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DEFORMATION PARAMETERS OF ATOMIC NUCLEI
FROM PHOTOABSORPTION DATA AND THEIR IMPACT
ON PHOTOABSORPTION CROSS-SECTION

The values of the effective quadrupole deformation parameter of atomic nuclei have been cal-
culated, and their uncertainties have been estimated. The approximation of axially symmetric
nuclei and the energy splitting values of two modes of the isovector giant dipole resonance
(GDR) for the photoabsorption cross-sections of 144 isotopes from 6Li to 239Pu are used. For
axially symmetric atomic nuclei with 155 < 𝐴 < 190 and 225 < 𝐴 < 250, the determined
effective values of the quadrupole deformation parameter are exactly identical to the values of
the quadrupole deformation parameter 𝛽. The results are compared with the values obtained
in other approaches. It is demonstrated that the obtained absolute values of the quadrupole
deformation parameter for the GDR excitation, as a rule, coincide, within the uncertainty
limits, with the absolute values of deformations in the ground nucleus state. For the 100Mo
and 178Hf nuclei, the dependences of the partial photoabsorption cross-sections on the GDR
characteristics are calculated and analyzed.
K e yw o r d s: photoabsorption cross-sections, axially deformed nuclei, nucleus quadrupole
deformation parameters, isovector giant dipole resonance, energy splitting.

1. Introduction

Surface deformation is one of the most important
macroscopic characteristics of atomic nuclei, which
helps one to understand their spatial structure. The
values of the deformation parameter are necessary for
the calculation of observable quantities in various nu-
clear processes in the framework of macroscopic mod-
els. Experimental and theoretical studies [1, 2] have
shown that deformed nuclei with the atomic numbers
𝐴 in the rare-earth (155 < 𝐴 < 190) and actinide
(225 < 𝐴 < 250) intervals have the shape of ellip-
soids in the ground state. In such axially symmetric
nuclei, the nucleus radius is determined by the ex-
pression

𝑅(𝜃) = 𝑅′
0(𝛽)(1 + 𝛽𝑌20(𝜃, 𝜙)) ≡ 𝑅′

0(𝛼)(1 + 𝛼𝑃2(𝜃)),
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where 𝑌20(𝜃, 𝜙) and 𝑃2(𝜃) are spherical harmonics
and second-order Legendre polynomials, respectively;
𝜃 is the polar angle in the inner system with the ordi-
nate axis directed along the nucleus symmetry axis;
𝑅′

0 is a parameter characterizing the conservation of
the nucleus volume; 𝑅′

0(𝛽 = 0) = 𝑅0 is the radius of
a spherical nucleus with the equivalent volume, but
with the uniform distribution; and 𝑅0 = 𝑟0𝐴

1/3, 𝛽,
and 𝛼 = (5/4𝜋)1/2𝛽 ≈ 0.631𝛽 are quadrupole defor-
mation parameters.

There are various tables for the values of quadru-
pole deformation parameters obtained from experi-
mental data. For example, the signs and the abso-
lute values of the quadrupole deformation param-
eter 𝛽 can be calculated using experimental data
for the internal electric quadrupole moment 𝑄0 ≈
≈ 𝑍𝑅2

0𝛽 +𝑂(𝛽2), where 𝑍 is the nuclear charge [3–5].
In work [6], experimental data on the scattering of

alpha particles with medium energies (20–140 MeV)
were used to find the 𝛽-parameter values. The data
were analyzed using the methods of coupled chan-
nels and Blair phase shift. The experimental data on
the probabilities of E2 gamma transitions between
the ground state and the first excited rotational state
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2+ are proportional to the square of the internal
quadrupole moment. Therefore, they make it possible
to calculate the absolute values of the 𝛽 parameter for
even-even nuclei [7–9].

In the photoabsorption cross-sections of axially
symmetric nuclei, two resonance peaks are observed
[10–21]. The difference between their energies (the en-
ergy splitting of the isovector giant resonance) deter-
mines the value of the quadrupole deformation pa-
rameter 𝛽. For axially symmetric deformed nuclei,
this circumstance was first demonstrated in the works
by Danos [22] and Okamoto [23]. In the work by
Danos [22], the calculations were performed in the
framework of a generalized Steinwedel–Jensen hy-
drodynamic model. Further studies have shown that
this hydrodynamic model can be reliably applied for
medium and heavy atomic nuclei [10, 24–29].

In this work, the values of the quadrupole deforma-
tion parameter were obtained from the GDR energy
splitting in the photoabsorption cross-sections of de-
formed nuclei, and their uncertainties were estimated.

The values of the GDR mode energies and contribu-
tions were taken from the tables in works [19,21]. The
results were compared with the values obtained in
other approaches [6,8,9], as well as with the database
in the file “deflib.dat” [30], where they were calculated
using the macro-microscopic approach [31].

For the 100Mo and 178Hf nuclei, the photoabsorp-
tion cross-sections calculated using various values of
the GDR characteristics were compared.

