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The applicability of cellular approach (Einstein’s and Batchelor’s formulas) to describe the
viscosity of solutions as a function of the volume concentration of macromolecular coils has
been analyzed on the basis of viscosity experimental data for polyvinyl alcohol solutions in
dimethyl sulfoxide and water. It is shown that the Malomuzh–Orlov formula obtained for the
macromolecular coils modeled as a hard core and a rarefied periphery adequately describes the
viscosity of polyvinyl alcohol solutions as a function of the volume fraction of macromolecular
coils in them up to the overlap concentration. The concentration dependences were obtained
for the effective radius of polyvinyl alcohol macromolecules in water and dimethyl sulfoxide. It
was shown that the radius of polyvinyl alcohol coils decreases nonlinearly with the growth of
the solution concentration.
K e yw o r d s: cellular model, polyvinyl alcohol solution, macromolecular coil radius, Malo-
muzh–Orlov formula.

1. Introduction

Liquid polyvinyl alcohol (PVA) solutions have a wide
scope of applications. They are used in the textile and
paper industries, cosmetics, agriculture, pharmacol-
ogy, and medicine [1]. As a rule, water is the main
solvent for PVA in chemical technology [1]. However,
aqueous PVA solutions tend to the gelation: an ir-
reversible growth of the viscosity in time is observed
in concentrated aqueous PVA solutions [2]. Aqueous
PVA solutions are widely applied in medicine as cryo-
gels and polymer matrices for pharmaceutical dosage
forms [3], as film-forming materials for the pellet
coating, and as nutrient media [4]. They are used to
encapsulate bacteria and are a component of mem-
branes for the gas separation and dialysis [5]. The
application of PVA in biology and medicine is asso-
ciated with its ability to the biodegradation and the
following excretion from organism [6].

c○ O.V. KHOROLSKYI, 2017

From the thermodynamic viewpoint [7], dimethyl
sulfoxide ((CH3)2SO, DMSO) is a better solvent for
PVA than water. This is an organic solvent that
found applications in various domains of medicine
(see, e.g., work [8]) due to its nontoxic actions on
the human body. Therefore, researches of the physical
properties of polyvinyl alcohol solutions in dimethyl
sulfoxide and water are a challenging task for the
physics of fluid systems, experimental medicine, and
pharmacology.

The aim of this work is to study the physical na-
ture of the shear viscosity in PVA solutions in wa-
ter and DMSO. Relatively dilute solutions are con-
sidered, for which Einstein’s formula for suspensions
and its generalization can be used. More concentrated
solutions, in which the interaction between macro-
molecules and the solvent reminds, in many respects,
a solution of low-molecular liquids, will be studied
separately, because, the required approach to the de-
scription of shear viscosity is absolutely different in
this case.
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2. Experimental Part

Experimental researches of the concentration and
temperature dependences of the kinematic viscosity
and density of polyvinyl alcohol solutions in dimethyl
sulfoxide and water were carried out in a temperature
interval of 293–353 K and at PVA concentrations of
0.3, 0.5, 0.7, 1, 1.65, 2.32, 3, 5, 7, and 10 wt.%. The
solution density was measured with an error of 0.05%
using the pycnometric method. The kinematic vis-
cosity was measured on capillary viscometers of the
VPZh-2 type with an error of 2% using standard
techniques.

For the researches, polyvinyl alcohol Mowiol 6–
98 (Kuraray) with a hydrolysis degree of 98.4±
± 0.4 mol.% and without additional purification was
used. As solvents, twice-distilled water and dimethyl
sulfoxide ((CH3)2SO) of the pharma grade were
used. The latter was held on NaOH and distilled at
a low pressure of 3–5 mmHg, with the middle frac-
tion being collected. The solutions were prepared us-
ing the gravimetric technique. The solution concen-
tration was calculated by the formula

𝐶 =
𝑚PVA

𝑚PVA +𝑚s
100%, (1)

where 𝑚PVA and 𝑚s are the solute and solvent
masses, respectively.

