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SPHERICALLY SYMMETRIC
CONFIGURATIONS IN THE DARK
MATTER MODEL WITH LIGHT SCALARON

Static spherically symmetric (SSS) solutions of the quadratic f(R) gravity are studied in the
FEinstein’s frame under conditions of asymptotic flatness. Following recent dark matter model,
we consider the scalaron mass of the order of several meV. We found a representation of the
basic equations that enabled us to perform a numerical investigation of the SSS configurations
with sufficiently large (astrophysically relevant) masses. There is always a region around the
center with significant effects due to a (nontrivial) scalaron field. The size of this region can be
essentially larger than the Schwarzschild radius of the configuration. We describe asymptotic
regimes near the naked singularity at the center and at spatial infinity and relate the parameters

of these regimes.
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1. Introduction

Recently, a new view of dark matter (DM) as light
scalaron has been proposed [1], which continues the
line of DM models using f(R) gravity [2-8] that is
the most direct modification of the General Relativ-
ity (see [9-11] for reviews). In this theory, the grav-
itational Einstein—Hilbert Lagrangian density is re-
placed by a more general function f(R) of the scalar
curvature R. This leads to fourth-order equations
with respect to the space-time metric g,, (Jordan
frame). However, in a number of the f(R) versions,
it is possible to reduce the problem to usual Einstein
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equations [9-11] with respect to new metric g, (Ein-
stein frame) by means of the conformal transforma-
tion

gm/ = 6269;“/7 (1)

where some scalar field ¢ dubbed a scalaron ! satisfies
an additional nonlinear wave equation that involves
a scalaron mass .

Natural questions arise about the possible role
of the f(R) gravity in compact astrophysical ob-
jects. Most publications on this subject deal with the
black-hole configurations [13-17]. The static spheri-
cally symmetric (SSS) systems without a horizon have
been investigated numerically in [12,18].

I In fact, the canonical scalaron is obtained by some rescaling
of £&. However, following [12], we prefer to use the dimen-
sionless . This explains multipliers in the scalaron potential
below.

753



V.I. Zhdanov

In the case of astrophysical objects, the total mass
M of the astrophysical configuration can be com-
bined with the scalaron mass p to yield a dimen-
sionless (in geometrized units?) parameter Mp. The
DM model [1] deals with comparatively small scalaron
mass ~4 meV (see also [2, 5-8]) consistent with the
experimental lower limit [3, 19-21|. Nevertheless, in
astrophysical objects, the value of My is quite large:
e.g., for the Solar mass systems uM ~ 3 x 10° and,
for typical masses of central objects in active galactic
nuclei, uM ~ 10'¥+10%°. This creates some troubles
in the numerical simulations because of exponentially
large numbers. Note that the numerical results ob-
tained in [12, 18] in the case of the quadratic f(R)
model deal only with modest M p.

In this paper, we will consider properties of SSS
solutions for sufficiently large M pu. We consider the
scalaron potential arising in the Einstein’s frame of
the quadratic f(R) gravity as in the Starobinsky work
[22], see also [1,12,18].

This paper is organized as follows. In Section 2, we
review the relations of f(R) gravity in the Einstein’s
frame for SSS configurations, known from earlier pub-
lications. The basic equations in a form suitable for
numerical simulations in the case of large My are pre-
sented in Section 3. In Section 4, we perform numeri-
cal calculations to illustrate the solutions. In Section
5, we discuss our results.

2. Basic Equations in the Einstein Frame

In the DM model of [1], the quadratic f(R) allows
for transition to the Einstein frame by means of
transformation (1). The corresponding scalaron self-
interaction potential W (¢) is [3, 22]

w(€) = Z (1 e 22, @)

For the SSS space-time, we use the Schwarzschild
coordinate system (curvature coordinates) with

ds? = g, datda” = e®dt* — ePdr? — r?dO?, (3)

where r > 0, a = a(r), B = (r) and dO? = df*+
+sin? 0dy? stands for the metric element on the unit
sphere.