2. Determination of the Quadrupole
Nucleus Deformation Parameters and Their
Comparison with Other Data

According to the generalized hydrodynamic model of
Danos [22, 24], the following relationship holds be-
tween the energies of two 𝐸𝑎 and 𝐸𝑏 modes of GDR
excitation:
𝐸𝑏

𝐸𝑎
= 𝑐0 + 𝑐1

𝑅𝑎

𝑅𝑏
(𝑐0 = 0.089, 𝑐1 = 0.911), (1)

where the quantities 𝑅𝑎 = 𝑅(𝜃 = 0) = 𝑅′
0(𝛼)(1 + 𝛼)

and 𝑅𝑏 = 𝑅(𝜃 = 𝜋/2) = 𝑅′
0(𝛼)(1−𝛼/2) are the semi-

axes directed along and perpendicular to the nucleus
symmetry axis, respectively; and 𝐸𝑎 and 𝐸𝑏 are the
energies of the corresponding vibrational modes. For-
mula (1) can be rewritten in the form

𝑅′
0 −𝑅𝑏

𝑅′
0

=

𝐸𝑏

𝐸𝑎
− 𝑐0 − 𝑐1

𝐸𝑏

𝐸𝑎
− 𝑐0 + 2𝑐1

=

𝐸𝑏

𝐸𝑎
− 1

𝐸𝑏

𝐸𝑎
+ 1.733

, (2)

whence

𝛽 =

√︂
4𝜋

5

2(𝐸𝑏 − 𝐸𝑎)

𝐸𝑏 + (𝑐0 + 2𝑐1)𝐸𝑎
=

= 3.17
𝐸𝑏 − 𝐸𝑎

𝐸𝑏 + 1.733𝐸𝑎
. (3)

Since the 𝛽-dependence of the energy difference be-
tween the GDR modes begins with a linear compo-
nent, the approximation

𝐸𝑏 + 1.733𝐸𝑎 = 2.733(𝐸𝑎 + 𝐸𝑏)/2 +𝑂(𝛽)

can be used in the denominator of this formula in
the linear approximation in deformation. Then ex-
pression (3) takes the form

𝛽 ≈
√︂

4𝜋

5

4

2.733

𝐸𝑏 − 𝐸𝑎

𝐸𝑎 + 𝐸𝑏
= 2.32

𝐸𝑏 − 𝐸𝑎

𝐸𝑎 + 𝐸𝑏
. (4)

One can see that the absolute value of the deforma-
tion parameter 𝛽 is determined by the absolute value
of the difference between the energies of the GDR
excitation modes, and its sign depends on the ratio
between them. If 𝐸𝑎 > 𝐸𝑏, then the nucleus has the
shape of a prolate ellipsoid of rotation (𝛽 > 0), and if
𝐸𝑎 < 𝐸𝑏, the nucleus is an oblate ellipsoid of rotation
(𝛽 < 0).

Which of the two resonance energies corresponds to
the energy of oscillations along the nucleus symmetry
axis and which is perpendicular to it can be deter-
mined on the basis of the contributions made by the
resonances to the integrated photoabsorption cross-
section. One normal oscillation mode of the isovector
nucleon density is excited along the symmetry axis,
and two modes in the plane perpendicular to the sym-
metry axis. Therefore, for the photoabsorption of un-
polarized photons, it is expectable that the excitation
probabilities of each oscillation mode are close to one
another so that the following relationship holds for
the contributions of the modes to the integrated pho-
toabsorption cross-section:

𝑠𝑏 > 𝑠𝑎. (5)

Then, provided the same excitation probability for
each vibration mode, we obtain [10, 22, 24]

𝑠𝑏 = 2𝑠𝑎, 𝑠𝑎 + 𝑠𝑏 = 2𝑠Σ, (6)

where 𝑠Σ = 1.0.
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Thus, if we denote the energies of two resonance
peaks as 𝐸1 and 𝐸2 (𝐸2 > 𝐸1) and the contribu-
tions of the corresponding resonances to the inte-
grated cross-section as 𝑠1 and 𝑠2, then, for 𝑠2 > 𝑠1, we
have 𝐸1 = 𝐸𝑎 and 𝐸2 = 𝐸𝑏, and the nucleus is pro-
late (𝛽 > 0), whereas, for 𝑠1 > 𝑠2, we have 𝐸1 = 𝐸𝑏

and 𝐸2 = 𝐸𝑎, and the nucleus is oblate (𝛽 < 0).
Note that, unlike formula (3), relationship (4) al-

lows the calculation of the absolute value of the
quadrupole nucleus deformation parameter without
analyzing the relation among the photopeak energies
and the energies of the vibration modes along and
perpendicular to the nucleus symmetry axis,

|𝛽| ≈ 2.32
𝐸2 − 𝐸1

𝐸1 + 𝐸2
. (7)

We applied relationships (1)–(7) while calculat-
ing the quadrupole deformation parameter. The val-
ues for the energies and contributions of the GDR
modes were taken from tables in works [19, 21],
where they were obtained by fitting the photoabsorp-
tion cross-sections in the axially-symmetric-nucleus
approximation.

