In order to calculate GPF (3.4), we
make the variable substitution defined by

~ a
tk = px + ass/ Nyox, 2

azqg = ——,
aq

which is aimed to destroy the cubic terms of fy. As a
result, we obtain the expression

= = gWeNﬂ(Eu_aO) /(dp)N" X

1
X exp [\/NUMPO ~5 > d(k)prp-re —
keB.

ki,..., k4

a41

24 Nfu P '”pk45k1+“.+k4‘|’

with the notations

By =~ )+ Maye+ 42 0, — 3oy

M= i —an, (43
C~Ll =a1 + d(O) asq + % 0%4.
The coefficient d(k) has the form
1 ~ ~ Qy
d(k) = ﬁW(k) — ag, ag = ?a§4 — a. (44)

On this stage, we use a type of the mean-field ap-
proximation considering only the variables px with
k = 0 (see [10]). Applying this approximation, one
would describe a behavior of the model in a wide
range of temperatures (excluding a narrow vicinity
of the critical point, where the contribution of the
variables px with k # 0 is important).

In this approximation, the GPF has the form

o0

=~ gy e Br / dpo exp [Ny E(po)]-

— 00

(1]

(4.5)

We obtained E(pg), by using the change of the vari-
ables p{, = v/ Nypo

1 ayq
52005 = 5;0-

E(po) = Mpo — 5

(4.6)
In the mean-field approximation [5], the transition
temperature can be determined from the following

condition:
d(0) = ——— — Gy =0
= —) — c = 5
BW(0)

868

(4.7)

where the index ¢ means that the value is taken
at a fixed temperature T.: ape = an(T.), W(0) =
= W(k)|k:0. Expression (4.7) gives the definition of
the critical temperature

kgT. = as.W(0). (4.8)
Taking (2.4) into account, we get
T—T,
4(0) = dne(r 1) — g, 7= T 1) (4.9)
C

Using the Laplace method [3], we obtain the
asymptotic form of the GPF as follows:

E = gy exp [No B, + NoE(po)), (4.10)

where the value of pg = pg corresponds to the maxi-
mum of E(pg). Having an explicit expression of GPF
(4.10), we can find an equation for the average density
of the system, by using the well-known formula

ﬁ:iﬁln::()Eﬂ 8Eo(p0). (4.11)
N, 9B 9B OB

In view of (4.11), we have

_ P0

n=ne—M— —5—~—, 4.12
AW 0) (412

where a

Ne = —a1 — Q2034 + ?a%zp (4.13)

Taking (4.8) into account, the following equality is
self-evident:

W) = ————.
ﬁ ( ) a2c(7 + 1)
Since pyp = po(T, M), the equality (4.12) is the key
expression in the framework of the grand canonical
ensemble. The condition of maximum for E(p),

a4 5

M = d(O)ﬁO + 7p05

; (4.14)

provides an equation connecting the chemical poten-
tial M and the density of the system 7:
m® +mpy + qp = 0, (4.15)
where

m=M+ (n—n.),

6 -
Py = —|age(T + 1))% o,
a4
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@ = —ase(r + V¥ (7 — o).
2

Solutions of this equation are plotted in Fig. 1. Ob-
viously, curve 1 is the one that shows a physical de-
pendence (namely, the growth of m, with the den-
sity). A solution corresponding to curve 1 exists on
the density interval

(4.16)

Nmin < n < Nmax;,

which is compatible with a particular range of values
of my. The chemical potential as a function of the
density has the form

M(R) = mi () — (7 — ny), (4.17)
mq(n) = 283 Gin (n)
=2y, ° (4.18)

Based on the data of computer experiments [15]
for sodium and potassium, we consider ny;, = 0.1.
Consequently, there is the equation

2 [2a31"/?
ne == {a?} —0.1, (4.19)

3 ayg

by means of which we find the parameter v as a func-
tion of the temperature. The change of the density
from 0.1 to the limit value n,ax is equivalent to the in-
crease of the chemical potential from M, to Mpax.

Note that the solution my (4.18) (Fig. 1) is equi-
table for some (bounded) range of chemical potential
values M = f (7, 7) (see Fig. 2)

5. Description of the First-Order Phase
Transitions

According to the well-known formula PV = kgT InZ,
the equation of state of the cell fluid model can be
written in the form

Pv  Ingy, . 1= | o Q14

U E, + M(R)o; — ~d(0)p2, — A58,

kBT Nv + 1% + (Tl)po 2 ( )pOz 24/)01
(5.1)

where E,, is defined in (4.3), and the quantities po;
i =1,2,3 are solutions of the equation

ﬁ%i + Pgpoi +aqg =0,
_ 6d(0) 6M (n)

y4e) 24 QQ:—T4~

(5.2)
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Fig. 1. Plot of the solutions m,, as functions of the number
density 7

031
M

0.2 1

0.1 1

02/04 06 08 1 12 14 16 18
n
019 1/2

-0.2 1

-0.3-

Fig. 2. Plot of the chemical potential M () as a function of
the number density 7 (curve 1 is for potassium, curve 2 is for
sodium)