2 ¢ = h = 87G = 1; the metric signature is (+ - - -).
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In the absence of non-gravitational fields, the non-
trivial equations for the static metric (3) in the Ein-
stein’s frame are as follows [12]

d dey’

St f)= T<dr), (4)
eB

;a(afg):f§+27[1—r2W(§)]. (5)

where & = £(r). Equations (4), (5) for a and 8 must
be supplemented by an equation for the scalaron [12]:

d . 2
— 7"267[sg = r—e
dr 6

a+8
=z W(E). 6
- © (6)
In an asymptotically flat static space-time, it is as-
sumed that, for £(r) — 0, Eq. (6) can be well approx-
imated by the equation for the linear massive scalar
field on the Schwarzschild background

exp[B(r)] = (1 =rg/r)", (7)

where 7, = 2M, where M > 0 is the configuration
mass. The asymptotics (7) hold true as long as £ — 0
approaches zero sufficiently rapidly for r — oco. Ho-
wever, this is not enough to determine the unique
solution of system (4),(5),(6) and additional informa-
tion about £(r) is needed. For large r, small £(r) must
decay exponentially [23-25] with the asymptotic be-
havior

expla(r)] =1—ry/r,

1+M
o) e ®)

&) =Q (=

The constant ), which characterizes the strength of
the scalar field at infinity, will be called the scalar
charge. For given M and @, the asymptotic formulas
(7), (8) determine the solution in a unique way [12].

In what follows, we will restrict ourselves to posi-
tive £ where the potential has a plateau-like form; this
is preferable for physical reasons, which is preferable
for physical reasons and agrees with current observa-
tional data [26] (see, e.g., [27])

3. Reduction of Equations

After introduction of the variable x = ur Eqgs (4),(5),
(6)) can be rewritten as

dx _
o=
ia—b):_l_i_{[l—fw(ﬁ)];

de 2 T T
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. 2 = —eXu'(&). (11)

d | o a=sdf z?
TSl T 6

This system does not involve p, however, this param-
eter is still present in the boundary conditions for
T — 00.

From rigorous analytic considerations in the case
of a monotonous function w(§), & > 0 [12] (cf. also
the case of a minimally coupled scalar field [28]), it
follows that, in any non-trivial case, there must be
some “scalarization region”, where the solution is es-
sentially different from the Schwarzschild one, and it
is possible to see a smoking gun of the modified grav-
ity. In the case of a non-trivial scalaron, there is a
naked singularity at the center [12].

We will focus on the astrophysically interesting case
where the size of this region is large enough, say,
~100r,. On the other hand, there must be an inter-
val of small exponentially decaying &(r) for r > g
(8); the metric in this region quickly takes on the
Schwarzschild values (7) as r grows. This will be la-
beled as interval A.

For large My, it is difficult to perform direct nu-
merical integration of system (9), (10), (11) for all
r > 0 because of exponentially large numbers in-
volved and occurrence of rapid changes during transi-
tion from the scalarization region to A. In this regard,
we proceed separately for r > 1y and for r < g,
where ry denotes the lower bound of A. We use an
analytic approximation for r > ry and continue to
numerically move to other regions with decreasing
r € (0,79). Backward integration is preferable here,
because it avoids exponentially growing errors in the
calculations.

Let & = £(ro) is sufficiently small, so as to use for-
mulas (7), (A.6) for r > rg. For given £(rg), the value
of rg can be related to the scalar charge according to
(25). In order to consider the problem for large M p,
we introduce a new independent variable p by means
of the relations

m:m:%+%z%wm Ulp) = 1+, (12)

X Xz’
where Xo = prg > 1 and the interval r € (0, 7]
corresponds to negative p € (—X2,0]. We will move
from p = 0 to negative values.
Equation (9) yields

2
d d
I _ gy (%) x2,
dp dp
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(13)

Denote
Y = Uexp (O‘;ﬁ> 7 =X, UY

ﬁ. (14)
dp

After the transition to the new variable, Eq. (5)
multiplied by exp[(«w — 5)/2] can be transformed to

av [ 1

S X | = — Uw(6)] 1
= |5z~ U (19
Using (12), (14), from equation (6) we get

d d¢ U?