We also calculated the root-mean-square uncertain-
ties of the deformation parameter, 𝜎𝛽 , from the un-
certainties of the GDR mode energies, 𝜎𝐸𝑎,𝑏

, using
the error-transfer method [32],

𝜎𝛽 =

√︃(︂
𝜕𝛽

𝜕𝐸𝑎
𝜎𝐸𝑎

)︂2
+

(︂
𝜕𝛽

𝜕𝐸𝑏
𝜎𝐸𝑏

)︂2
, (8)

where, according to Eqs. (3) and (4), the general
forms of the derivatives look like
𝜕𝛽

𝜕𝐸𝑎
= 𝑎𝑎

𝐸𝑏

(𝐸𝑏 + 𝑏𝑎𝐸𝑎)2
,

𝜕𝛽

𝜕𝐸𝑏
= 𝑎𝑏

𝐸𝑏

(𝐸𝑏 + 𝑏𝑏𝐸𝑎)2
.

(9)

For the exact relationship (3), the values of the co-
efficients 𝑎𝑎,𝑏 and 𝑏𝑎,𝑏 are 𝑎𝑎 = −𝑎𝑏 = −8.66 and
𝑏𝑎 = 𝑏𝑏 = 1.733, and for the approximate expres-
sion (4), 𝑎𝑎 = −𝑎𝑏 = −4.64 and 𝑏𝑎 = 𝑏𝑏 = 1.0. The
root-mean-square errors for the GDR excitation mode
energies were taken from the tables in work [19].

Note that the GDR characteristics were found after
subtracting the quasideuteron contribution [33] ob-
tained from fitting the experimental values of the pho-
toabsorption cross-sections by expressions of the stan-
dard and modified Lorentzians (hereafter, the SLO

Fig. 1. Absolute values of the deformation parameter in axi-
ally symmetric nuclei calculated by formulas (3) and (7) with
GDR energies in the SLO and SMLO approaches. Symbols:
crosses with error bars – SLO model (Eq. (3)), triangles – SLO
model (Eq. (7)), circles – SMLO model (Eq. (3))

and SMLO approaches, respectively) [14, 17, 20, 34–
36,38]. The experimental values of the total photoab-
sorption cross-sections were obtained either from the
EXFOR database [37] or by combining experimen-
tal partial cross-sections that were the most suitable
for approximating the total photoabsorption cross-
section. The GDR parameters were obtained [19] for
144 isotopes from 6Li to 239Pu atomic nuclei. In the
rare-earth (155 < 𝐴 < 190) and actinide (225 < 𝐴 <
< 250) intervals, the atomic nuclei are axially sym-
metric in the ground state, and the obtained 𝛽-
values are the values of the quadrupole shape defor-
mation parameter, whereas, for other nuclei, 𝛽 ≡ 𝛽eff

is the effective parameter of nucleus deformation if
the nucleus shape is approximated by an ellipsoid of
rotation.

In Fig. 1, the absolute values of the deformation
parameter are illustrated which were calculated by
formulas (3) and (7) with the GDR energies deter-
mined in the framework of the SLO and SMLO mod-
els (Eq. (3)) for axially symmetric nuclei. The defor-
mation parameter values obtained in the SLO model
(Eq. (3)) are supplied with error bars obtained us-
ing formulas (8) and (9), and the parameter values
for the SLO model were calculated according to for-
mula (7). The values of the parameter 𝛽 calculated
in the SMLO approach according to formula (3) are
presented without error bars. Hereafter, for clarity,
the isobar values are spaced by ±0.1 along the ab-
scissa axis. One can see from the figure that the |𝛽|-
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Fig. 2. Absolute values of the quadrupole deformation pa-
rameter determined using the SLO model, “deflib.dat”, and [9].
Symbols: crosses with error bars – SLO model (Eqs (3), (8),
and (9)), triangles – database [30]; circles – database [9]

Fig. 3. Comparison of the quadrupole deformation parameter
values obtained from photoabsorption cross-sections using the
SLO model [formulas (3), (8), and (9)] and values from the
“deflib.dat” [30] and [6] databases. Symbols: crosses with error
bars – SLO model (Eqs (3), (8), and (9)); triangles – database
[30]; circles – database [6]

values for axially symmetric nuclei, which were calcu-
lated using both the exact expression and its approx-
imation, coincide within the calculation error lim-
its. The quadrupole deformation parameter values,
which were obtained from the energies calculated in
the SLO and SMLO methods, have very close values
in almost all situations.

In Fig. 2, the absolute values of the quadrupole
deformation parameter calculated using the energy
values obtained in the SLO model and relationship

(3) are compared with corresponding theoretical val-
ues from the file “deflib.dat” [30] and with the val-
ues from the experimental database [9], where they
were obtained from the probabilities of E2 gamma
transitions between the ground state and the first ex-
cited rotational state 2+ in even-even nuclei. One can
see that, for most nuclei, the absolute values of de-
formation parameter have very close values and al-
most coincide with the theoretical values from the
file “deflib.dat”. Note that, in work [19], as well as in
the earlier work [11], when finding the GDR parame-
ters, the photoabsorption cross-sections in deformed
nuclei (mainly those that cannot be considered as
axially symmetric) were described better by means
of a single Lorentzian, and the effective quadrupole
deformation parameter was equal to zero for them,
𝛽 ≡ 𝛽eff = 0. From Fig. 2, one can see that in
such cases, there is no agreement between the 𝛽eff -
values calculated from photoabsorption data and the
quadrupole deformation parameter values available in
other databases.