At T > T, the discriminant of Eq. (5.2)
2d(0)Y’ 3MY
o= () ()
aq aq
is positive, since pg > 0. So, we have a single real

solution of (5.2). This solution can be found directly
from Eq. (5.2) as

o <3J\Zin) N \/@1/ . <3J‘Zi") _ \/§>1/3. (5.4)
869
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Fig. 3. Plots of the pressure P(fi) as a function of the number
density n at different temperatures: curve 1 is for 7 = 0.1,
curve 2 is for 7 = 0, curve 8 is for 7 = —0.05, curve 4 is for
7 = —0.1, curve 5 is for 7 = —0.15, curve 6 is for 7 = —0.2,
and curve 7 is for 7 = —0.3. Data for potassium a, data for
sodium b

For T > T,, the equation of state or pressure as a
function of the temperature and the density takes the
form

P 41 M(n) - a1
hﬂ}_vHUG42®Ar+UMﬂ)+2}
d(O)ymi(a)  as  mi(n)

20az.(T+ 1) 24 [ag. (Tt +1)]*)
870

(5.5)

1 d(o0 a2
f:Flng{,V—ao—&— L

0) » aq 4
2 P47 (1) 249

The explicit expression of the pressure as a func-
tion of the density at the critical temperature deduced
from (5.5) by substituting 7. for T is as follows:

Pu|p=r My (n) _ _
=T oy 20 il | —
= fe+ 2, [Mo(n) + 2n|7=r.]
_ 4
Q4e ml(n){T:TC
24 l e ’ (56)
QA4c 4 a’%c

I L gl +
=—1In —a — sy, — .
¢TI, 9w T d0e T o sae T o5,

The total chemical potential My as a function of
the density is the following:

Mo =m ()| ;_g — (Alr=r, — nge)-

Indices 0 and ¢ denote that My and a,. correspond
to the case of T = T.. The plots of the pressure
P = P(n) vs the average density expressed by (5.5)
(curve 1) and P|p—r, = P|p=r.(n) expressed by (5.6)
(curve 2) are shown in Fig. 3 for sodium (@) and
potassium (b).

At T < T, we have three real solutions of (5.2):

_ Qo
Po1 = 2por COS R

_ Oy + T
Po2 = —2po; COS ( 3 ),

(5.7)
Po3 = —2por COS (amg— W),
where
por = (~2d(0)/as)"?, (5.8)
and the angle a,,
QU = Arccos ]\]\jq, g = —%. (5.9)

The solution pgy; fits the stability condition in the
interval M € [0, Myax], as well as pg3 — in M €
€ [Muin, 0] (see Fig. 4).
As a result, we can present the equation of state as
P T+1/1
= — —Ing; E,(n F1(pos) %
kBTC 'U(T) <Nv ngW + H(n) + 1(p03)
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X @(7_112 — 7_1) + EQ(ﬁQg)@(’ﬁ — 7_112)6(*7_1 + ﬁQO) +
+E3(1301)®(ﬁ—ﬁ03)®(ﬁ34—ﬁ)+E4(ﬁ01)@(’7l—ﬁ34)>.
(5.10)

The quantity E, is defined by formula (4.3). The
functions E,(pg) have the form

d(0)

TPOH

Q4 _4

Eyn(pon) = M(R)pon — o4 Pon> (5.11)
where the notation po, is either pop; from (5.7) for
E3(ﬁ()1) and E4(ﬁ01), or ﬁ03 from (57) for El(ﬁog)
and F3(pos). Equation (5.10) also includes the values
of densities: 712 is (M = —M,)

~ a
fi12 = ne — 2d2p0r + 434;)3“ (5.12)
N34 is (M = Mq)

~ a
N34 = Ne + 2G2POT - 474p8ra (513)

3
ni99 and 73 are the densities of a liquid-vapor tran-
sition
Moo = ne — V3aze (1 + 1) por,
fiog = N + V3aze (T + 1) por-

(5.14)
(5.15)

6. Analytic Results

As we mentioned before, the liquid-vapor coexistence
curves for Na and K have already been calculated
in [15] by the Monte Carlo simulation in the grand
canonical ensemble. Therefore, we can compare them
with our theoretical results. To do it, we calculated
the binodals in the same temperature interval, as
in [15]. The results of this comparison are presented in
Fig. 5 (using the reduced units T/T, and 7i/7.). Both
the gas branches of our binodals and those from the
simulation data follow the same trend. The agree-
ment is unsatisfactory for the liquid branches. The
critical point coordinates for sodium and potassium
obtained in [15] are

pr(Na) = 1.430,
pH(K) = 1.125,

T*(Na) = 5.874,
T*(K) = 5.05,

(in reduced units T* = kgT'/D and p* = p/R3). Our
results give the following values:
71o(Na) = 0.997,
fio(K) = 0.935,