— | UY = | = —eXu'(§). 1
0] = e (16)
and (16) is reduced to two first-order equations

d¢ Z

o 1
dp  XUY’ (17)
dz U?

T4 (3) 1
= e ©) (18)
Substitution of (17) into (13) yields

dx 322

e 1
dp UY? (19)

Now, we have a closed system of four equations (15),
(17), (18), (19) in a normal form, which is ready for
the backwards numerical integration, starting from
p = 0. Correspondingly, we set initial data at p = 0,
which corresponds to r = rg > 74:

§@=®,Y@z%=wﬂ%;%}
dt (20)
x(0) = xo0, Zo=—XoYo (dp)
From (A.5) y
Zy = —XoYp (dfo) = &oexp (ap/2). (21)
0

Following [12,28], from (9)—(11) we infer that there
exist limits

Yo = lim Y (r),

r—0

Ze = lim Z(r),

r—0

(22)

which define the asymptotic behavior of «a(r), 5(r)
and &(r) for r — 0

a(r) ~ (37° = 1) In(r/ry),

B(r) ~ (3n% + 1) In(r/ry), (23)
&§(r) ~ —nln(r/ry),
where n = XoZ¢/Ye.
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4. Numerical Calculations

In the case of the scalaron potential of the quadratic
model (2), we consider the positive branch of £ > 0.

The initial conditions at ry must be agreed with the
consitions of asymptotic flatness. The value &, must
satisfy inequality (A.8) in order that the weak-field
approximation (8) can be used. Therefore, in the nu-
merical simulations we impose initial conditions as

log(Y)
204 ) )
154
B = a8 o o = e e
104 A =
5] q=50 ¢=100
rr
0- - o= ‘
0 50 100

Fig. 1. logY(r) against r/rgy for ¢ = 50, 100 (correspond-
ingly, ro = 48.0, 97.7). Solid lines: log(Mp) = 20; dashed:
log(Mp) = 10. Outside the scalarization region there is a
slight increase of Y (r) & (r — r4)/ro, but this is not visible in
this figure
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Fig. 2. Z(r) against r/ry for ¢ = 50,100,200 (correspond-
ingly, ro = 48.0, 97.7, 197.4). Outside the scalarization region,
Z(r) > 0 tends to zero. For fixed g, in the scalarization re-
gion, the curves Z(r) look practically the same for different
log(Mp) = 3+20

¢ =5()
0 /‘I—/--.-_—__—,.————-——
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-104

v,

15 : : £

0 50 100 150

Fig. 3. «(r) against r/ry for ¢ = 50,100, 1000 (correspond-
ingly, ro = 48.0, 97.7, 996.5). The curves look practically the
same for log(uM) = 3+20. Outside the scalarization region
a(r) ~ —rg/r
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Fig. 4. B(r) against r/ry. The parameters and line styles are
the same as in Fig. 1. Outside the scalarization region B(r) ~
Rrg/r

Fig. 5. &(r) against r/ry for ¢ = 50, 100, 200. The curves

look the same for log(uM) = 3+20. Outside the scalarization

region, £(r) is approximately given by (8)

follows

E(ro) = —2,

Vv Xo

where & < 1 is fixed.
Using (8) one can relate 1o with Q. For rq >

> rg, on account of (24), after neglecting the term

~O(In(prg)) /(M p) we get simple relation in the limit

of large M p

= e _ (7’0) +1ln(r0)_

HUTg Tg 2 Tg
We treated system (15), (17), (18), (19) numerically
for different My and various sizes of the scalarization
region. Typical examples are shown in Figs. 1-5 for
two values of ¢ (25): ¢ = 50 corresponding to ro/ry =
=113 and ¢ = 100 corresponding to ro/r, = 228; we
typically used & = 0.001 in (24).