In Fig. 3, the effective quadrupole deformation pa-
rameter values determined using the photoabsorption
cross-section data, the SLO model, and formulas (3),
(8), and (9) are compared with the corresponding val-
ues from the “deflib.dat” database and work [6]. One
can see that the signs of the deformation parame-
ter values calculated from the photonuclear data (the
SLO model for the energy) and the signs of the cor-
responding values taken from other databases can be
opposite. According to formulas (1)–(6), the sign of
the quadrupole deformation parameter depends on
the ratios between the contributions of two GDR
excitation modes. When fitting the photoabsorption
cross-sections, the energies of GDR excitation modes
were described most accurately because the least-
squares fitting was performed in an energy interval
near the resonance peaks. The systematic error for
the values of the GDR mode contributions, which
were determined over the entire energy interval, can
be very large and, therefore, is unreliable, so only
the absolute values of the quadrupole deformation pa-
rameter can be determined for sure. That is, in our
opinion, the discrepancy in the sign of the param-
eter 𝛽 value determined from photoabsorption data
and the 𝛽-signs in other databases occurs due to the
errors obtained while determining the ratio between
the contributions of the excitation modes to the inte-
grated photoabsorption cross-section. However, as is
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indicated below, such a sign discrepancy exists when
comparing the parameter values from the databases
[30] and [6].

In Table, the effective quadrupole deformation pa-
rameters 𝛽 ≡ 𝛽eff are quoted for all deformed nu-
clei that were obtained in the axially-symmetric-nuc-
leus approximation from the data on photoabsorption
cross-sections, where the most significant discrepan-
cies arise. The obtained values are compared with
the values from the databases [30], [6], and [9]. The
dashes mean the absence of corresponding values.

For the atomic nuclei presented in the table, the
deformation signs are the main source of discrepan-
cies. These discrepancies are observed not only when
comparing the values obtained from the photo-
absorption data, but also the values taken from
other databases. In particular, such discrepancies
take place for the26Mg, 60Ni, 64Zn, 74Ge, 148Nd,
150Nd, 151Eu, and196Pt isotopes. In some situations,
photonuclear data make it possible to estimate the
quadrupole deformation parameter for isotopes that
are absent from the experimental databases, e.g.,
63Cu, 65Zn, 75As,151Eu,185Re,189Os,191Ir,195Pt,235U,
and 239Pu [6,9], and confirm the results of theoretical
calculations in the framework of the applied approach
for values from the database [30].

In Figure 4, the reactions 100Mo(𝛾, 𝑛)99Mo and
178Hf(𝛾, 𝑝)177Lu as examples, the influence of quad-
rupole deformation parameter on the photonuclear re-
action cross-section is considered. Such reactions were
chosen, because they lead to the production of ra-
dioisotopes used in medical physics, namely, 177Lu
and 99mTc (the latter after the 𝛽-decay of the iso-
tope 99Mo).

The cross-sections were calculated using the
EMPIRE 3.2 code [39] using the GDR parameters for
the cross-sections of compound nuclei, which were cal-
culated from the systematics (see Appendix) and 𝛽-
deformation values taken from various databases. In
the EMPIRE code, the default GDR parameters for
the 100Mo and 178Hf nuclei were replaced by new ones
calculated in this work. The SLO model was used for
the photon strength function. All other input param-
eters for the calculations remained standard by de-
fault; for example, the EGSM model of the EMPIRE
code was used for the densities of nuclear levels. The
experimental data were taken from the library [37],
and the estimated data from the TENDL2023 library
[40], where the code [41] was used for calculations.

In Fig. 4, the following notations are adopted: the
solid curves demonstrate the results of calculations
using the GDR characteristics from the table of work
[19] for the SLO model (in particular, 𝛽 = 0.0 for
100Mo, and 𝛽 = −0.26 for 178Hf); the dashed curves
correspond to the results of calculations with the
GDR parameters calculated according to systemat-
ics (A4)–(A8) with the deformation parameter values

Effective quadrupole deformation
parameters 𝛽 ≡ 𝛽eff in the axially-symmetric-nucleus
approximation, where the most substantial
discrepancies in the values from various
databases take place

Nuc-
leus

𝛽, 𝛽, 𝛽, 𝛽,
[6]

|𝛽|,
[9]𝐸𝑖-SLO, 𝐸𝑖-SLO, “deflib.dat”

(3) (4) [30]