3. Shear Viscosity
in Relatively Dilute PVA Solutions

In dilute solutions of flexible-chain polymers, isolated
macromolecules exist in coil-like conformations [7]. In
other words, with some reservations, macromolecular
coils can approximately be regarded as spherical par-
ticles. According to the Einstein theory, in which a
solute molecule is considered as a hard sphere and
the solvent as a continuous medium [9], for the av-
erage viscosity of a solution of spherical particles, we
have
𝜂 = 𝜂0

(︂
1 +

5

2
𝜙

)︂
, (2)

where 𝜂0 is the solvent viscosity, and 𝜙 the volume
concentration of macromolecular coils. The linear de-
pendence of the shear viscosity on the volume con-
centration testifies to a negligibly low hydrodynamic
interaction between the macromolecular coils.

However, as is known from work [9], formula (2)
is only applicable at concentrations 𝜙 < 0.1. With

the growth of the solution concentration, the hydro-
dynamic interaction between the macromolecules be-
comes substantial. Batchelor [10] was the first who
took this interaction into account and proposed the
formula

𝜂 = 𝜂0

(︂
1 +

5

2
𝜙+ 5.2𝜙2 + ...

)︂
, (3)

which generalized Einstein’s one to volume concentra-
tions 𝜙 ≤ 0.2. Unfortunately, a further generalization
of the Batchelor method faces considerable difficul-
ties in determining the sum of the series and even in
finding out whether the series converges or not.

In the recent years, there had been a number of
works, in which particle-to-particle hydrodynamic in-
teractions were taken into account and complemented
with constructions borrowed from the researches of
transport processes in dense molecular systems. The
mutual influence of particles is described by an heuris-
tic equation for the average values of the tensor of
deformation rates in a suspension. As a result, the
average viscosity of a suspension of spherical parti-
cles is determined by the relation [11]

𝜂 = 𝜂0

(︂
1 +

5

2

𝜙

1− 𝜙

)︂
. (4)

Further progress in finding out the shear viscos-
ity of more concentrated macromolecular solutions
was attained due to the application of cellular mod-
els [11]. In those models, the perturbation of hy-
drodynamic fluxes by a particle in the suspension
is assumed to be localized in a spherical cell that
surrounds the particle. It is also supposed that the
normal component of the perturbation velocity and
the tangential stress equal zero at the cell boundary,
which means the lack of friction at the external cell
surface. In particular, in works [11–13], it was shown
that the viscosity of a rather concentrated suspen-
sion is determined by the following relation, which is
further referred to as the Malomuzh–Orlov formula:

𝜂 = 𝜂0
𝜓(1− 𝜓)

𝜓(1− 𝜓) + 1−
√︀
1 + 2𝜓2(1− 𝜓)

. (5)

Here, 𝜂0 is the solvent viscosity, 𝜂 the average viscos-
ity of the solution, 𝜓 = (𝑅0/𝑅)

3, 𝑅0 is the radius of a
particle in the suspension, and 𝑅 the cell radius. The
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asymptotics of 𝜂 at 𝜓 → 0 and 𝜓 → 1 are

𝜂 =

⎧⎪⎨⎪⎩
𝜂0(1 + 𝜓 + 𝜓2 + ...), 𝜓 → 0,

2

3

𝜂0
(1− 𝜓)

, 𝜓 → 1.
(6)

Hence, the determination of the average suspension
viscosity is reduced to the establishment of the rela-
tionship between the model parameter 𝜓 = (𝑅0/𝑅)

3

and the specific volume 𝜙 = 𝑉0/𝑉 , where 𝑉0 is the
total volume occupied by particles in the suspension,
and 𝑉 the volume of the system. The parameter 𝜙
can be measured experimentally.