An important role in describing the qualitative
properties of solutions is due to functions Y (r) and
Z(r). In region C the curves Y (r) and Z(r) for
r < ro/2 are flattened and Y (r) = Yo, Z(r) =
~ Zc. This is clearly visible in Figs. Y (r) and Z(r),
which define the main (logarithmic) terms in asymp-
totics 1 and for 2); it is ensured by the rapid de-
crease of eX ~ e” as r decreases (see Figs. 3, 4). It is
important to note very weak dependencies a(r) and

(24)

(25)
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Z(r), on log(Mu) € [3,20]. The behavior of &(r) is
shown in Fig. 5.

5. Discussion

We have found a representation of the basic equations
describing SSS configurations in the Einstein frame
of the quadratic f(R) gravity, which allowed us to
perform numerical calculations for rather high values
of My, up to 10%°. This can be used in the case of
the DM model (e.g., [1, 3]) with scalaron mass from
the meV range satisfying the existing experimental
lower limits [19, 20]. The results are as follows.

For arbitrary non-trivial ® £(r) there are three main
regions of the radial variable with different types
of behavior of the solutions. There is some value rg
of the radial variable that separates regions of the
weak and strong scalaron fields £. For r» > r( (region
A), we have small £(r) that decays exponentially ac-
cording to (8) as r grows. The metric takes on the
Schwarzschild values. This behavior is common for
a number of models that describe a massive linear
scalar field equation in the weak-field regime on the
Schwarzschild background.

On the other hand, for smaller r (roughly r < r¢/2,
region C), the dependencies Y (r) and Z(r), defined
in (14), are flattened and have a non-zero limits for
r — 0 (see Figs. 1 and 2). In this region, we have
practically constant values of these functions and of
rd€/dr. It is known [12]| that there is a naked sin-
gularity at the center for any &(r) # 0. Note that
the existence of limits (22) and the behavior near the
center is typical of a wide class of SSS solutions with
scalar field [28].

In the intermediate region (B), there is an abrupt
change in the metric near rg. Then, as r decreases,
the solution smoothly enters mode C. It is important
that the functions Y'(r)/Xo and Z(r) are practically
independent of My for fixed g. This has been con-
firmed numerically for log(Mu) = 5+20.

In the scalarization region defined by ry there are
significant effects due to the scalaron field that may
affect the structure of accretion disk around the sin-
gularity at the center. The size of this region may be
significant depending on ¢ and/or ) parameter. This
can be used to deny or confirm the existence of such
configurations from observations.

3 The case ¢ = 0 corresponds to the Schwarzschild solution in
Einstein and Jordan frames.

ISSN 2071-0194. Ukr. J. Phys. 2025. Vol. 70, No. 11

Our findings deal with solutions of the f(R) gravity
in the Einstein frame. Transition to the Jordan frame
is performed according to (1) yielding the vacuum so-
lutions. In the Einstein frame this corresponds to the
“scalar vacuum,”, when we have the Einstein equa-
tions for the conformally transformed metric with
the energy-momentum tensor of scalaron scalar field
[9-11]. However, our results can be applied in the
case where a non-zero spherically symmetric contin-
uous mass-energy distribution in the central region
is present. In this case, the gravitational field in the
inner region is determined by the energy-momentum
tensor inside the body. Outside this body, we have the
above vacuum solution, defined by the total mass M
and the “scalar charge” @, which, however, depends
on the appropriate matching with the inner region.

I am grateful to Yu. Shtanov and O. Stashko for
useful discussions. This work was partially supported

by the National Research Foundation of Ukraine un-
der project No. 2023.08/0149.