14C 0.64(2) 0.593(12) – –0.231 –
26Mg 0.369(6) 0.351(4) –0.357 0.531 0.4891
28Si –0.239(8) –0.24(1) –0.583 –0.360 0.4073
60Ni 0.19(2) 0.18(2) 0.027 –0.178 0.2052
63Cu –0.23(3) –0.23(3) 0.161 – –
64Zn 0.20(2) 0.19(2) 0.213 –0.190 0.2342
65Zn 0.19(2) 0.187(14) –0.272 – –
74Ge 0.19(2) 0.18(2) –0.214 0.240 0.2850
75As 0.19(2) 0.18(2) –0.240 – –
78Se 0.25(2) 0.24(2) 0.141 0.250 0.2744
108Pd –0.22(4) –0.22(4) 0.188 0.174 0.2437
148Nd 0.23(3) 0.22(2) 0.224 –0.169 0.2004
150Nd 0.317(9) 0.303(8) 0.270 –0.257 0.2825
151Eu –0.046(7) –0.046(7) 0.228 – –
156Gd 0.28(3) 0.27(3) 0.295 0.317 0.3399
168Er 0.30(3) 0.29(3) 0.292 0.281 0.3361
174Yb –0.25(2) –0.26(3) 0.272 0.290 0.3226
178Hf –0.26(2) –0.27(3) 0.259 0.262 0.2779
180Hf –0.25(3) –0.25(3) 0.256 0.262 0.2731
182W 0.26(6) 0.25(5) 0.240 0.237 0.2485
184W –0.26(3) –0.27(4) 0.221 0.225 0.2339
186W –0.15(4) –0.15(4) 0.210 0.214 0.2257
185Re 0.221(13) 0.214(12) 0.204 – –
186Os 0.17(5) 0.17(4) 0.205 0.205 0.2056
188Os 0.18(5) 0.18(4) 0.179 0.193 0.1844
189Os 0.18(4) 0.17(4) 0.170 – –
190Os –0.16(6) –0.16(7) 0.153 0.175 0.1777
192Os 0.15(5) 0.15(5) 0.145 0.167 0.1639
191Ir 0.13(3) 0.13(3) 0.147 – –
194Pt –0.20(4) –0.20(5) –0.143 0.152 0.1421
195Pt 0.16(5) 0.16(5) –0.142 – –
196Pt 0.13(3) 0.13(3) –0.135 0.146 0.1308
235U 0.29(3) 0.28(3) 0.241 – –
239Pu 0.28(5) 0.27(4) 0.245 – –
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a

b
Fig. 4. Dependences of the cross-sections of the nuclear re-
actions 100Mo(𝛾, 𝑛)99Mo (𝑎) and 178Hf(𝛾, 𝑝)177Lu (𝑏) on the
gamma-ray energy. Notation: solid curves – calculations us-
ing the GDR characteristics from work [19] for the SLO model
(𝛽 = 0.0 for 100Mo, and 𝛽 = −0.25 for 178Hf); dashed curves –
calculations with the GDR parameters calculated according
to systematics (A4)–(A8) with deformation parameter values
taken from database [30] (𝛽 = 0.249 for 100Mo, and 𝛽 = 0.256

for 178Hf); dash-dotted curves – single-resonance approxima-
tion with the energies 𝐸SLO

0 according to formula (A4) and
the widths according to formula (A8) with 𝛽-values taken
from [30]; dotted curves – data from the TENDL2023 library.
Experimental data: files with numbers K2373002 (triangles),
K2433007 (circles) from the EXFOR library with data from
works [42] and [43] (𝑎); files with numbers M1020006 (trian-
gles), M1020007 (circles) from the EXFOR library with data
from work [44] (𝑏)

taken from the “deflib.dat” database [30] (𝛽 = 0.249
for 100Mo, and 𝛽 = 0.259 for 178Hf) and the sys-
tematic parameters of the SLO model; the dash-
dotted curves illustrate the single-resonance approx-
imation with the energy 𝐸SLO

0 calculated according
to formula (A4), the width ΓSLO

0 according to for-
mula (A8), and the 𝛽-values taken from the database

[30]; and the dotted curves are the data from the
TENDL2023 library. Except for the calculations with
the GDR characteristics taken from the table in work
[19], in all other cases, the contributions to the in-
tegrated photoabsorption cross-section were deter-
mined using relationship (7) with 𝑠Σ = 1.2, where
the vibration modes and the 𝑠𝑎- and 𝑠𝑏-values were
according to the deformation sign.

Experimental data are depicted in Fig. 4 as fol-
lows. In Fig. 4, 𝑎: the files with numbers K2373002
(triangles) and K2433007 (circles) from the EXFOR
library with the data from works [42] and [43]; in
Fig. 4, 𝑏: the files with numbers M1020006 (trian-
gles) and M1020007 (circles) from the EXFOR library
with the data from work [44]. The experimental data
in Fig. 4, 𝑏 are the cross-sections

⟨𝜎⟩ =
𝐸𝑒∫︁

𝐸trh

𝜎(𝜀𝛾)𝑤(𝜀𝛾)𝑑𝜀𝛾

averaged over the density

𝑤(𝜀𝛾) = 𝜙(𝜀𝛾)/

𝐸𝑒∫︁
𝐸trh

𝜙(𝜀𝛾)𝑑𝜀𝛾

of the bremsstrahlung intensity distribution 𝜙(𝜀𝛾).
The quantity 𝐸trh = 7.34 MeV is the energy thresh-
old of the reaction (𝛾, 𝑝),and 𝐸𝑒 is the maximum
bremsstrahlung energy, which equals 17.5 MeV for
the data from M1020006, and 20 MeV for the data
from the file M1020007. The values of the averaged
cross-section are indicated at the average energy

⟨𝜀𝛾⟩ =
𝐸𝑒∫︁

𝐸trh

𝜀𝛾𝑤(𝜀𝛾)𝑑𝜀𝛾 ,

and the energy uncertainty of gamma-rays corre-
sponds to the spread interval of the bremsstrahlung
energy 𝜀𝛾 ∈ [𝐸trh, 𝐸𝑒].