Note that the specific volume can also be deter-
mined using the formula [13]

𝜙 =
4𝜋

3
𝑅3

0

⧸︁
8𝑅3

𝐺, (7)

where 𝑅𝐺 has a meaning of the average distance be-
tween particles in the suspension. In work [13], it was
shown that

𝑅 =
(︀
𝛼0 + 𝛼1𝜙+ 𝛼2𝜙

2 + ...
)︀
𝑅𝐺, (8)

where

𝛼0 =

(︂
6

2.5𝜋

)︂1/3
= 0.93,

𝛼1 =
𝜋𝛼4

0

18

(︂(︂
6

𝜋𝛼3
0

)︂
− 5.2

)︂
= 0.127,

𝛼2 = 0.03.

(9)

Coefficients (9) were fitted to reproduce the series ex-
pansion (3) for dilute solutions. The cellular approach
makes it possible to describe the behavior of the av-
erage suspension viscosity in the interval of volume
macromolecule concentrations 𝜙 ≤ 0.5. The upper
limit actually coincides with the solution density, at
which all macromolecules contact with one another
[12, 13].

The described cellular approach for the determina-
tion of the average suspension viscosity was developed
further in work [13]. Note also that the combination
of the ideas implemented in the cellular approach and
the representations of the activation mechanism of
particle motion in liquids with nonspheric molecules
brings about the heuristic formula [11]

𝜂 = 𝜂0 exp

(︂
5

2

𝜙

1− 𝜙

)︂
. (10)

For further calculations, it is important to discuss
details of the calculation of the own macromolecule
volume, as well as the boundary between dilute and
concentrated solutions.

In order to estimate the applicability of relations
(2)–(5) and (10) to the description of the concentra-
tion dependences of the shear viscosity in PVA solu-
tions in water and DMSO, we have to change from
the mass solution concentration to the volume con-
centration of macromolecular coils 𝜙. They are evi-
dently related to each other by the formula

𝜙 =
4𝜋𝑅3𝜌𝐶𝑁A

3𝑀𝑤
, (11)

where 𝑅 = 𝑅0

√
𝑁 is the radius of a macromolec-

ular coil (the average number of monomers in a
PVA Mowiol 6-98 macromolecule amounts to 𝑁 =
= 1000 [14], and the minimum length of a monomer
equals 𝑅0 = 2.5 Å [15]), 𝜌 is the solution den-
sity, 𝑁A the Avogadro constant, and 𝑀𝑤 the aver-
age molecular mass (for PVA Mowiol 6-98, 𝑀𝑤 =
= 47000 g/mol [14]).

In the theory of dilute polymer solutions, the char-
acteristic viscosity is used as a criterion for the esti-
mation of the solution concentration mode [16]:

[𝜂] = lim
𝐶→0

(︂
𝜂 − 𝜂0
𝜂0𝐶

)︂
, (12)

where 𝜂 is the viscosity of a polymer solution, 𝜂0 the
solvent viscosity, and 𝐶 the solution concentration in
mass fraction units. A solution is called dilute, if the
volume occupied by macromolecules is much smaller
than the total solution volume.

With the growth of the polymer concentration,
the solution structure changes from isolated macro-
molecules to their aggregates and, when achieving
the critical concentration of macromolecular coil over-
lapping 𝐶* (the beginning of the so-called crossover
region), to a network of intermolecular links. For
flexible-chain polymers, the critical crossover concen-
tration 𝐶* can be determined experimentally using
the viscometric technique [16]:

𝐶* =
1

[𝜂]
. (13)

The analysis of the data in Table testifies that the
transition from a dilute solution of polyvinyl alco-
hol in dimethyl sulfoxide to a semidilute one takes
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Fig. 1. Relative (𝜂/𝜂0) experimental values for the shear vis-
cosity in the aqueous PVA solution (circles) as a function of the
volume concentration of macromolecules. Theoretical results:
Einstein’s formula (1 ), Batchelor’s formula (2 ), Malomuzh–
Orlov formula (3 ), and formula (10) (4 )

place at lower concentrations than in aqueous PVA
solutions. In our opinion, this behavior results from
the fact that the number of contact interactions be-
tween polyvinyl alcohol macromolecules is less than
the corresponding number in the case of interactions
between the PVA and solvent molecules [17].