T,(Na) = 5.760,
T,(K) = 5.037,

ISSN 2071-0194. Ukr. J. Phys. 2017. Vol. 62, No. 10

Pon
2] \ _
/ Po1
: 1
Poz— =,
20.04 002  0{™_ 00 0.04
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Fig. 4. Plots of the solutions pgn as functions of the effective
chemical potential M
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Fig. 5. Coexistence curves: analytic results for K — doted
curve, Na — dashed curve; simulation data [15]: K — rings,
Na — boxes,

using the corresponding values of parameters of the

model

y=1.124,
y = 1.198,

vl|r, =2.419 for Na,
v, =2.940 for K,

according to (2.6) p(Na) = 1.81 and p(K) = 2.01.
As one can see, the estimated Na and K critical
temperatures are close to the simulations values. This
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is, however, not true for the critical densities of both
substances, where the analytically obtained critical
density is lower than the value from computer exper-
iments. Nevertheless, the critical density of sodium is
higher in both cases than the value for potassium.

7. Discussion and Conclusions

A theoretical description of the first-order phase tran-
sition in alkali metals is proposed. The interaction of
this type of metals is known to be well described by
the Morse potential. The critical density and critical
temperature of potassium and sodium are calculated,
by using numerical results for such a potential [12]
both with particular values of microscopic parame-
ters. We have obtained a quite good agreement with
computer simulation data, despite applying a type of
the mean-field approximation. The equation of state
is calculated. At the region above the critical temper-
ature, the isotherms of pressure behave themselves
as smooth increasing functions. There is a gas-liquid
phase transition below the critical temperature. It
is important that, in the proposed approach, there
is no need to use the Maxwell construction. In con-
tradistinction to other approaches connected to the
mean-field approximation (e.g., the van der Waals
theory), a plateau of the pressure, which depicts a
transition from gas to a liquid state, naturally arises
as a result of calculations. This is achieved by ap-
plying the Laplace method to the calculation of the
grand partition function in the p*-model approxima-
tion. Although the method is approximate, we have
obtained a good agreement with simulation data for
the coexistence curves of sodium and potassium in
the region of low densities, without using any phe-
nomenological parameters.

The introduction of the parameter y lies at the
heart of the method. This parameter is necessary in
order to take a particular part of the interaction po-
tential x¥(0), which is used to calculate the Jacobian
of the transition from variables in the direct space to
the collective variables. A value of the critical tem-
perature of the model depends on . For this reason,
we choose a value of this parameter so that we obtain
values of T, (for particular substances), which corre-
spond to the data of computer experiment. Note that,
according to formula (2.6), x determines the param-
eter p. The last parameter v appears as a result of
choosing a cell fluid model. Recall that v is the vol-

872

ume of a cell in Ry-units. Due to the self-consistent
calculation, one gets values of this parameter from
the condition (4.19).

The plot of binodals in Fig. 5 shows that, unfor-
tunately, our approach does not give quantitatively
satisfactory results in the fluid region. As an option,
a somewhat better description can be achieved by in-
troducing phenomenological parameters. Something
similar was done in [2], where the authors got good
results for fluids with different interaction poten-
tials. On the other hand, using approximations of a
higher power in p might be helpful. Taking the par-
ticular results [11, 13] into account, we conclude that
the appliance of p™-models with m > 4 stipulates
an asymmetry of the coexistence curve in the density
region for liquids.

This work was partly supported by the FEuro-
pean Commission under the project STREVCOMS
PIRSES-2013-612669, FP7 EU IRSES projects
No. 612707 (DIONICOS).
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M.II. Kosaoscvruti, O.A. [obyw, I.B. [Tumox

BUKOPUCTAHHS MOJIEJ/II KOMIPKOBOI
PIAVHU JIJIA OITUCY ®AZ0BOTI'O ITIEPEXO1Y
B ITPOCTUX PIIKUX JIV2KHUX METAJIAX

Peszmowme

Ils1 cTaTTss OXOIUIIOE TEOPETHYHUI onuc (haszoBOIO IEPEXOLY
[IEPIIIOro POAY B PIIKKUX MeTajlaX 3 BUKOPHCTAHHIM MOZEN] KO-
MipKOBOTO IUIUHY. Pe3ysibTaru OTpruMaHO IIISIXOM PO3PaxyHKY
BEJINKOI CTATUCTHUYHOI CyMu 0e3 BUKOPUCTaHHS (DEHOMEHOJIO-
riuanx nmapamerpis. [Torennian Mop3e BUKOPUCTOBYETHCS JIJIst
0o6unCIeHHsl PIBHAHHS CTaHy Ta KpuBOI criBicuyBauus. OTpu-
MaHO KOHKPETHI pe3yJIbTaTu JJjIsl HATpifo Ta KaJjiro. [Ipencras-
JIEHO NIOPIBHSAHHHA PE3yJIbTATiB aHAJIITHYHUX BUPA3iB 3 JaHUMHU
KOMII'IOTEPHOTO MOZEJTIOBAHHSI.
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