The general behavior of the cross-sections for all
calculation results is identical, and the cross-sections
have a single-resonance appearance irrespective of
whether the nucleus is considered to be spherical or
axially symmetric. Two GDR modes do not manifest
themselves owing to their rather large width. For the
178Hf nucleus, although the deformation signs taken
while calculating using the SLO model and the “de-
flib.dat” database were opposite, this fact did not sig-
nificantly affect the single-resonance behavior of the
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cross-sections. At the same time, the application of
different values and signs of the deformation param-
eter can change the cross-section value at its maxi-
mum by up to 40%. For the 100Mo nucleus, the best
agreement with experiment was obtained when cal-
culating in the axially-symmetric-nucleus approxima-
tion with the deformation taken from the database
[30]. For the 178Hf nucleus, the values of all calculated
cross-sections differ substantially from their average
experimental values.

3. Conclusions

From the values of the GDR energy splitting in the
photoabsorption cross-sections, the values of the ef-
fective quadrupole deformation parameter of atomic
nuclei are obtained, and their uncertainties are es-
timated. The values of the energies and contribu-
tions of the GDR modes are taken from the tables in
works [19, 21] for 144 isotopes of atomic nuclei from
6Li to 239Pu. To calculate the deformation parameter
in the axially-symmetric-nucleus approximation, rela-
tionship (3) and its approximation (4), (7) are used in
accordance with the generalized hydrodynamic model
of Danos [22]. In the rare-earth (155 < 𝐴 < 190)
and actinide (225 < 𝐴 < 250) intervals, the obtained
𝛽-values are the values of the quadrupole shape de-
formation parameter, whereas for other nuclei, the
obtained values correspond to the effective nucleus
deformation parameter 𝛽 ≡ 𝛽eff , when the nucleus
shape is approximated by an ellipsoid of rotation. The
approximate expressions (4) and (7) make it possible
to calculate the absolute values of the quadrupole de-
formation parameter without determining the type
of vibration mode, namely, whether it refers to vibra-
tions along or perpendicular to the nucleus symme-
try axis.

The calculations are carried out with the GDR
characteristics obtained in the SLO and SMLO
approaches to describe the photon strength func-
tions. The results were compared with the values ob-
tained in other approaches [6, 8, 9], and also with the
database in the file “deflib.dat”[30], where they were
calculated using the macro-microscopic approach [31].

The signs of the deformation parameter, which
were determined from the photonuclear data (the
SLO model for energies) and from the libraries
“deflib.dat”[30] and [6] can be opposite. This is due to
the fact that the sign of the quadrupole deformation
parameter depends on the ratio between the contri-

butions of two GDR excitation modes, which are de-
termined with a large error. The energies of the GDR
excitation modes are described most accurately, be-
cause the least-squares fitting was performed in the
energy interval near the resonance peaks. Note, how-
ever, that the discrepancies in the signs of 𝛽 param-
eter took place not only when comparing the values
obtained from the photoabsorption data, but also the
values taken from other databases.

It is demonstrated that, in most situations, the val-
ues obtained for the absolute value of the quadrupole
deformation parameter at the GDR excitation coin-
cide within the error limits, with the equilibrium ab-
solute values of the quadrupole deformation param-
eter in the ground states of axially symmetric nu-
clei. That is, the considered method for determining
the absolute values of the 𝛽 parameter can be consid-
ered to be a sufficiently reliable alternative method
for determining the absolute values of the quadrupole
deformation parameter.

For the 100Mo and 178Hf nuclei, photoabsorption
cross-sections with various values of GDR characteris-
tics are calculated. The general behavior of the cross-
sections for all calculation results is identical, and the
cross-sections have a single-resonance appearance re-
gardless of whether the nucleus is considered to be
spherical or axially symmetric. Despite the presence
of a deformation, two GDR modes do not manifest
themselves because of their rather large width. Howe-
ver, taking the nucleus deformability into account has
a rather considerable effect on the cross-section val-
ues in a vicinity of the resonance. The application of
various values and signs of the deformation parameter
can change the cross-section value at its maximum by
up to 40%.

The authors thank the NFDU Foundation for
partial support of their research (NFDU grant
2023.05/0024 “Addressing contemporary issues in
chemistry, biomedicine, physics, and materials sci-
ence using high-performance computing and machine
learning”).