Our experimental data and the data obtained by
formulas (2)–(5) and (10) for the corresponding value
of volume concentration 𝜙 are presented in Figs. 1
and 2. From Fig. 1, it follows that, up to the con-
centration 𝜙 ≈ 0.6, the experimental data agree
with Einstein’s formula (2). This result is puzzling,
because the boundary between solutions, in which
macromolecules are far from one another, and those,
in which macromolecules begin to overlap is located
at 𝜙 = 0.494. In this connection, the assumption
can be made that the size used by us for macro-
molecules, 𝑅 = 𝑅0

√
𝑁 = 79 Å, was significantly

overestimated. In other words, in the aqueous PVA
solution, the coils are significantly squeezed, so that
their own volume considerably diminishes. This con-
clusion qualitatively agrees with a model of macro-
molecule consisting of a hard core and a rarefied pe-
riphery [18] that weakly affects the character of hy-
drodynamic perturbations.

Fig. 2. The same as in Fig. 1, but for the PVA solution in
DMSO

From Fig. 2, one can see that, for PVA solutions in
DMSO with concentrations up to 𝜙 ≈ 0.75, the exper-
imental data agree with Batchelor’s formula (3). The
obtained data are contradictory, because this for-
mula is only applicable for volume concentrations
𝜙 ≤ 0.2. As was in the previous case, we may as-
sume that the used size of macromolecules was not
correct, and, as a result, the volume concentration of
macromolecular coils was calculated erroneously.

Of the considered cellular approaches for the de-
scription of shear viscosity in diluted PVA solutions
[Eqs. (2)–(5) and (10)], the Malomuzh–Orlov formula
[Eq. (5)] is the most adequate one. It allows the be-
havior of the shear viscosity to be approximated up
to the concentrations of macromolecular coil over-
lapping. Figures 3 and 4 demonstrate the corrected

Data for the characteristic viscosity [𝜂],
average-viscosity molecular mass 𝑀𝜂, and critical
crossover concentration in wt.% (𝐶*)
and vol.% (𝜙*) units of PVA solutions

Solution [𝜂],
dl/g

𝑀𝜂 ,
g/mol

𝐶*,
wt.%

𝜙*,
vol.%

Polyvinyl alcohol
in dimethyl sulfoxide 1.09 38580 0.92 0.278
Polyvinyl alcohol
in water 0.48 38540 2.10 0.494
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Fig. 3. Relative (𝜂/𝜂0) experimental values for the shear vis-
cosity in the aqueous PVA solution (circles) as a function of
the corrected volume concentration of macromolecules. Theo-
retical results: Einstein’s formula (1 ), Batchelor’s formula (2 ),
Malomuzh–Orlov formula (3 ), and formula (10) (4 )

Fig. 4. The same as in Fig. 3, but for the PVA solution in
DMSO

dependences of the relative shear viscosity 𝜂/𝜂0 on
the volume concentration of macromolecular coils 𝜙,
in which the variation of the effective macromolecule
radius with the concentration growth was taken into
account.

Fig. 5. Dependence of the effective radius of a macromolecular
coil on the polyvinyl alcohol concentration in the aqueous so-
lution. The dashed line marks the radius of a macromolecular
coil determined by the formula 𝑅 = 𝑅0

√
𝑁 = 79 Å

Fig. 6. The same as in Fig. 5, but for the PVA solution in
DMSO

With the help of Malomuzh–Orlov formula (5) and
Eqs. (7)–(9), in which the effective radius of a macro-
molecular coil enters implicitly, we obtain the concen-
tration dependences for the effective radius of PVA
macromolecular coils (Figs. 5 and 6). From Fig. 5,
one can see that, in aqueous PVA solutions with con-
centrations lower than 1 wt.%, the effective radius
of a macromolecule remains invariant and is equal
to 𝑅 = 𝑅0