APPENDIX
Approximate solutions in the region A

For |¢] < 1 the scalaron potential is approximately W (¢) =
= 3u2¢2 and Eq. (6) describes linear scalar field

d [ 5 a=pd 9 o atf
— 2 —| = 2 .
dr [T ¢ dr] pere ¢

For large My > 1, we can apply the WKB method. Sub-
stituting &(r) = exp(pu) into (A.1) we have

duN 1d?u 1[d a—p P
— ) +———+—-|—(2Inr+ =e".
dr wdr?2 o ldr 2

(A1)

(A.2)

Putting u(r) = uo(r) + p~tui(r) + ... in zeroth order in p~!
leads to

d

280 _ _eB/2, (A.3)
dr

where we considered the asymptotic behavior at the infinity. In
the next order

ui(r) = —Inr — a/4 + const. (A.4)
up to terms of the order of (Myu)~1.

Using (A.3) yields
i = (100 (i)
= =- 1+0(—]| A5
o pée + Mn (A.5)

For My > 1, r > 2ry and £ < 1, in case of the Schwarz-
schild metric (7), equations (A.3), (A.4) yield

Q(4/e)Mr exp (—;u‘, /1— 7'79 (Tg)lJrMM "
_ Tll/4 g ATg \ . ’ :
(1 T) (1+,/1 2)

r
which is true up to terms of order (Mp)~!. This formula leads
to (8) for r > ry,

£(r) =
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The approximations are effective provided that £ is small
enough not affect the metric via (4),(5). Therefore, we must
estimate how £(r) affects a(r) and B(r) under the conditions
of the asymptotic flatness. We assume here r > ry. Using (7)
as zeroth approximation, the first order correction to x(z) is
obtained from (4) taking into account either (8) or (A.6)

oo
g’ 3
x(r) = 73/‘dr’r' (—g) ~ ——ure2(r). (A.7)
dr 2
T
Therefore, in order that |xo| < 1, one must have
Xo&3 < 1. (A.8)

Also, under condition (A.8) one can infer from (5) that
le= 0 (1 —rg/r0) — 1| < 1, |€P0(1 — rg/r0) — 1| < 1. In this
case one can be sure that for » > ro we can use formulas (7)
and (A.6).
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COEPUYHO-CUMETPUYHI
KOH®II'YPAIIIT B MOJIEJII TEMHOT
MATEPII 31 JIETKUM CKAJITPOHOM

Hocaimxeno crarnani cdepuano-cumerpuuni (CCC) pos3s’ss-
ku KBagparugnol f(R)-rpasitanii B cucremi ARHmTaiina 3a
YMOB aCHMITOTHYHOI IUIONMHHOCTI. 3riHO 3 HEIOJABHBO 3a-
IIPOIIOHOBAHOIO MOJEJIIIO TEMHOI MaTepil, MU pO3IVIAIAEMO Be-
JIMYMHY MAaCU CKaJIIDOHA MOPANKY Kiibkox MmeB. 3naiizeno
[IpE/ICTABJIEHHSI OCHOBHUX DIBHSIHD, SIKE JO3BOJIMJIO IIPOBECTH
ancenbre pocaimkenns CCC koudirypariiit 3 7ocTaTHBO BeIuU-
kumu (actpodizndano npuitHaTHHME) Macamu. ITokasano, 1o
HaBKOJIO IIEHTPa CUMeTpil 3aB2Kau € 06s1acThb 31 3HauHuMu ede-
KTaMM 33aBJIAKHA HEHYJIHLOBOMY IIOJIIO CKaJigpoHa. Po3mip 1iel
obstacti Moxke 6y Tu 3HaMHO 6ibInuM, Hi2K pazaiyc HIsapimmis-
na CCC koudiryparii. OTpuMaHo aCUMOTOTUYHI PEXKUMU O-
6J1M3y TOJIOI CUHTYJISIPHOCTI B IIEHTP1 1 HA MPOCTOPOBiil HECKiH-
YEeHHOCTI Ta OI[IHEHO MapaMeTPHU IUX PEKUMiB.

Katowoei caoea: KOMIakTHI acTpodi3udni 06’eKTH, MOIH-
dikoBaHa rpasiTallisi, CKaJISApPHI MOJs.
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