APPENDIX.
Calculation of the Cross-Section
of the Compound Nucleus Formation by Gamma
Quanta and the Systematics of GDR Parameters

As the cross-section 𝜎CN of the compound nucleus formation
by gamma quanta of the dipole electric type (𝐸1), the averaged
photoabsorption cross-section of such radiation is used. For
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gamma rays with energies 𝜀𝛾 ≤ 50 MeV, this cross-section
can be considered to equal the average total cross-section 𝜎gdr

of photoabsorption due to GDR excitation. The latter can be
calculated using the 𝐸1 photon strength functions (PSFs) of
photoabsorption f𝛼𝐸1(𝜀𝛾),

𝜎𝛼
CN(𝜀𝛾) = 𝜎𝛼

gdr(𝜀𝛾) = 3 (𝜋~𝑐)2 𝜀𝛾f𝛼𝐸1(𝜀𝛾), (A1)

where the superscript 𝛼 denotes the PSF model used in the
calculations (in this work, 𝛼 = SLO, SMLO [14, 17, 20, 34–
36, 38]).

The PSF is determined via the spectral function Φgdr (𝜀𝛾 , 𝑇 )

whose general expression in the case where gamma quanta of
type 𝐸1 are absorbed by a nucleus heated to the temperature
𝑇 with the GDR excitation looks like

f𝛼𝐸1(𝜀𝛾) = Φ𝛼
gdr(𝜀𝛾 , 𝑇 ) =

=
1

3(𝜋~𝑐)2

𝑗𝑚∑︁
𝑗=1

𝜎TRK 𝑠𝛼𝑗
𝐹𝛼
𝑗 (𝜀𝛾 , 𝑇 )

𝜀𝛾
=

= 8.674× 10−8
𝑗𝑚∑︁
𝑗=1

𝜎TRK [mb ·MeV]×

× 𝑠𝛼𝑗
𝐹𝛼
𝑗 (𝜀𝛾 , 𝑇 ) [MeV−1]

𝜀𝛾 [MeV]
. (A2)

Here, the subscript 𝑗 denotes the number of normal GDR ex-
citation modes; and 𝑗𝑚 = 1 for a spherical nucleus, and 𝑗𝑚 = 2

for an axially symmetric one. The multiplier 𝜎TRK is the
value of the Thomas–Reich–Kuhn (TRK) sum rule: 𝜎TRK =

= 60𝑁𝑍/𝐴 = 15𝐴(1− 𝐼2) [mb ·MeB] with 𝐼 = (𝑁 − 𝑍)/𝐴.
The function 𝐹𝛼

𝑗 (𝜀𝛾 , 𝑇 ) describing the GDR excitation line
shape was taken in the form of the generalized Lorentz curve,

𝐹𝛼
𝑗 (𝜀𝛾 , 𝑇 ) =

2

𝜋

𝜀2𝛾 Γ𝛼
𝑗 (𝜀𝛾 , 𝑇 )[︁

𝜀2𝛾 − (𝐸𝛼
𝑗 )2

]︁2
+

[︁
Γ𝛼
𝑗 (𝜀𝛾 , 𝑇 )𝜀𝛾

]︁2 , (A3)

where 𝐸𝛼
𝑗 (𝐸𝛼

2 ≥𝐸𝛼
1 ) and Γ𝛼

𝑗 are the energy and width, respec-
tively, of the 𝑗-th GDR excitation mode; and 𝑠𝛼𝑗 is the contribu-
tion (strength) of the 𝑗-th vibration mode. For the standard
Lorentzian model (𝛼 = SLO), the width ΓSLO

𝑗 is a constant
equal to the GDR width, and the energy 𝐸SLO

𝑟,𝑗 is equal to the
GDR energy for the j -mode, and 𝑠SLO

𝑗 = 𝜎SLO
𝑗 · ΓSLO

𝑗 /𝜎TRK

with the value 𝜎SLO
𝑗 for the photoabsorption cross-section of

the 𝑗 mode at the resonance energy.
In the simplified modified Lorentzian model (𝛼 = SMLO),

the width is considered to be a linear function of the energy of
gamma quanta: ΓSMLO

𝑗 (𝜀𝛾) = 𝜀𝛾 ·ΓSMLO
𝑗 /𝐸SMLO

𝑟,𝑗 . The values
of the GDR widths for the SLO and SMLO models were also
taken either from the tables of works [19, 21] or according to
the systematics.

The systematics of the GDR characteristics were obtained
by fitting experimental photoabsorption cross-sections using
Lorentzian curves in works [19, 36, 38]. The systematics for
the resonance energies was obtained from the least-squares fit-
ting of the recommended experimental GDR parameters si-
multaneously in the spherical and axially symmetric nuclei

(150 < 𝐴 < 190 and 220 < 𝐴 < 253). It has the following
form (in MeV units):

𝐸𝛼
0 = 𝑒𝛼1𝐴

−1/3

√︃
1− 𝐼2

1 + 𝑒𝛼2𝐴
−1/3

, (A4)

where the coefficients 𝑒𝛼1 and 𝑒𝛼2 are as follows: for the SLO
model, 𝑒SLO

1 = 130.0(9) and 𝑒SLO
2 = 9.0(2); for the SMLO

model, 𝑒SMLO
1 = 128.0(9) and 𝑒SMLO

2 = 8.5(2). The 𝐸SLO
𝑗 -

value corresponds to the GDR resonance energy in spherical
nuclei (𝐸SLO

𝑗 ≡ 𝐸SLO
0 ) and the average resonance energy in

axially symmetric nuclei defined as [10, 19, 36, 38]