√
𝑁 = 79 Å. At higher concentrations, this
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parameter decreases nonlinearly. At the same time,
for PVA solutions in DMSO, the nonlinear descend-
ing dependence is observed in the whole concentra-
tion interval (Fig. 6), with the radii of macromolecu-
lar coils at low concentrations being, on average, by
15% larger than the predicted values, i.e. the effective
radii of PVA macromolecular coils in dilute DMSO so-
lutions are larger than in the aqueous solutions. This
fact agree well with the conclusion of work [7] that
DMSO is the best solvent for PVA from the thermo-
dynamic viewpoint.

A similar behavior of the macromolecular coil size
with the concentration growth was also observed in
works [19, 20]. This effect was assumed to be a re-
sult of the deformation of flexible-chain molecules ow-
ing to their mutual repulsion. In work [19], a non-
linear reduction of the specific volume of protein
macromolecular coils with the growth of their con-
centration in aqueous solutions of polyethylene gly-
col (𝑀𝑤 = 8000 g/mol) was demonstrated. A com-
parison of the experimental data with the data ob-
tained by the simulation of a hard-sphere packing,
revealed a tendency which is observed in Fig. 6. The
authors of work [20] associated a reduction of the
mean-square radius of macromolecules as the poly-
mer concentration in the polyethylene glycol solution
(𝑀𝑤 = 20000 g/mol) grows with the folding of macro-
molecular coils owing to the interaction between them
and their mutual penetration.

4. Conclusions

On the basis of experimental data, the applicabil-
ity of the cellular approach to the description of
the concentration dependences of the shear viscos-
ity in aqueous and dimethyl-sulfoxide solutions of
polyvinyl alcohol has been analyzed. It is shown that
the Malomuzh–Orlov formula (5) allows the viscosity
of polyvinyl alcohol solutions to be approximated by
a function of the volume fraction of macromolecular
coils in the solution, which is valid up to the con-
centrations of macromolecular coil overlapping. The
model of a macromolecule consisting of a hard core
and a rarefied periphery adequately describes the ar-
chitecture of polyvinyl alcohol macromolecular coils
in dimethyl sulfoxide and water in the case of dilute
solutions.

In the framework of the Malomuzh–Orlov model
theory, the concentration dependences are obtained

for the effective radius of polyvinyl alcohol macro-
molecules in water and dimethyl sulfoxide. In both
cases, the radius of polyvinyl alcohol macromolecu-
lar coils nonlinearly decreases with the growth of the
PVA concentration. The effective radius of macro-
molecules is shown to be larger in the diluted solu-
tions of polyvinyl alcohol in dimethyl sulfoxide than
in water.
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ПРИРОДА В’ЯЗКОСТI РОЗЧИНIВ ПОЛIВIНIЛОВОГО
СПИРТУ У ДИМЕТИЛСУЛЬФОКСИДI ТА ВОДI

Р е з ю м е

На основi експериментальних даних в’язкостi розчинiв по-
лiвiнiлового спирту в диметилсульфоксидi та водi аналi-
зується застосовнiсть комiркових пiдходiв (формули Айн-
штайна, формули Бетчелора та їх узагальнень) до опису
в’язкостi розчинiв вiд об’ємної концентрацiї макромолеку-
лярних клубкiв. Показано, що з використанням моделi ма-
кромолекули, яка складається з твердого ядра та розрiдже-
ної периферiї, формула Маломужа–Орлова адекватно опи-
сує в’язкiсть розчинiв полiвiнiлового спирту як функцiю
об’ємної частки макромолекулярних клубкiв у розчинi аж
до концентрацiї перекриття макромолекулярних клубкiв.
Отриманi концентрацiйнi залежностi ефективних радiусiв
макромолекул полiвiнiлового спирту у водi та диметилсуль-
фоксидi. Показано, що радiуси макромолекулярних клубкiв
полiвiнiлового спирту з ростом концентрацiї розчину нелi-
нiйно зменшуються.
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