𝐸𝛼
0 =

1

𝑠Σ
(𝑠𝛼1 𝐸𝛼

1 + 𝑠𝛼2 𝐸𝛼
2 ), (A5)

where 𝐸𝛼
1 and 𝐸𝛼

2 are the energies of the GDR modes with
smaller and larger values, and 𝑠𝛼1 and 𝑠𝛼2 are their respective
strengths. The correspondence of the resonance parameters –
in particular, the energies – to the parameters of vibration
modes along, 𝐸𝛼

𝑎 , and perpendicular, 𝐸𝛼
𝑏 , to the symmetry

axis in axial nuclei depends on the sign of the quadrupole de-
formation parameter:

𝛽 > 0 => 𝐸1 = 𝐸𝑎, 𝐸2 = 𝐸𝑏,

𝑠1 = 𝑠𝑎, 𝑠2 = 𝑠𝑏 = 2𝑠𝑎,

Γ1 = Γ𝑎,Γ2 = Γ𝑏,

𝛽 < 0 => 𝐸1 = 𝐸𝑏, 𝐸2 = 𝐸𝑎,

𝑠1 = 𝑠𝑏, 𝑠2 = 𝑠𝑎 = 𝑠𝑏/2,

Γ1 = Γ𝑏,Γ2 = Γ𝑎.

(A6)

For calculating the energies, the following approximations
were adopted:

𝐸𝑎 = 𝐸0 ·
𝑅′

0

𝑅𝑎
=

𝐸0

1 + 0,631𝛽
,

𝐸𝑏 = 𝐸0 ·
𝑅′

0

𝑅𝑏
=

𝐸0

1− 0,631𝛽/2
.

(A7)

For the systematics of the resonance width, the power-law
expression was adopted,

Γ𝛼
𝑗 = 𝑐𝛼(𝐸𝛼

𝑗 )𝑑
𝛼

[MeV], (A8)

with the following fitting parameters of the experimental GDR
widths: 𝑐SLO = 0.32(3), 𝑑SLO = 0.98(3) and 𝑐SMLO = 0.42(5),
𝑑SMLO = 0.90(4).

Note that for axially deformed nuclei, the spherical-nucleus
approximation is often used, and the photoabsorption cross-
section is approximated by expressions with one Lorentzian,
i.e., formulas (A1) and (A2) with 𝑗 = 1 are used. If there
are no GDR characteristics from fitting the photoabsorption
experimental data, systematics (A4) is used as the resonance
energy. The width of the resonance curve is calculated by the
formula [23, 28]

Γ𝛼
0 = |𝐸𝛼

1 − 𝐸𝛼
2 |+

Γ𝛼
1

2
+

Γ𝛼
2

2
[MeV], (A9)
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where relationships (A6)–(A8) with the deformation values
taken from the file “deflib.dat” are used for the energies and
widths in the 𝑗-th resonance mode. Note that the approxima-
tion of the photoabsorption cross-sections of axially symmetric
nuclei by a single Lorentzian with width (A9) corresponds to a
situation when the distance between the peaks is considerably
smaller than the half-width sum of the peaks.
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О.М. Горбаченко, В.А. Плюйко

ПАРАМЕТРИ ДЕФОРМАЦIЇ АТОМНИХ ЯДЕР
З ДАНИХ ПО ФОТОПОГЛИНАННЮ ТА ЇХ ВПЛИВ
НА ПЕРЕРIЗИ ФОТОПОГЛИНАННЯ

Обчислено параметри ефективної квадрупольної деформа-
цiї атомних ядер i оцiнено їх невизначеностi. Використано
наближення аксiально-симетричних ядер i величину розще-
плення енергiй двох мод iзовекторного гiгантського диполь-
ного резонансу (ГДР) в перерiзах фотопоглинання 144 iзо-
топiв вiд 6Li до 239Pu. Для аксiально-симетричних ядер (з
155 < 𝐴 < 190 i 225 < 𝐴 < 250) визначенi ефективнi пара-
метри квадрупольної деформацiї точно вiдповiдають значе-
нням параметрiв квадрупольної деформацiї 𝛽. Результати
порiвнюються iз отриманими в iнших пiдходах вiдповiдни-
ми величинами. Продемонстровано, що знайденi абсолютнi
значення квадрупольних параметрiв деформацiй при збу-
дженнi ГДР, як правило, в межах похибок збiгаються iз аб-
солютними значеннями деформацiй в основному станi ядер.
Для ядер 100Mo та 178Hf обчислено та проаналiзовано за-
лежностi парцiальних перерiзiв фотопоглинання вiд хара-
ктеристик ГДР.
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щеплення енергiї.

160 ISSN 2071-0194. Ukr. J. Phys. 2025. Vol. 70, No. 3


